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РКЕЕАСЕ 


The fundamental concepts of computational schemes established in the first vol- 
ume are extended to the solution of Euler equations, Parabolized Navier-Stokes 
equations, and Navier-Stokes equations, along with treatment of boundary con- 
ditions. In addition, chemically reacting flows, unstructured grids, finite volume 
schemes, and finite element method at the introductory level are included. 

This volume begins with a review of the basic concepts which is presented in 
Chapter 10. Subsequently, the transformation of the equations of fluid motion from 
physical space to computational space is provided in Chapter 11. This chapter 
also includes the linearization of the equations as well as the derivation of the Ja- 
cobian matrices. Chapter 12 presents numerical schemes for the solution of the 
Euler equations for inviscid flowfields. Specifications of the boundary conditions, 
along with illustrated examples, are provided in this chapter. Chapter 13 presents 
Parabolized Navier-Stokes (PNS) equations and a numerical algorithm for solution. 
The shock fitting procedure is discussed in this chapter as well. The Navier-Stokes 
equations and various numerical schemes for solutions are discussed in Chapter 14. 
Specification of boundary conditions, derivation of governing equations, and com- 
parison of several types of boundary conditions are provided in Chapter 15. An 
extension of the governing equations to include the effect of chemistry for hyper- 
sonic flowfield computations is included in Chapter 16. To familiarize the reader 
with unstructured grids which are used in conjunction with finite volume and finite 
element schemes, they are introduced in Chapter 17. It develops some fundamental 
concepts and explores two techniques for generation of unstructured grids in two- 
dimensions. Finally, finite volume schemes and finite element method are developed 
at the introductory level in Chapters 18 and 19, respectively. 

Several computer codes are developed based on the materials presented in this 
text. These codes, manuals, and additional examples are presented in the text, 
Student Guide to CFD-Volume II. 

Finally, our sincere thanks and appreciation are extended to all individuals ac- 
knowledged in the preface of the first volume. Thank you all very much for your 
friendship and encouragement. 

Klaus A. Hoffmann 
Steve T. Chiang 


Chapter 10 


А Review 





10.1 Introductory Remarks 


The fundamental concepts of computational fluid dynamics were introduced in 
the previous chapters. Various aspects of numerical schemes were explored with 
regard to simple partial differential equations. In all cases up to Chapter 8, the 
investigations were limited to a single equation. In the upcoming chapters the 
concepts are extended to systems of equations. Before proceeding further, however, 
it is beneficial to review and summarize the content of the previous chapters. 


10.2 Classification of Partial Differential Equations 


Partial differential equations (PDEs) can be classified into different categories, 
where within each category they may be classified further into subcategories. The 
numerical procedure used to solve a partial differential equation very much depends 
on the classification of the governing equation. A brief review of the classification 
of partial differential equations is provided in the following subsections. 


10.2.1 Linear and Nonlinear PDEs 


(a) Linear PDE: There is no product of the dependent variable and/or product 
of its derivatives within the equation. 


(b) Nonlinear PDE: The equation contains a product of the dependent variable 
and/or a product of the derivatives. 
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10.2.2 Classification Based on Characteristics 


(I) First-order PDE: Almost all first-order PDEs have real characteristics, and 
therefore behave much like hyperbolic equations of second order. 


(II) Second-order PDE: A second-order PDE in two independent variables, г and 
y, may be expressed in a general form as 


9% 9% Po, дф дф 
5s ад, Са Ра: ду 


The equation is classified according to the expression (B? — 4AC) as follows : 


A + Еф+С=0 (10-1) 


< 0 — elliptic equation 
(в - 4АС) = 0 — parabolic equation 
> 0 — hyperbolic equation 


The following criteria may be stated with regard to each category defined 
above: 
(a) Elliptic equations 
e No real characteristic lines exist 
e A disturbance propagates in all directions 
e Domain of solution is a closed region 
e Boundary conditions must be specified on the boundaries of the do- 
main 
(b) Parabolic equations 
e Only one characteristic line exists 
e A disturbance propagates along the characteristic line 
e Domain of solution is an open region 
e An initial condition and two boundary conditions are required 
(с) Hyperbolic equations 
e Two characteristic lines exist 
e A disturbance propagates along the characteristic lines 
e Domain of solution is an open region 
e Two initial conditions along with two boundary conditions are re- 
quired 
(III) System of First-Order PDEs 
A system of first-order PDEs may be 2. іп а vector form as 


цар. +p) 52 ыйа 0 (10-2) 
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where the vector Ф contains the dependent variables. The system is classified 
according to the eigenvalues of coefficient matrices [A] and [B]. If the eigenval- 
ues of matrix [A] are all real and distinct, the system is classified as hyperbolic 
in t and г. If the eigenvalues of [A] are complex, the system is elliptic in ¢ and 
т. Similarly, the system is classified with respect to the independent variables 
t and у based on the eigenvalues of matrix [B]. 

For a steady equivalent of (10-2), given by 


Of 


92 +B ew =0 (10-3) 


the classification is as follows: 


< 0 — elliptic 
H4 =0- parabolic 
> 0 — hyperbolic 


where 


Н = Е? — APQ 


and 
Р = |А|, 9 = [В| 


For a system composed of two equations, В is given by 


а (04 
bi b 


аз а» 


ша ы b, 














where 


meja | эш АЕ 
System of Second-Order PDEs 
The classification of a system of second-order PDEs is facilitated if the second- 
order PDEs are reduced to their equivalent first-order PDEs. Subsequently, 
the system is classified as previously seen. The procedure could be cumber- 
some. For specific details and examples, Section 1.9 should be reviewed. 


10.3 Boundary Conditions 


A set of specific information with regard to the dependent variable and/or 


its derivative must be specified along the boundaries of the domain. This set of 
information is known as the boundary condition and may be categorized as follows. 
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(а) The Dirichlet boundary condition: The value of the dependent variable along 
the boundary is specified. 


(b) The Neumann boundary condition: The normal gradient of the dependent 
variable along the boundary is specified. 


(c) The Mixed boundary condition: A combination of the Dirichlet and the Neu- 
mann type boundary conditions is specified. 


10.4 Finite Difference Equations 


The partial derivatives appearing in the differential equations are replaced 
by approximate algebraic expressions to provide an equivalent algebraic equation 
known as the finite difference equation. Subsequently, the finite difference equation 
is solved within a domain which has been discretized into equally spaced grids. Fi- 
nite difference equations commonly used for the solution of parabolic, elliptic, and 
hyperbolic equations are reviewed in this section. 


10.4.1 Parabolic Equations 


Various finite difference formulations are reviewed for the one-dimensional 
parabolic equations initially and, subsequently, extended to multi-dimensional prob- 
lems. 


10.4.1.1 One-Space Dimension 


The simple diffusion equation is used in this section to review various finite 
difference equations. The model equation is given by 


where а is assumed to be a constant and hence a linear equation. То facilitate 
the review process, various aspects of each finite difference formulation such as the 
order of accuracy, amplification factor, stability requirement, and the corresponding 
modified equation are summarized. In the formulations to follow, the diffusion 
number is designated by d, which is defined by 


At 


d= (Az 


Scheme: 

Formulation: 

Order: 

Amplification Factor: 


Stability Requirement: 


Modified Equation: 


Special Considerations: 


Scheme: 
Formulation: 
Order: 


Amplification Factor: 


Stability Requirement: 


Modified Equation: 


Special Considerations: 
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FTCS explicit 

ugt! = up (иа — 2u? + wu?) 
o (А), (Az) 

С = 1 + 2d(cos0 — 1) 


d< 


ди = од + uod + (Аг) | Py 


«l a (Ay z ое) (Az)? 


1 2] 05, 
+679049) | + 


Хоце 


DuFort-Frankel explicit 


ин 124 24 


——— (ц" Е 
4 irat 14 1+2d (uipi + ща) 


о |е, (ва), (2) | 

Е 2 
а = Tz T ра cos @ + (1 — 4d?Sin 6) 
Unconditionally stable 


ЖЕЛЕГІ 
m (Ау? + а ада) 
e (ine. 


Requires two sets of data to proceed 





Scheme: 
Formulation: 


Order: 


Amplification Factor: 


Stability Requirement: 


Modified Equation: 


Special Considerations: 


Scheme: 


Formulation: 


Order: 
Amplification Factor: 
Stability Requirement: 


Modified Equation: 


Special Considerations: 


Chapter 10 


Laasonen implicit 
dup — (14 2d)ut* + dup , =u? 
од), (Аз)! 


1 
1+ 2d(1 - Сове) 
Unconditionally stable 


с = 


ди = од + родо + БаАз) 12% 
+ | (Дд? + 15e (A) (Ат)? 


4| 06 
+509082) E да t 


Requires solution of a tridiagonal system 


Crank-Nicolson implicit 
1 
Баш -1+ фи? + 5 du} = таа 
+ (4 – Ци — dul. 


o [(^o*, (А) 


1 — d(1 — Cos0) 
1+ 4(1 — Cos0) 
Unconditionally stable 


1 
ди = од + (Ағу 9 Ty 


G= 


1 (Am 
+ (55 (At + 


5559042) 2% 


Requires solution of a tridiagonal system 
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10.4.1.2 Multi-Space Dimensions 


The review of multi-dimensional problems will be limited to two-space dimen- 
sions. The procedure to three-space dimensions is similar. However, it is cautioned 
that the extension may not be trivial, and certain formulations which may have 
been unconditionally stable in two-space dimensions may become only condition- 
ally stable in three-space dimensions. The model equation used is the diffusion 
equation in two-space dimensions given by 


Scheme: 


Formulation: 


Order: 


Stability Requirement: 


Scheme: 


Formulation: 


Order: 


Amplification Factor: 


Stability Requirement: 





ди y (Pu ди 
7927 ay 


FTCS explicit 

uff? = uf + Фау — 2uf; + vt.) + dy (ш Шы 
-2ш; + ща i) 

O[(At), (Ағ), (A 


(de + dy) < 1 


ADI 


- (58) мал + (+ aou! - (Та) д 


= (s) на -а (Веја 


-G 4) ul}, + (1+ dei — (54) ча 


= (54) а-а + (Aa) att 
о КА”, (Аг), (Ду) 


G- [1 — а,(1 — Cos6;)] [1 — d,(1 — Cos6,)] 
[1 + d (1 - Cos6;)) [1 + d,(1 — Cos8,)] 
Unconditionally stable 
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Scheme: Fractional step 


Formulation: dupli, - (14 2d,)unt? +4 „а, 


= —d,u + (24, – Ощу- duty; 
душу — (1 + гаујш + душу 
= dj + (24, – uty} ашы, 
Order: O [(A£ (Аз), (Ду) | 
Stability Requirement: Unconditionally stable 





10.4.2 Elliptic Equations 


The model equation utilized to represent various finite difference equations is 
the Poisson equation expressed in two-space dimensions given by 


ди Фи 
да t By? 


Only iterative schemes which are usually the most efficient schemes to solve elliptic 


equations are reviewed in this section. In the formulations to follow, the ratio of 


stepsizes is designated by 8, 1.е., 8 = = 


=0 


y 
| Scheme: Point Gauss-Seidel (PGS) 






Formulation: ubt! = ЖЕЛ [ukiy + u ч, + 8° (u tu +) 
Order: О (Аз) ; (Ау)?] 


Ѕсһете: Line Gauss-Seidel (LGS) 


Formulation: 
(x direction) uri — 2(1 + Щи + ui Ви — Въ 


Order: о (Ат) , (Ау)? 


Modified Equation: 44 Fy = -Lap АДА ae 





Scheme: Point Successive Over-Relaxation (PSOR) 
Formulation: шн = (1— – и + 


+8? (ut ида + uf %- із) 
Огдег: O[(Az)? , (Ау)? 


ш 
2413-09) Іш ша up 


Special Considerations: The range of relaxation parameter is 1 <w < 2 


Scheme: Line Successive Over-Relaxation (LSOR) 


Formulation: 


(т direction) шш}, – 2(1+ 82) uff! + шщ, 


= –(1– w) [201 + 87] u$; — «0° (ша + ик, 
Ј Ј 


Special Considerations: Тһе range of relaxation parameter is 1 <w < 2 


Scheme: ADI 


е кн kei Ен к+і 
Formulation: щит 2(1 + Buss? + из = -p (фы +щ ji) 


ка k+1 kl Ен k41 
Buil — 20 + 8?)ui! + Фи ші -шыу- Uy 








Scheme: ADI with relaxation parameter 





; кн к+} Ен 
Formulation: wus ty — 2(1+ 8)щ +w DNE 






--0-9) ват fut o (Ма +щу%) 
and объбц- 21 + But + w fut, 










--(1-ш) Ра+вущ!- -o (with + гі, i) 
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10.4.3 Hyperbolic Equations 


Investigation of various finite difference equations is easily accomplished with 
regard to linear hyperbolic equations. Subsequently, the conclusions may be ex- 
tended to nonlinear hyperbolic equations. With that in mind, the review of the 
formulations is performed sequentially in two parts. 


10.4.3.1 Linear Equations 


The wave equation given by ди ди 
= -а4-- 


% дт? 
is used to review linear hyperbolic equations. Note that the speed of sound, a, іп 
the equation above is assumed to be a constant and, hence, a linear equation. The 
parameter, aAt/Az, defined as the Courant number and designated by c, will be 
used in the formulations to follow. 


а>0 


Scheme: 


Formulation: 
Order: 
Amplification Factor: 


Stability Requirement: 


Modified Equation: 


Scheme: 


Formulation: 


Order: 


Amplification Factor: 


Stability Requirement: 


Modified Equation: 


First upwind differencing 

upt! = uf — c (up — ща) 
O[(At), (Az)) 

G =1– с(1 — Совд) — i(cSin 0) 


с<1 


ди _ ru i Фи 
Ot = -ади + 5941(1 nd sz 


Fu 
са(Аа) (2c* – 3c + 1) aa Кезге 


Пах 


utt за ; а + ща) — 


(Az?) 
ojas, I 
С = Cos0 — #(с5 0) 
с< 1 


B= оде знао G- ) 


Ада - 93 +. 





1 
gc ша — wa) 
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Scheme: 


Formulation: 


Order: 


Amplification Factor: 


Stability Requirement: 


Modified Equation: 


Special Considerations: 


Scheme: 


Formulation: 


Order: 


Amplification Factor: 


Stability Requirement: 


Modified Equation: 


Midpoint Leapfrog 


upt! = uP? — c (upa ш) 

О [(At)’, (Ат) | 

G = + [1 - 2529 - (сб) 
с<1 


ди 


ĝu = ади - ада) (1- c) за + 


Requires two sets of data for the solution 
to proceed 


Lax-Wendroff 


upt 1 


и) 


1 
= ш – 3c (us, i17 


58 и -2ш +) 
О [(A*, (Ат) | 
Се1-0(1- Соѕ0) – i(cSin0) 


с<1 


ди = -ади = са(Ал)? (1 E e) дт 


ди 
к> 1 а(дауеа == с) EI + 


1 


1 
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Scheme: 
Formulation: 


Order: 


Amplification Factor: 


Stability Requirement: 


Modified Equation: 


Scheme: 
Formulation: 


Order: 


Amplification Factor: 


Stability Requirement: 


Modified Equation: 


Scheme: 
Formulation: 


and 


Order: 


Stability Requirement: 


BTCS implicit 


1 1 
п+1 n+l nil... 
щъ щ - 9° Mitt = 


2 
О (Ад, (Az)! | 


-u? 


_ 1l- i(cSin0) 
— 14 c? (520) 
None 


ди | ди la Фи 
%% = -apr + 24 (At) 5-3 


= 1 2 1 3 2 Fu 
(«бау + sa] Ey + 


Crank-Nicolson 


ntl 


nti .__ 
щ 


1 1 
ntl n n 
- - леща = 4 — 1° бн 


дон 


о[(д0)? , (Ағ) 
_ 1-0.5i(cSin6) 
С 1+0.5i (cSin@) 


None 


ди _ „ди 1 2 1 
St = – ада - ва(Аг) (1 + 27) 


с 


Lax-Wendroff 


nt} 


Ll. 1 ; 
ча 9 (ил + щ) – 22 (ша-ч“ 


= ирс (i - vei) 
O((At? , (Az)? 


upt! 


c<i 
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Scheme: MacCormack 


RN капо n _ „тп 
Formulation: uj = up — c (ша — и?) 


1 
and unt! = S [uf + uf — c(u; — uf)] 


Order: O[(At)? , (Az)?] 


Stability Requirement: с< 1 





10.4.3.2 Nonlinear Equations 


The inviscid Burgers equation is used to review various schemes for the solution 
of hyperbolic equations. Recall that the model equation is given by 


Scheme: 
1 
Formulation: щ + 2 (шы + ща) – 


Order: O [(At) , (Ат)? 
Amplification Factor: С = Совд – i(cSin0) 


Stability Requirement: [шы 











Scheme: Lax-Wendroff 


* Ах 
(и + uf) (Ер — EP) – (и + up.) (ЕР — Е!) 


14; 1 ДЕ 
% . nil = +" — =- —— : X i Epi 
Formulation: ui "i -2A^zr (Ей. Ерл) + 1 (=) 





Amplification Factor: С = 1 – 2c*(1— Cos6) — 2i(cSin 0) 





At 
Stability Requirement: - =| <1 
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Scheme: MacCormack 


Р а At 
Formulation: =u- ne (Е-Е) 


1 At 
and ОСЕТЕ а) 


O[(At)? , (Ат)? 





10.5 Stability Analysis 


The error introduced in the finite difference equations due to the truncation of 
the higher order terms in the Taylor series expansion may grow unbounded, pro- 
ducing an unstable solution. The control of errors within the solution is of primary 
concern for any numerical scheme. To establish the necessary requirements, a sta- 
bility analysis must be performed. Among various methods available for stability 
analysis are: (1) The discrete perturbation stability analysis, (2) The von Neu- 
mann (or Fourier) stability analysis, and (3) The matrix method. It should be 
noted that direct stability analysis of a nonlinear, multi-dimensional, coupled sys- 
tem of equations is usually cumbersome. In most cases, expressions are proposed 
which are based on the stability analysis of simple model equations complimented 
and reinforced by numerical experimentation. Thus, one encounters the suggested 
stability requirement for a particular scheme which resembles those of simple model 
equations, but includes some modifications based on numerical experimentations. 

To review the limitations and conclusions provided from the von Neumann sta- 
bility analysis, the summary stated in Chapter 4 is repeated at this point. 


1. The von Neumann stability analysis can be applied to linear equations only. 


2. The influence of the boundary conditions on the stability of the solution is 
not included. 


3. For a scalar PDE which is approximated by a two-level FDE, the mathematical 
requirement is imposed on the amplification factor G as follows: 
(a) if G is real, then |G| € 1 
(b) if G is complex, then |G|? < 1, where |G}? = GG 
4. For a scalar PDE which is approximated by a three-level FDE, the ampli- 


fication factor is a matrix. In this case, the requirement is imposed on the 
eigenvalues of G as follows: 
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(а) if is real, then |А € 1 
(b) if is complex, then |A|? < 1 


5. The method can be easily extended to multi-dimensional problems. 


6. The procedure can be used for stability analysis of a system of linear PDEs. 
The requirement is imposed on the largest eigenvalue of the amplification 
matrix. 


7. Benchmark values for the stability of unsteady one-dimensional problems may 
be established as follows: 
(a) For most explicit formulations: 
I. Courant number, c<1 
II. Diffusion number, 4< 5 
ПІ. Cell Reynolds number, Не, < (2/с) 
(b) For implicit formulation, most are unconditionally stable. 
8. For multi-dimensional problems with equal grid spacing in all spatial direc- 


tions, the stated benchmark values are adjusted usually by dividing them by 
the number of spatial dimensions. 


9. On occasions where the amplification factor is a difficult expression to analyze, 
graphical solution along with some numerical experimentation will facilitate 
the analysis. 


10.6 Error Analysis 


The truncation of terms in the approximation of a partial derivative could 
begin from an odd-order or an even-order derivative term. For example, one may 
approximate a first-order derivative by either 


ды ма-а, (Az) д% | (Az) eu 
Ór Ат 2! д2? 3! 025 UU 








(10-4) 


ог 
ди ша-ща | (Az)? Bu 
r^^ 24: М вв +“ 9:5) 


The approximation (10-4) may be truncated and expressed as 


ди _ Ug u; 
m ume PS 
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where the dominant (or leading) error term includes a second-order derivative, i.e., 
even. The second expression given by (10-5) is written as 


ди Ui+l — Ui-1 2 
On = ТООБА + О(Аг) 
where the dominant error term now includes an odd derivative. The behavior 
of error associated with finite difference equations is strongly influenced by the 
dominant error term. To clarify the types of error introduced to the finite difference 
equations, a convective dominated equation, where physical viscosity is absent, 
will be used. Thus, consider the wave equation and two different finite difference 
equations given by 


ША = uf — eut — ut.) (10-6) 
and 
upt! = uw - сива uti) (10-7) 


The FDEs аге recognized as Ше first upwind differencing scheme апа Ше mid- 
point leapfrog method. To identify the dominant error term of an FDE, the modified 
equation must be investigated. The corresponding modified equations for the FDEs 
given by (10-6) and (10-7) are, respectively: 


du ди 1 ди 1 ди 
Ot = TÉ + 59(2=)(1 - Оз == во(Ат), (22 — Зе + 1) E» T... (10-8) 
s ди д д5 
Се = –ари + gata)? (2-1) 55+... (10-9) 


Observe that the dominant error terms in Equations (10-8) and (10-9) include 
second-order derivative and third-order derivative, respectively. Recall that, from a 
physical point of view, a second-order derivative is associated with diffusion. Indeed, 
the coefficient of the second-order derivative in Equation (10-8) is known as the nu- 
merical viscosity. Thus, it is obvious that the error associated with Equation (10-8) 
is dissipative and, hence, it is called dissipation error. On the other hand, an FDE 
scheme, where its corresponding modified equation possesses an odd-order deriva- 
tive as the lead term in error, is associated with oscillations within the solution. 
Such an error is called dispersion error. 


10.7 Grid Generation-Structured Grids 


Finite difference equations are most efficiently solved in a rectangular domain 
(for 2-D applications and an equivalent hexahedral domain for 3-D applications) 


1 
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with equal grid spacings. Unfortunately, the majority of physical domains encoun- 
tered are nonrectangular in shape. Thus, it is necessary to transform the nonrect- 
angular physical domain to a rectangular computational domain where grid points 
are distributed at equal spacings. It is also important to note that the transforma- 
tion allows the alignment of one of the coordinates along the body, thus facilitating 
the implementation of the boundary conditions. The objective of grid generation 
is then to identify the location of the grid points in the computational domain and 
the location of the corresponding grid points in the physical space. Furthermore, 
the metrics and Jacobian of transformation which are required for the solution of 
flow equations are computed within the grid generation routine. 

Typically, grid generation schemes may be categorized as algebraic methods or 
differential methods. In the latter case, the scheme is based on the solution of a set of 
PDEs and may be subcategorized as either an elliptic, parabolic, or hyperbolic grid 
generation. Either category of grid generation scheme should include the following 
considerations. 


1. A mapping which guarantees one-to-one correspondence ensuring grid lines of 
the same family do not cross each other; 


2. Smoothness of the grid distribution; 
3. Orthogonality or near orthogonality of the grid lines; 
4. Options for grid clustering. 


A brief summary of the advantages and disadvantages of each method is provided 
below. 


1. Algebraic grids 
The advantages of this category of grid generators are: 
(a) They are very fast computationally; 
(b) Metrics may be evaluated analytically, thus avoiding numerical errors; 
(c) The ability to cluster grid points in different regions can be easily imple- 
mented. 


The disadvantages are: 


(a) Discontinuities at a boundary may propagate into the interior region 
which could lead to errors due to sudden changes in the metrics; 


(b) Smoothness and skewness may be difficult to control. 
2. Elliptic grids 


The advantages of this class of grid generators are: 
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(a) Will provide smooth grid point distribution, i.e., if a boundary disconti- 
nuity point exists, it will be smoothed out in the interior domain; 


(b) Numerous options for grid clustering and surface orthogonality are avail- 
able; 


(c) Method can be extended to 3-D problems. 
The disadvantages of the method are: 
(a) Computation time is large (compared to algebraic methods or hyperbolic 


grid generators); 


(b) Specification of the forcing functions P and Q (or the constants used in 
these functions) is not easy; 


(c) Metrics must be computed numerically. 
3. Hyperbolic grids 
The advantages of hyperbolic grid generators are: 


(a) The grid system is orthogonal in two dimensions; 
(b) Since a marching scheme is used for the solution of the system, compu- 
tationally they are much faster compared to elliptic systems; 
(c) Grid line spacing may be controlled by the cell area or arc-length func- 
tions. 
The disadvantages are: 


(a) Boundary discontinuity may be propagated into the interior domain; 


(b) Specifying the cell-area or arc-length functions must be handled carefully. 
А bad selection of these functions easily leads to undesirable grid systems. 


Finally, the metrics and Jacobian of tranformation axe given by the following 
expressions. 


1. Two dimensions 


6; = Ју 
£y = — Ја, 
= –Ју 
ny = Ли 
where 1 


те — Уеа 


AReview 44 4 ө0 
2. Three dimensions 
& = J (Yne — у) 
Ey = Дая — га) 
Ez = (жур — тал) 
ть = J (ucze — yer) 
у = J(zezc — тед) 
т. = Деси — Tey) 
© = Дир — Ynze) 
Gy = Дете - 2627) 
С, — J(zeys — зуе) 
& = — (1,6, + yrby + 2,6) 
= — (£r + ут + 21) 
G = - (с, + убу + 4б) 
where 
1- IEn, 0) _ 1 
A(z, у, 2) – те — Ида) — (с-қа) + а ит - Ynze) 


10.8 Transformation of the Equations From Ше 
Physical Space to Computational Space 


The partial derivatives expressed in the physical space are related to the partial 
derivatives in the computational space by the following relations: 
поље ноб 
Q гд д д 
Эт T Ege + 19у + ege 
by = be t oh 
д _, 0 д д 
or би ДЕ + ЦЕЛ + GFE 
The Navier-Stokes equations in a flux vector form may be expressed in the 
physical space by 
до дЕ дЕ дс дЕ, OF, 0G, 
«Та By 9: = = By + Әх 
can be transformed to the computational space and expressed by 








90 ФЕ oF ӘС OE, ӘР, вс, 
ðr 8p 9 дЕ Gn ас 
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ћеге 
wher g E Q 
J 

ml 
E- 769 + ЕЕ + ЕЕ + 6,6) 
== | 
F = (0 + Е + Е + тС) 
ке. >] 
С = 769 + Е + GF + GG) 
E, = J&E, + ыҚ + &,Gy) 
ae 1 
Е, == те Е + n,F, + тС.) 


T, = AGE, GF. + GG.) 


The inviscid and viscous Jacobian matrices which are produced in the process 
of linearization of the equations are given in Chapter 11 for the Navier-Stokes, 
Thin-Layer Navier-Stokes, Euler, and Parabolized Navier-Stokes equations. 








Chapter 11 


Transformation of the Equations 
of Fluid Motion from Physical Space 


to Computational Space 





11.1 Introductory Remarks 


To enhance the efficiency and accuracy of a numerical scheme and to simplify 
implementation of boundary conditions, a transformation from physical space to 
computational space is performed. This transformation allows clustering of grid 
points in regions where flow variables undergo high gradients and grid point motion 
when required. The computational domain is a rectangular shape which is divided 
into an equally spaced grid system. In order to solve the governing equations of 
motion in the computational space, a transformation of the equations from physical 
space into computational space is required. Any assumption on the simplification of 
the equations of motion is imposed on the transformed equations. For example, to 
reduce computational time and required storage, the full Navier-Stokes equations 
may be simplified by neglecting the circumferential and streamwise gradient of 
stresses, while retaining only the normal gradient of the stresses. The resulting 
equations are known as the Thin-Layer Navier-Stokes equations. The reduction of 
equations is performed on the transformed equations. 

This chapter investigates generalized coordinate transformation of the govern- 
ing equations of fluid motion expressed in the Cartesian coordinate system (z, y, 
2) from physical space to computational space (Е, n, С). Various formulations of 
the equations which are discussed include full Navier-Stokes (NS), Euler, Thin- 
Layer Navier-Stokes (TLNS), and Parabolized Navier-Stokes (PNS) equations. A 
summary of the assumptions which are imposed in the reduction process of the 
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equations is presented. The formulations include three-dimensional flows as well as 
two-dimensional planar or axisymmetric flow fields. 

In order to include the capability for shock capturing, the equations of motion 
are written in conservative form. Any set of equations is then approximated by finite 
difference formulation, which is solved in the rectangular grid system. Furthermore, 
in the linearization process Jacobian matrices are produced, which are included in 
this chapter. 

This chapter summarizes the equations of fluid motion in computational space 
and presents them in concise and orderly manner. Thus, the objectives of this 
chapter are summarized as follows: 

(1) Define the metrics and the Jacobian of transformation; 


(2) Express the equations of fluid motion in a generalized coordinate 
system for NS, TLNS, Euler, and PNS equations; and 


(3) Derive the Jacobian matrices for each set of equations which are 
used in various numerical algorithms. 


11.2 Generalized Coordinate Transformation 


The equations of motion are transformed from the physical space (т, у, 2) to 
the computational space (С, т, €) by the following relations: | 


r=t (11-1) 
€ = €(t,z,y,2) (11-2) 
n = т(һ2,у,2) (11-3) 
€ = Q(5z,y,z) (11-4) 


The chain rule of partial differentiation provides the following expressions for 
the Cartesian derivatives: 


2 Двата ноде (11-5) 
B ба tog (11-6) 
$ = Ga Wat ex (11-7) 
P - сета 6x (1-8) 
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11.2.1 Equations for the Metrics 


From Equations (11-5) through (11-8), it is obvious that the value of the metrics г, 
т, б, Ex, Па, Са, Eys Ту, Cys ©, Па, and С, must be provided in some fashion. In most 
cases the analytical determination of the metrics is not possible and, therefore, they 
must be computed numerically. Since the stepsizes in the computational domain 
are equally spaced, ze, Ту, те, etc., can be computed by various finite difference 
approximations. Thus, if the metrics appearing in Equations (11-5) through (11-8) 
can be expressed in terms of these derivatives, the numerical computation of metrics 
is completed. To obtain such relations, the following differential expressions are 
considered: 


dt = a art acd aan 4 
But according to (11-1), 
a = 1 and 
т = = = т = 0 thus 
dt. = dr (11-9) 
Similarly, 
dr = zdr +105 + z,dn + ха (11-10) 
dy = ydr + у + yd + усас (11-11) 
dz = zdr + 6 + ап + zd¢ (11-12) 
Equations (11-9) through (11-12) are expressed іп a matrix form as 
dt 1 0 0 0 dr 
edge dui 
dz Ee 6 а ж ас 
Reversing Ше role of the independent variables, 
dr = dt (11-14) 
d£ = ей Edr + буду + 6,4% (11-15) 
dn = ndt+n dx + ту + тг (11-16) 
dj = Gdt+ Cdr + dy + (dz (11-17) 
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which are expressed as 


dr 1 0 о ојга 
d¢ Q Q а с dz 
Comparing Equations (11-13) and (11-18), one concludes that 
1 оо 0 1 оо 01: 
Беба | ин и 
™ т Ty т и Ye мо W 
есе GY G ® Gp TQ X 
From which, 
& = Диж- Wm) (11-19) 
& = Ласа — zx) (11-20) 
& = Ле — тал) (11-21) 
Tz = Луск — yer) (11-22) 
Ty = Јас хс) (11-23) 
т = Лас – те) (11-24) 
Ce = Лия — Ynze) (11-25) 
бу = J(zszp— те) (11-26) 
Ce = Лава — 2306) (11-27) 
в = „(суб + угбу + 216.) (11-28) 
т = -(а + усту + 21) (11-29) 
в = – (ле + у + 2) (11-30) 


After substitution of Equations (11-19) through (11-27) into Equations (11-28), 
(11-29), and (11-30), 


& = Ле (уса- Уж) + у(гож — 2627) + (жш - ги)! (11-31) 
то = Ле иск қа) + (сек те) + (так — таи) (11-32) 
Ce = Лоис қа) + усет — 292) + (а — тім! (11-33) 
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where J is the Jacobian of transformation defined by 


(Е, т, ©) 1 
Леда жар HN 11-34 
O(z,y.z) — Le(Yn2¢ — Yor) — (уел — иж) + zc(yeza — уле) ( 


11.8 Nondimensionalization of the Equations of Fluid 
Motion 


Equations of fluid motion may be nondimensionalized to achieve certain ob- 
jectives. For one, it would provide conditions upon which dynamic and energetic 
similarity may be obtained for geometrically similar situations. Second, the so- 
lution of such equations would usually provide values within limits between zero 
and one. Generally a characteristic dimension, such as the chord of an airfoil or 
the length of a vehicle, is selected to nondimensionalize the independent spatial 
variables. Freestream conditions are used to nondimensionalize the dependent vari- 
ables. Among many choices available, the following will be used in this and in the 
subsequent chapters: 





tu . 2 у ~ 
и а га (0 
t= Дал mE = *- o t= aus 
и = "m 40% tos ; 7 PE ‚ Ш is 
| == P: T* = T * = p № = е 
p Das 1 TS , ЖҮ , е uz, 
The nondimensional parameters are defined as: 
L 
Reynolds number: Res = Рог 
Шоо 
Prandtl number: Pr= = 


Using the nondimensional variables defined above, the equations of fluid motion 
in the Cartesian coordinate system are expressed as: 
1. Continuity: 

д 
де 








(p*w*) = 0 (11-35) 


др" д * t д tpt 
де 7 др (2) + gv) 


2. X-component of the momentum equation: 





ð » t д eur * д САРА д ta tant) — 
ҙе PU) + au (Фи +P) + ру Фи”) + а ("иш") = 


д д 
эг ТӘ + уу еу ра (22 (11-36) 


-—————— 77а С. 


For a Newtonian Яша, 














+ 1 ы ди* * * v 
Tax. = Ré. Е Әт” + му". V | (11-37) 
sioe etus d „„ди“ ди" 
тту “т = Re. | ду + Br ) (11-38) 
Tz = Ты = zl Tn ща =) (11-39) 


3. Y-component of the momentum equation: 











д СРД) д 6,9,6 д « 42 « д 4 обл \ __ 
ag Orv") + ре (быз) ры ФР) + 22 У) = 














д ж д ж д * 
or (04) + oy (та) + ae (994) (11-40) 
where 
* = 1 * до ж * 
Туу Rea іш ду + Ху У | (11-41) 
š " 1 Ov' ди" 
Jun m TR | ( ae ae ) (11-42) 
and ту, is given by (11-38). 
4. Z-component of the momentum equation: 
... д +, .... е А 
ĉo и) + з; Таи) + ра (vun) э, д (очи +p’) = 
[> ДЕРИ ә ,, 
as (75) + эу 2 (6 2) + 34 (ы) (11-43) 
where 
1 ди" + * U 
Tii = Re. Іш да + Ху". V | (11-44) 


and т;, and ту, are given by Equations (11-39) and (11-42), respectively. 
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5. Energy: 
д * * д + * + * + д жж * Ж 
ән Pet) + ра (РТА ри) + ду (ет ei + pv) 
д + * # + ж д L # tt * 9 * 
де (р ше, +риш ) = эст!" Т + О Ту + ш Taz — da] + (11-45) 
д ж-ж =,» LP * д (Ри | ..Х. ж.ж + 
ду [u Tis + оту +w ту. ду] + 57 lv та та + wry, Ф] 
where 
я и" ôT" 
> Жее „=з парне ли пете di 11- 
4 RewPr(y—1) МЕ ди 0) 
құзға ш or” Т 
d, = Ке„Рг(у-1) М2 ду“ (ра) 
с 2 т (11-48) 


7 RégPr (у — 1) М2 0z* 


The nondimensional equations of fluid motion may be expressed in a flux vector 





PREE ӘБ әк 06" ӘБ; ө; Əs ay 
де дт ду Oz дт ду д 
where . 
p 
p'u* 
Q* = | ри (11-50) 
p'w* 
pre; 
put 0 
ри“ +p та 
Е = | ри" (11-51) Е = | ту (11-52) 
ТҰ A 
(р'е + р)и" мета + v'rz, + Шта, — q; 
p'v* 0 
рчги“ Tus 
Ғ-| ptp (1-89) Қ-|т, (11-54) 
р*у*ш* т* 


tot ж ж ж.ж #8 + - ж 
(р*е + p')v и Ту + У Ту + Ч/7у, — Фу 
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p'w 0 
рита“ T 
С" = | рът" (11-55) с; = Та (11-56) 
+ «2 ж * 
pu +p Tz 
(р'е; е, +p "ји" и'т; zr + Та + w'r;, "x d; 


«е» 


The notation which is used to designate nondimensional quantities will be 
dropped for the remainder of this chapter and those following. Thus, all the equa- 
tions will be in nondimensional form unless otherwise specified. 


11.4 Navier-Stokes Equations 


The equations of fluid motion in complete form which include the conservation 
of mass, conservation of momentum and conservation of energy are referred to as 
the Navier-Stokes equations. The nondimensional Navier-Stokes equations given in 
the previous section in the Cartesian coordinate system are now transformed to the 
computational space by the following. Due to similarity of the left- and right-hand 
sides of Equation (11-49), the mathematical details are carried out for the left-hand 
side (LHS) of Equation (11-49) only. Equation (11-49), which is repeated here for 
convenience, is: 


8Q дв ӘРЕ ӘС OE, OF, ӘС, 
Or a By Рат дт ду де 





The Cartesian derivatives are replaced by Equations (11-5) through (11-8) to 
yield: 


2 59 29. 00, „д9 дЕ 
LHS = g +& з "у tG ilio + бт + 
дЕ E 


It is recognized that this equation is no longer in a conservative form. То recast 
the equation in a conservative form, some manipulation must be performed. 'To do 
so, Equation (11-57) is first divided by J, and then a combination of terms which 
sums up to zero is added. In the following, only four terms are considered to show 
the required mathematical steps. The conclusion is then extended to the remaining 
terms. The first four terms of Equation (11-57) divided by J and with the added 
zeros shown as the brackets are 
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1 0Q 90 1, 99 1,80, [5 8 1 8 
та TER ута + теза + lo 92-9» 


+ је eG) о 6» tki- ДЕ) 


+ [ж ®-е® 


which may be rearranged ав 


prezo [2 +026) 


SIEUT E 


-elz x zz (11-58) 
The terms in the first four brackets may be combined, and by substitution of 


expressions (11-31) through (11-34) into the last bracket, it can be shown that it is 
zero. Therefore, expression (11-58) is combined as 


ð Q 


Extending this conclusion to the remaining terms of Equation (11-57) results in 
the following expression: 


00.080. 9, Q 3, Q 
LHS = zp + де (7) + Hep) + а С) + 


на Da бъ) + 


Тһе RHS of Equation (11-49) is reformulated in a similar fashion, and therefore 


3 
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(11-49) is written as 


2+ x [160 ЕБВР СО) + 

Ж [5 (10 + nek + ЂЕ ло) + 5 ib (9 + GE & GF GG) 
= 2 [en + 6h + 6G] + у. [Fmt mh +c] + 

2 [eR SR 67] 


The terms in this equation are redefined such that it may be written as 


Әб OE OF об дЕ, OF, 26, 





Dr t Gp Op XC X дт X — 
where 
2- 9 (11-61) 
E- 1 (&Q + £ E + ДЕ + Е,С) (11-62) 
B-I (mQ +ЉЕ + ЂЕ + 6) (11-63) 
3 = (GQ +СЕ + GF GO) (11-64) 
E, = 1E, ек + 66) (11-65) 
F, = 5 (mE, + P, +G.) (11-66) 
б, = 1 (GE, + GF, G0) (11-67) 


The viscous shear stresses given by Equations (11-37), (11-38), (11-39), (11- 
41), (11-42) and (11-44) with Stoke’s hypothesis (À = -Зи) in the transformed 
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computational space are: 


и [4 2 
Trz = Res ЕС + Тил + Спис) Ба 36% + "уң + буш) 
2 
e 506-0 + пеша + сш) 
ћу = E | (бус + пуша + буш) — = (Get + neus + Cotte) 
2 
ze щеш + паша + сш) 
и [4 2 
Таз = Rey, Бей + паша + Czw) = 360 + ћи + беш) 
2 
= з бу + љо + 5) 
Tay = Tys = гта (буш + пушо + бущ + 69 + Naty + Се) 
со 
Туз = Tez = x (Еш; + Тї + Си + бише + TI Us + (еш) 
со 


Ту = Tay = TA (6.0 + пау + базе + буше + пуша + Суше) 


where the heat conduction terms іп the computational space are: 


и 

qz Pr Res (1 = 1) Mà Ttt eTa + GT) 
* А Т, Т, Т, 
Е - Pr Ren (у = 1) Ма, 8 E + Ту + GTC) 
de - ous ER ЪТ + GT, 
1 Pr Rea (y — 1) MZ К o Tene 


11.4.1 Linearization 


3i 


(11-68) 


(11-69) 


(11-70) 


(11-71) 


(11-72) 


(11-73) 


(11-74) 


(11-75) 


(11-76) 


In order to numerically solve Equation (11-60), a linearization procedure is 
introduced, and all flux vectors are expressed in terms of the flux vector Q. The 
procedure was previously described in Chapter 8; however, due to its importance, 


it is reemphasized in this section. 


32 Сћаргег 11 


Consider the following Taylor series expansion: 
ра _ F ДЕ 2 
EM = E" + 3.47 + О(Ат) (11-77) 


In order to rewrite дЕ/дт in terms of the gradient of flux vector Q, recall that 
Е- f(Q, Et, Ez, е, ©.) 
Тһе chain-rule of differentiation yields the following relation: 


Е OE дд дЕ да OE 9%, OF 95, OE де, 


Or 90 Or 1 26 Or 06, ðr 26, Or dE, Or (11-78) 


For many applications, the grid is independent of time, and therefore time рга- 
dients of the metrics are zero. Hence, for a time independent grid system, Equa- 
tion (11-78) is reduced to » AA 

ðE дЕ 20 


F 90 Or (11-79) 
This equation is substituted into Equation (11-77) to yield: 
дЕ дд Я 

Е"! = Е" + -< 90 or Ат + О(Ат) (11-80) 


The partial derivative д0/дт is approximated by a first-order backward difference 
expression as 


д0 Е Qn = Q^ _ Ад 
o oe + О(Ат) = Ar + О(Ат) 
Substitution of this equation into ра (11-80) yields: 
= Ё" + 29 A О(Ат)| Ат + О(Ат)? 
32 
ог 
E" = б оз Е AQ O(Ar)? (11-81) 


If а time dependent grid system is used, the additional terms which appeared 
in Equation (11-78) would be included in Equation (11-81) as well. In either case, 
terms such as OE/0Q and similar terms related to flux vectors F,G, E,, Ё, and С. 
will always appear in the linearization process. They are defined as the Jacobian 
matrices, which are the focus of the next section. 

For steady-state problems such as Parabolized Navier-Stokes equations, the lin- 
earization process is similar. In that case, the Taylor series is expanded with respect 
to the streamwise space coordinate (marching direction). А detailed mathematical 
approach is shown in Chapter 13. 
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11.4.2 Inviscid and Viscous Jacobian Matrices 


To linearize Equation (11-60), the following and similar approximations are 
employed: 


= =n , OF , = 
nil _ 2 
E = 00 AQ + О(Ат) 


where дЕ/дО is defined as the flux Jacobian matrix. The remaining flux Jacobian 
matrices are OF /0Q and 26/90. The viscous Jacobian matrices are OE, /0Q, 
OF,/0Q, and ӘС,/90. Since flux vectors Q and Е are 5 x 1 vectors, each one of 
the Jacobian matrices are 5 x 5 (for three-dimensional problems). The derivations 
of the Jacobians are considered next. In the following derivations we will assume 
perfect gas; therefore, the equation of state is expressed as 
р = pe(y — 1). 
The inviscid Jacobian дЕ/дО is 
дЕ O(E;, Е», Es, Ex, Es) 


до E (Qi, Qa, Qs, Qi, Qs) 


OE, OE, OE, OE, oF 
а д 90: эб, 90. 
0E, OE, OE, OE, OE, 
оф 90% 900 90) 90, 
9E, ƏB OF, ӘБ, OE, (11-82) 
0Q; 9%; д0» до, 90% 
OE, OE, OE, OE, OE, 
Әбд 906 90 90) 90, 
OE; OE; OE; OE, OE, 
Әб 906% 90 90, 90. 
In order to determine the elements of matrix (11-82), the flux vectors Е, Е, and С 
are expressed in terms of the components of vector Q according to 


____________Сћаргег 11 


Qe 
ü B+o-v fo- 160 S #9 
pu! +p 20 Q о 
2 
E- Eo 
pw |= | 70, (11-83а) 
ms | |0 
рана Qi 
pe u 
k o, - 158, 86, 8) € 
уда TS + до 
Qs 
р? QQ: 
id 2. 
F=| pop |= B+ (y 1) le-5 S - 9) T О, 5) (11-835) 
ы | [ал 
TE Qi 
pe тр) 
pe-2; Qi. S. 2) ss 
Q4 
pu Фо 
с=| му [=| Q (11-83c) 
ри? +p Qi | 1 | 1 @ | 
A ta-n 19-5 $5 
(ре, + p)w a © KZ 
е: - 25 (8: +@-+ 21% 9 


Transformation of the Equations of Fluid Motion 35 
—S Eee eee ПО MOON 


Recall that, from Equation (11-62), 
= 1 
By = Ед + &E + EF + EG] (11-84) 


With the components Е, Е, and Сі from Equations (11-83a), (11-83b), and (11- 
83c), (11-84) may be written as 


= 1 
Е} = 750 + 6:0  £Qs + 6,04) (11-85) 
Now the first element of (11-82) is determined as 


OE, _ 9GlI&Q: + & Qe + 5,03 + 6,04) 


90, 9{9} 
2 DEQ: + EQ + £Qs + 2,0.) - 6 (11-86) 
до 
The remaining elements of the first row are 
OE, _ OE, OE, — 
0Q; & , 9093 ae 5, D д0, & , 
OE, 
and дб» =0 


The elements of the second, third, fourth, and fifth rows are determined in a 
similar fashion. The resulting inviscid Jacobians are: 
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| 
| 
е | & 0 
gree ерата с DM GMAT Cast ERN 
- Ч(фи + ро + 60) | & + 6: (2 – ou | би — (y — 1) 60 | &u — (y - Уаш | (Y- 06 
té bo = 1)(и3 + 73 + v?) | + (fu + бу + би) | | 
mE | 
— (би + &® + 6ш) | &v — (у- Du | & 6 (2-9) | ёо - (17 Туш | (7-16 
+ £, Бе- уа жад)! | + (бо + Gu) | | 
————— ------- 
- ши + yv + бш) | &w — (y - би | ёш — (y ~ Пт | а+60-7о | (1-1 
+ ё, Бе = 1)(и +02 + v^] | | | + (Eu + бо + 610) | 
eee — көтек рсы ОЕ 
| 1 | 1 | 1 | 
(£u + Eyo + ёш) |-те: | 6 [те “20-4: | 5 [ree -30-1 | & he зае | é+ 
+ (- DG +02 + w?)] | (u? + v? + w?)] | (u? + v? + и?) | (u? + v? + 02) | y [éu + Ev + буш] 
|- о-во | - (7-1) [eeu + Gu 1 (1 - Dieu Gn 
| + ши | + що | + ето | 
| | | | 
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(88-11) 
i ! 
| | | | 
| 
| mint + | аси + | пази + | 
| | 
| аи + пе (1 — 0 - | a% + таи] (1 — 1) — | atu + пзи (1-4) – | 
| | 
[n*l + а + пещи, | (ағаға)! [mt ete)! (азаға). | [оваа -4) + 
| | 
gu} (1– we = ы] % | q- 95 = 94 "d а- us Е s su| feu] (mtb + afl + nH) 
| | | 
шылы Кеа кред АЕ тени 
| 
| 
| ахи + айй + n*l) + | | | [im + га + ea - 295] в + 
Щ1-0| mkg utu) AUTA- nu] пшр) (ашата – 
| | 
--- полыш лани ани Е 
| | | | 2 
| | (n*l + а + ләш) + | | Ка + а + 91 – 94 му + 
“1-01 а1-0-аа| (2b bt пац) — а | (пл + а + па — 
Xl ERE сасыса кан ee инна нала ++ 
| | | | 
| | | (тй + a% + пей) + | (е + а + DU - o£ 2 + 
| | 
щъ — 4) | ат — 4) — па | a*ü(q А) — таш | ца- ги + ш | (аз + аи + n?b)n — 
| | | ЖЕК ИРНК ИЕ 
ее USED маан таған хына 
| | 
0 | zu | а | г | ш 
| | | | 
| | ! | 
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| | 
| | 
а | © | 0 
| 
тт и и и и 
- си + Gv + Gu) |е+ба-ун |би-(-1Хе |сита-лка 14-1 
+ C [50 = 1)(u? + v + w?) | g (Си + со + с.о) | | | 
| | 
ЕЕЕ 
- 5ч + суо + буш) | Со (7- бш 16602 зо Со (у бш | (7-1) 
| 
+ с [jo - 0e vv?) | + (Gout Go Gu) | | 
aū _ | | | | 
ad Pao eats i puce ње: reno cec MERE ME рече 
- ши + (уо + буш) | Сеш — (v би | ош – (7 – 1)Gv | GG – т) (7-1), 
жа Го = 1у(и3 +v + и?) | | | + (Cou + yv + Gu) 
а Lx ed e шамына ИНЕ 
1 | 1 | 1 
(еч + Gu + бш)[-те сре-за-1 (|е 56-0. 1 |е 56-0 10 


| 

| 

| 

| 

| 

| 

| 

4 

| 

| 

| 

| | 
| 
| 
| 
| 
| 
| 
| 


| 
+ (y-1)(u? +0? + и?) (и? +02 + w^) Райко? + w?) | (u? + v7 + w^ * [Gru + Gv + буш] 
| 
– (7—1) Ки + Ge | – (7 — 1) [Си + Gv | – (7-1) [zu + Gv 
+ Gulu | + соју | + Cw} w 
| | 
1 | 


(11-89) 
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Some of the terms appearing in the Jacobian matrices may be defined such that 
they are expressed in a compact form. For example, 


U=&+ Gut ёо + Ew (11-90a) 
У = onc ћи + у + пеш (11-90b) 
W = а + би + Gut Cw (11-90с) 


are known ав the contravariant velocity components. They represent velocity сош- 
ponents which are perpendicular to planes of constant £, 1, and С, respectively. 
Furthermore, define 


Ф = +1? + а? (11-91) 


Before attempting to determine the viscous Jacobians, the viscous flux vectors 
must be rearranged by substituting expressions for shear stress and heat conduction 
terms. For example, consider the second component of Е,, which from Equation 
(11-65) is given by 


2 1 
Е, = 7 (Е + &,Е„ + 6,С„) (11-92) 
From Equations (11-52), (11-54) апа (11-56), the following is observed: 
En = та) Е, = ту , and Gy = Ти 


Hence, Equation (11-92) may be expressed as 


1 
Ел = 7 (Стас + буту + таа) (11-93) 


Now, using the expressions for the shear stresses given Бу Equations (11-68), (11-71) 
and (11-72), Equation (11-93) is rearranged as 


= 1 4 2 

Ew = ле ET + ти + Си) — 369% + 0, 
2 

+ бущ) - 3 (eux + паша + сә) +6 мең + туш + 


+ буш + 5206 + пет + со) +é меш + ви + 


+ Си + Erwe + тло, + смо] 


LEN Chapter 11 
which is factored as 

E и 4 1 

En = Rend (6 6+ 6 + EZ) ug + (сев) vet 


4 
(26.69 + (т + Eyny + етди + (Ст = 36m)" X 
2 4 
(Сте — 38:1)" + (36: + EyCy + Е.) щ + 


EG- FEG) t El- 260) 


All the components of flux vector Ē, are reformulated accordingly. In addition, 
viscous бих vectors F, and G, are modified in a similar fashion, resulting in the 
following form of the viscous flux vectors: 
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за (и?) + 3a; (v?)e + Заз(и?) + as(uv)e + as(vw); + az (uw); 
+ Рур Иг 047$ + га, (из), + 50002), + 143(ш?), + дои, 

+ dgwu, + душо) + дви + dauw + Фоо» + pr ти дата 
+ jelu?) + 2е2(02); + les(w?) + egvuc + egwug + еті 


+ евшо + виш + evwe + Toad 


(11-94) 


where, for a perfect gas, 


1 


— t Ie ioa са 0) у 
Би = то le 5602 а? + ш?) (11-95) 


42 
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За (из)е + 102002); + 3ds(w?)e + душо + douwe + бууш; 

+ двуше + фищ + Фош + prs yr, Те 

+ (из), + 162(02), + 56s (w?), + (ит), + be(vw)y + br(uw), 
+ туты + АС?) + 32002) + 3 (шо 

+ Бущ + ши + /ти + Ви + Виш + јотих 


+ penu Id 


(11-96) 
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зе (и?) + 5e (v?) + зез(и?) + ерши + eguug + етуш; 
+ eguwe + еоши + еоши + тусум ба Та  &fi(u2), 

+ зо) + (и), + fsuv, + Јвило, + Лош + Лош 
+ јури, + Лоши, + рес МЕ ЈАТ + $e (wc 1с(02), 


+ фєз(ш®), + es(uv)c + es(vw)e + es(uw), + Рес и Tc 


(11-97) 


С ———————— A410 0040 


where 
ал = 32 + 65 + 6 (11-98) а; = 62 + 36) + 62 (11-99) 
оз = 62 +E + 36: (11-100) ад = Qr GG (11-101) 
as = 16.6, (11-102) ag = ЊЕ, (11-103) 
ат = 16,6, (11-104) 
b = 172 + + (11-105) бр = 2 + 312 + 2 (11-106) 
bs = та + па + Sn? (11-107) = 72 + +n (11-108) 
bs = т (11-109) bs = Ту (11-110) 
br = ien. (11-111) 
с = ++ (1-1) gq = (+ 142+ (2 (11-113) 
сз = (2 + 6 + 362 (11-114) с = 2+ 60+ 6 (11-115) 
cs = 466 (11-116) cs = 20 (11-117) 
Ст = 16.0 (11-118) 


dy = 3.7. + бућ + ©лъ (11-119) d; = Enz + 36у 56.7. (11-120) 
з = ет + &yny + 362 (11-121) da = т + ©, + Eene (11-122) 
ds = ©ту — 56у (11-123) ds = Een — ЗЕЛЕ (11-124) 
d; = бут — 36.7 (11-125) дв = yn: — зету (11-126) 


ds = виђа — 36.1. (11-127) до = xy — ут (11-128) 
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єз = 4.6 + 6,6 + 66 (11-129) ез = le $E Cy + 6, (11-130) 


ёз = 6.6 + Eyy + 36,6, (11-131) ea = баба + Eyy + 6.6, (11-132) 


€5 = 4 Дт 26 (11-133) е6 = Ezz = 25,0. (11-134) 
ет = 5 = 22,6, (11-135) ев = 6,6. = 26.6, (11-136) 
ө-6,0- 28, (11-137) ео-60,- 6,6, (11-138) 


А xe + тубу + С, (11-139) fo = nee + 1С, + 76. (11-140) 


А-та- пубу + 47,6; (11-141) fa = 1.6 + Nyy + 74. (11-142) 


fs == "абу > Зуба (11-143) fe = NS: т in (11-144) 
fr = Ty Gs — In (11-145) ћ= yes — тс, (11-146) 
fo = m — 27,0% (11-147) Ло = ђе — $nyG (11-148) 


The derivation of viscous Jacobian matrices must be handled with special care, 
due to the fact that the components of the viscous flux vectors involve gradients 
of the dependent variable and the Jacobian of transformation, which is itself a 
function of the independent variables. Thus, J remains embedded inside the viscous 
Jacobians, unlike the inviscid Jacobians where the Js were cancelled. In order to 
generalize the mathematical procedure, it is recognized that all of the terms in the 
viscous flux vector may be expressed as 


Ё, = (Factor) = (Øy) ў (11-149) 


where ф represents the dependent variable such аз u, or a combination of dependent 
variables such as и? and № represent ап independent variable such аз £, т, ог ¢. For 
example, the first term of the second component of Е, (from Equation (11-94)) is 


= и 1 
Eo 1st term = Reg J^: (99 


which may be expressed as 


= 1 
Evar = (pera) (ид 
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or, in the general formulation of (11-149), 
= 1 
Ерт = (Factor) Фо 


To obtain the viscous Jacobian дЕ,/дО, it is necessary to compute each of the 
terms in д(Ел, Eva, Es, Ед, Evs)/O(Q1, Qz, Qs, Ө, Ө). In а similar fashion, the 
Jacobians associated with flux vectors Е, and С, may be determined. In order to 
perform this differentiation, the general expression (11-149) will be used to illustrate 
the procedure. Consider the determination of 


ЗА = р (Рес) = Facto (0:25 UM 
= (Factor)(— 5) US. 


At this point the order of differentiation is interchanged to yield: 


зе, д ,дф 


= (Factor) Оз 95 


=) (11-150) 


Recall that Q = Q/J. Hence, after substituting into (11-150), one obtains 


-a (Facto dhao 26) = (Pactor) |3 (73 55 (11-151) 


This formulation is used to obtain the viscous Jacobians given by Equations (11-152), 


(11-153), and (11-154): 


0 0 0 0 0 


Еда EQ»; EQ23 Ебља 0 





= = Ез EQ32 EQ33 Ефа 0 (11-152) 
Еда ЕФ: EQs3 ЕО 0 


Еди EQs2 EQs3 EQs4 EQss 
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0 0 0 0 0 
ЕФ Еф; ҒОа ЕФ, 0 
OF __ | Бод, ЕО: ЕО: Е 0 
20 = не да FQ; FQ33 ЕОза 
Еда Ғдо Ебаз Еа 0 
Еди FQs2 Ез Еа ҒО 
0 0 0 0 0 
са GQ22 СО: СФ 0 
дб, — ^ | сол сољ СО: С 0 
96 = Rew 7 Qs Q32 Оза Оз, 
GQ41 GQs2 СФ аз Сал 0 
GQs| Сб; 6053 GQs4 СО55 
where 
Еда = - | (Ie tae Zr 


Е lac, +409), + дот | 


= ТЕ: + eX + Зад 


EQ; 35 на 45, eC 


p 


4T 


(11-153) 


(11-154) 
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EQ»; 


EQ»4 


ЕОзд 


EQ? 


EQ33 


EQ34 


Ефа 
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7 J J 
ај + dC * ex 


J J J 
aC Ls dos * өс 


и v w 
- СЕ: + 227) + 4029), 


- СЕ: + eI + ey 


а + 4), + e 
в: + 44%), + eX 


a (7) + di), + eue 
- lec. + «(7% + aa”) 
E st, + dI) + 43(Ј РЈ 


= 22: + (72), + ез(7 2] 
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Еда = 


Ебу = 


EQ. 


EQs, 


J J J 
ae + de Ds T «(с 


вде аи), eX 


J J J 
= alz) + У + УУ 


5 2 
= - g - реа) + (а — pra t 


w? y e uv vw 
(os = Bea) e+ pta + 24у, + 22777); 
uw y u? y v? 
+ ay uk (а - p; 49077 t (d T рг)" 
y w? Угла и 
+ (di – Pron + pd + (dsv + Фа)» 
v w J 
+ (dru + dsw) (J7) + (фи + Фоо (7), + Pid + бич 
7 7 
+ 2m + daw)v, + ри + даў) - (е - (I=) 
+ (ea а) e (еа 2) + Heda) 
m pr^ p p Pr“ p ы pr^ p < 
и v ш 
+ (esv + egw) (J 70 + (ети + евш)(Ј 7) + (еди + eov) (J 2 


7 J J 
+ рез + esw)u, + ae + евш)ис + пе" + €10¥) We 
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ЕФ = le. = po) 7X 4 as (7e + «(12% 
+ [а = рг?» + (фи + до)» + цер + да 
+ le = ред + (esv + ЈЕ + eC T e Cou 
в = [loa rade see aa 
+ а 0675), + (и + to Du CD + да у 


+ [e 009) + (ет + емі De s Cue e 


Едм = le - реа + «(72% + «(72% 
+ [lds Дауа + (фи dae) + del CD 


+ [e - eoo + (аи + еш) e+ шс + oP 


ЕФ; 


тена аб 
zc eee as ex 


Еди = - lace + d(J7)e + ад 


и v w 
= һо%, МА оз 
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Едо 


Еда 


FQ. 


Еда 


Ғфза 


FQ33 


Еди 


и v w 
Е ЕУ + А27) + ПД 


Ј Ј Ј 
а + Де + ЛС) 

Ј Ј Ј 
Фе + b5) + fX 


J J J 
422% + bin + Ас 


= ТЕ: + d 7) + СД 
" sco, + 025)» + 2| 


: [sc AUD fa] 
J J J 

и + и + (7) 

ақ? + C, + А) 


Ј Ј Ј 
Фа) + ьп + јао 
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ЕФ 


FQa; 


FQas 


Еда 


FQs; 


Chapter 11 


_ Ем + дот) + 205) 
= коз, - 025), + Uy 


- [see name пад 
d Ce бај + А 
пое), + АС 

а + + А 


-(а- дао ради 

+ (di – Kays), + PAU k + (dro + dw) (JS) 

+ (фи + dhow)(J2)e + (dou + d) y 4 = (dro али 

+ = ары едра ие = (de А адо) = { ы: 2009), 
+ (а ада s = Дауа 8099), 


2 
+ 26077), + 2 (177) 0) - (e ри» + 
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+(%- BINT DI + (А = BINT e+ BAG) 
и у w 
+ (Бу + ИД ред + (Ли + Аш) С); + (би + Ро») (7 


+ LS + шш + E Ви) + (ћи + Лоди] 


ғаы = hi- Fayre (во айдаса D & Cw] 
y u v w y u 
+ [e - Feber a+ ылы ы + Гл - Zeon 
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+ а ZANTE + (ди + fy + ЫШ, + Лос, 


+ le - HoU ktel k+ ЕҢ 


со = Fe мек аа 


11.5 Thin-Layer Approximation 


The Navier-Stokes equations are reduced rather drastically by assuming thin- 
layer approximation. Under this assumption the gradients of the viscous stresses 
in the direction parallel to the surface (Е and ( directions) are neglected. Тһе 
Thin-Layer Navier-Stokes equations are expressed as 

20 25 ӘР 90 _ afer 

дт 96 ду OQ An 
where flux vectors Q, Е, F, and С are given by (11-61), (11-62), (11-63), (11-64) 
and 





(11-155) 


0 
bius + бут + душо 
= H Бѕи, + bv, + вш, 
Ër = 11-156 
“Read casse ee еее ЕЛЕН ( ) 
brun + sts + бзша 


ih (и?) + 160 (1?) + ба (и?) + bs (uv)s 
+ (ош), + b; (uw), + ro ти дата 


The viscous flux vector F,r is obtained from the viscous flux vector Е, given as 
Equation (11-96) by omitting all the mixed partial derivatives. To illustrate this 
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point, consider Юг example Ше second component of the flux vector F,, where 
Ел = dug + Чуу + dewe + brun + Бро + ша + fiuc + Лос + Вис 


The partial differential equation (11-155) includes the 7 gradient of the viscous 
terms. Therefore, this gradient will include terms such as 92и/дпде, 0?v/On0£, 
...and so on. These and similar mixed partial derivatives are omitted. As a result, 
only п derivatives of the flow variables remain, which have been redefined as the 
flux vector F,r. The reason these terms are dropped will be discussed in Chap- 
ter 14 where the numerical solution techniques for thin-layer and Navier-Stokes 
equations are considered. The elimination of these terms is not necessary; however, 
this reduction does simplify the equations and reduces computer storage and time 
requirements. 

The inviscid Jacobian matrices are the same as those of the Navier-Stokes equa- 
tions, and the Jacobian matrix дЕ,г/дО is 
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11.6 Parabolized Navier-Stokes Equations 


For steady supersonic flow fields, PNS equations provide an efficient method of 
solution. It is assumed that the streamwise gradient of viscous stress is small com- 
pared to the gradients of stresses in the 7 and ¢ directions. Therefore, the streamwise 
gradient of viscous stress is dropped. In addition, the streamwise pressure gradient 
within the subsonic portion of the boundary layer must be approximated to pre- 
vent a departure solution. This approximation may employ any one of the following 
methods: 


a. Neglect the pressure gradient completely. 

b. Treat the pressure gradient explicitly. 

c. Impose the pressure from the first supersonic point—this method is known as 
the sublayer approximation. 

d. Retain a fraction w of the pressure gradient. 


The PNS approximations will exclude streamwise flow separation; however, cross 
flow separation is predicted. In the following formulation of the PNS equation, 
the streamwise pressure gradient within the subsonic portion is approximated by 
method d. The PNS equations are expressed as 


OE» ӘЕвр ӨР ӘС OR, 9б,р 








+e тақ ПАУН 
where 

Ep = 5 Ер + 6, Бр + ЕС) (11-158) 

= 1 
Ерр = 7 [&.Ерр + 6„Ерр + ©,С рр] (11-159) 
Р = 1 рљЕ+ђЕ +0] (11-160) 
б = 5 (СЕ + GF + 6G] (11-161) 
Бр = 2 [mE + mF, + eGo) (11-162) 


Сър = Кв, + GF. G6 (11-163) 
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and flux vectors are defined as 


pu 

ри? + wp 
Ep = ри” 

риш 

(ре: + р)и 


(11-165) Ер = 


рш 
рши 

рит (11-167) 
ри? + wp 

(ре: + p)w 


Ср Ерр = 


(11-169) Gpp = 


pvu 
pu? + wp 
руш 

(ре, + p)v 


(11-166) 


(11-168) 


(11-170) 
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The flux vectors Е, Е, and С аге Ше same as Ep, Ер, and Gp with w = 1. The 
parameter w, introduced in Equations (11-165) through (11-170), is determined by 
stability analysis. The viscous flux vectors Ё,р and Сур аге 





0 
by ty + Буу, + Буш, 
bsus + та + bewy 
Ёур = x qe, a Ранка Pe ee анон (11-171) 
~ ӛзің + 60, + bau, 
ЕРЕ? 1, (2 1 2 
zelu „+ 290 „+ baw ја + (ит), + bs (uw), 
1 
+b7(uw), + Pr ума 1" 
0 
Суис + свис + Стшс 
j C5Uç + сол + св 
Сър = Ке] НИ DEPRECOR Er NEVER (11-172) 


1 1 1 
59100); + зе”) + g (w^)  es(uv)c + св(иш) 
1 


+c7(uw)¢ + Pr(y—1)M2, 


C4 Те 


where 
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bi = у + my + ne 
bs = па + 12 ат 
bs = {тт 
br = {nen 
су = 162 + (2 + 2 
са = (8 + 61 + 362 
C5 = над 


Ст = Hoe 


(11-173) 
(11-175) 
(11-177) 
(11-179) 
(11-180) 
(11-182) 
(11-184) 


(11-186) 


бо = та + 512 + 12 
bg = та + па + 1р2 


bs = inn: 


с = (2 + 62 + 2 
са = (2+6 + 2 


Св = iG 


(11-174) 
(11-176) 


(11-178) 


(11-181) 
(11-183) 


(11-185) 
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Note that the viscous flux vectors Ё,р and Сур are obtained from relations (11- 
96) and (11-97) by omitting all the mixed partial derivatives, as was illustrated 
previously for the Thin-Layer Navier-Stokes equations. 

The inviscid and viscous Jacobian matrices for the PNS equations are as follows: 
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11.7 Two-Dimensional Planar ог Axisymmetric For- 
mulation 


For a two-dimensional planar or axisymmetric flow field, the nondimensionalized 
Navier-Stokes equation may be expressed in a combined form as 


0Q OE OF OE, OF, 

cM I peo ДРА) 2 СА 5 

ра T ay tA Әт t ду 
where а = 0 represents two-dimensional planar flow and а = 1 represents two- 
dimensional axisymmetric flow. The flux vectors in Equation (11-192) are 








(11-192) 


р ри 
ри ри? + p 
= 11-193а Е = 11-193b 
Q A ( ) 212 ( ) 
per (ре + p)u 
ро ро 
1 
р-| (11-193c) H=- |Р (11-1934) 
pi? + р y | pv 
(ре: + p)v (ре: + p)v 
0 0 
Е, = | "=> (11-193е) Е, = | 9 (11-193f) 
Tzy Туур 
UTzzp + VTzy — Qr UTzy + UTyyp — ду 
0 
2 y д у 
Ту” 3 Re Oz (и-) 
2 р т у 20,0 
1 раса оу 0 00, 
H, = Туур 760 3 Весо e» Re, 3 ду ut) (11-193g) 
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Sis 290. X00 
Txrp = Ке E дт 3 5.) (11-194) 
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Ta = Re. ( By z) (11-196) 
R E у ы... 
79 = Re, | + (oz ду 73 : (11-197) 
кус и oT : 
& = -Ren Ре = МЕ, да 91195) 
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The Navier-Stokes equations given by Equation (11-192) are transformed to the 
computational space by relations (11-6) and (11-7), resulting in 


од 8B ӘР 08 OF, „ 
Ө gta о о TON (11-200) 
where 
А. 0 
9-5 (11-201) 
E = 1160 +БЕ + EF] (11-202) 
P = Цао + mE + mF] (11-203) 
4 H 
H-T (11-204) 
Е, = ЕЕ, +F) (11-205) 
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мога 
Ё, = ИЕ, +ЂЕЈ (11-206) 
Н, = = (11-207) 


Substitution of viscous shear stresses into expressions (11-205) and (11-206) provides 
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The inviscid and viscous Jacobian matrices are 
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Тһе Thin-Layer Navier-Stokes equation for two-dimensional planar ог axisym- 
metric flow is reduced to 
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where flux vectors Q, Е, and Е аге given by (11-201), (11-202) and (11-203), and 
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The Jacobian matrices дЕ/дО and OF /OQ are given by (11-213) and (11-214), 
and 
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The Parabolized Navier-Stokes equations under the assumptions stated previ- 
ously are formulated as | 
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The inviscid and viscous Jacobian matrices are: 
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11.8 Incompressible Navier-Stokes Equations 


As introduced in Chapter 8, a common scheme to solve numerically the incom- 
pressible Navier-Stokes equations is the modification of the continuity equation to 
include an artificial compresibility term. If т is used to denote this artificial com- 
pressibility and д is used to represent its inverse, then the incompressible Navier- 
Stokes equations in dimensional form are given by 


90 ФЕ ӘР ӘС OE, OF, ӘС, 





M ers ----- -2: 
ОБ Тер Ө; hr А5 (1:230) 
where 
p 
Qc" (11-232) 
v 
w 
Bu 0 
E-|V*?| (11-233) Е, = |?” (11-234) 
uv Try 
uw Trz 
Во 0 
ти Тус 
= 5 Е, = 11-236 
Е m (11-235) ы us ( ) 
vw Tyz 
Bw 0 
ea (11-237) С, = |” (11-238) 
wv Tey 
ш? +р Tzz 
and 
Ті: = ги 
ди ду 
Try = Typ — И ду + Әт 
ди 
Ту = ші 
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Equation (11-231) may be expressed іп a nondimensional form if the variables 
are nondimensionalized according to nondimensional terms defined previously in 
Section 8.2.1. The nondimensional form of the incompressible Navier-Stokes equa- 
tion in a flux vector form is: 


до" 
де 
where 
Е“ = 
Е“ = 
с“ = 
where 





+ дЕ" Ж дЕ“ а дС* ДЕ; дЕ; 0G; 
дг ду де дт Oy д2 
p 

ж и" 
Q === v* 
w* 
Brut 0 
42 А 
и" +p . T; 
u*v* (11-240) E - т; 
u'w* Tze 
B'v* 0 
vtu’ "AR Ts 
eap) 01-240) Е = | 
v'w* n 
Въ 0 
си (11-244) Gi=|"= 
w'v т 
шер ri 
; 2 ди“ 
Tix = 
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(11-241) 


(11-243) 


(11-245) 


(11-246) 
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re he ee ЗӘЙ 
кое 1 (uw де 

Tay = Tys = Re. ду + дт* (11-247) 
ра ыо 11-248 

Туу E Res ду ( 7: ) 
„оо. 1 (ди ди 

Ту = Tzr "m Ве. Ес + ы) (11-249) 
И 2 ди" 

т}, =- па өлі (11-250) 
. « _ 1 (ди dv 

Ту; = Tay = Re, (92 + Ss) (11-251) 

and 


Res = PotioL 
Hoo 


The asterisk which is used to denote the nondimensional quantities will be 
dropped for convenience. Therefore, all the expressions to follow are in nondimen- 
sional form unless specified otherwise. Note that the flux vector formulations in 
either dimensional or nondimensional forms are similar. Therefore, the transformed 
formulation applies to either one. However, appropriate nondimensional terms and 
expressions for shear stresses must be utilized. 


Following the procedure of Section 11-4, the nondimensional incompressible 
Navier-Stokes equations in the computational space are expressed as 
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б: Bp Op ФС” GE Өт + бс ыы 
h 
where 2 E Q 
= 
and 
Ё 5 (EE 4 &,F 4 EG) (11-253) 
F= 5 (mE + ЂЕ + 16) (11-254) 
e 5 (GE 4 GF +С) (11-255) 
Ё, = 5 (& E, + &,Е, + £,G,) (11-256) 
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т 
| 


1 
7 (п-Е, + n,F, t С.) (11-257) 


e 
|| 


(Е, + GF + G0) (11-258) 


The shear stresses given by Equations (11-246) through (11-251) expressed in 
the computational space are as follow: 


2 








Tz = Re. (Еме + пи + с-ш) (11-259) 
2 

— + tty + Ge) (11-260) 
2 | 

Та = Rew (Се + "ұшу + Сш) (11-261) 


1 
Тру = Tyr = Res (Си + три + Суис + те + ту + с) (11-262) 


1 
Rew 





Trz = Tag = 


(сие + Natty + Сащ + {ш + тш, + Coc) (11-263) 
1 
Туз = Tay = Ren (уш; + туш + Суше + Eve + пуша + Си) (11-264) 


The expressions for the shear stresses given by Equations (11-259) through 
(11-264) are substituted into the viscous flux vectors E,, F,, and G, to provide 
the following: 





0 
pl али + bius — ста + сш) + bauç — Cae + esu (11-265) 
"^ JRew | avg + cius + Бу — су + си + 20 — Ceux 
адше — С2ил + C3Un + ЫШ — свис + Cevc + ош 
0 
- 1 | azun + би + сто — оше + bout — Стос + свих 
Ё, = (11-266) 
J Reg, |а — ciue + bive + сзше + Crug + зу — суше 
ази» + суше — Cate + Буше — сви + Соус + bawe 
0 
А 1 — суше + Ози + ст) — сви) 
G = азис + Буш + Са — Свше + Өзің + стр — СВШа (11-267) 





J Res, | азис — саше + bug + свше — Crus + 630) + суш) 
азих + свие - Cede + бзш + Свид — Сота + баш 
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where 
оа = + E +6 
в = n + ту +n 
a=C+G+C 
bi = ёт + Eyy + Ere 
bo = Exe + y Cy + ЕС, 


bs = Cone + (ұту + Gn 
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(11-268) 
(11-269) 
(11-270) 
(11-271) 
(11-272) 


(11-273) 


су = Ёт — ту (11-274) c; = mb, — Ё, (11-275) c3 = Еп. — т, (11-276) 


са = (де = С.) (11-277) С = се, - 60. (11-278) св = ес = (47 


(11-279) 


Ст пу — ст (11-280) св Ст — те, (11-281) о = nC, — Суп, (11-282) 


11.8.1 Inviscid and Viscous Jacobian Matrices 


The inviscid Jacobian matrices are determined according to 


and 


Using the contravariant velocity components defined by 


U = &u + би + уш 


У = фи + ћу + nw 
ала 

W = си + Gut бш 
the resulting inviscid Jacobian matrices аге: 
о 8 50 5,8 
в U+&u ёи Eu 
& ву U+êw w 
& баш fw U+gw 


A= 


(11-283) 


(11-284) 


(11-285) 


(11-286) 
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B= n: Nu ти 
Ny 7.7 У + туи 

T Пеш туш 

0 “д 6,8 

C= G И + Си Суи 
бу Су W + фо 

(2 бш буш 
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п. В 
зи 
К (11-287) 
Net 
V +w 
$8 
Gu 
(11-288) 
GU 
W + Сиш 


Following the procedure outlined in Section 11.4.2 and given by Ше general 
expression (11-151), the viscous Jacobian matrices are determined and are provided 


by the following: 





0 0 0 0 
A 53 = с : 5 т | Mie) 
0-0 р а 
where 
Ay = (J)e + bi(J)q + (Л) (11-290) 
В = с(ј) +а(Ј); (11-291) 
Сі = сжЈ), + (7); (11-292) 
Di = eJ) + (2) (11-293) 
0 0 0 0 
0 - Го Ag 
where 
А; = as(J), + bY(J)e + ба(Ј); (11-295) 
В) = —a(J)e+er(J)¢ (11-296) 
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С; 


р; 


where 


0 

А 0 

T Res] |0 B СА: 
0 


-с( Ле + ca(J)¢ 


—сз(Ј); + eJ) 





= aa(J)c + 627 + (Л) 


= —e«(J)e т ст(Ј), 
= –с(Ј); — св(7), 


= —%(7)‹ – с(Ј), 
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(11-297) 


(11-298) 


(11-299) 


(11-300) 
(11-301) 
(11-302) 


(11-303) 


11.8.2 Two-Dimensional Incompressible Navier-Stokes Equations 


The nondimensional, incompressible Navier-Stokes equations in the computa- : 
tional domain 6,7 formulated in a flux vector form are expressed as 


20 ОВ ӘР ой, дА 


ді 7 267 дт OE Әп 
where the flux vectors are defined by the following: 
5-9 
Q= 7 (11-305) 
Е = (GE + &F) (11-306) 
Е, = ЈЕВ, +6Е) (11-308) Ё, = s 
J J 
and 
D 
© = и (11-310) 
v 
Bu Bv 
Е- |а +p (11-311) Е-| vu 
uv v? T p 


Е 1 
Е = ЈЕ + Е) 


"Еу + NyFy) 


(11-312) 


(11-304) 


(11-307) 


(11-309) 
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0 0 
Е, = | Таз (11-313) I Ту (11-314) 
Try Tyy 


The shear stresses in the physical space are 


2 [ди 
Та = Те, (2) (11-315) 
ту = Т 20 8 ди ду (11-316 
= У ^ Res (ду дт -316) 
Ту = E cd (11-317 
У Бе» (ду 3") 
The shear stresses in the computational space are 
2 
Ті: = Rew (Ее + паша) (11-318) 
1 
Tey = Tye = по. (уш + ти + Ear + пил) (11-319) 
со 
2 
Tw = Re. (суче + пут) (11-320) 
Coo 


Upon substitution of shear stresses into the viscous flux vectors E, and F, given 
by Equations (11-308) and (11-309) and utilizing continuity, one obtains 


0 
= 1 
Е, = JRé, аме + bu, — су; (11-321) 
avg + Cus + bu, 
and 
i 0 
dv, — сие + bug 
where 
а = E+E (11-323) 
b = Епа + Eyy (11-324) 
с = Бт- EyNz (11-325) 
d = тат (11-326) 
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The inviscid and viscous Jacobian matrices are determined to be as follows 


ОБ 0 6.0 
Ал-а-| Е U 
£y ё-и 
where the contravariant velocity U is 

U = си + &v 

а 0 п.8 
В = 90 = | m И+ и 

Ny ту 


The contravariant velocity У is defined as 








V = ти + туп 
6 0 0 
Дре ба d o dessin 

" 208  JRe4 : ? 

0 c(J)q 

and 
0 0 
1 
В, = ја | 0 Ре + dn 


5,8 
&u 
U + év 


0 
—c(J)q 
a(J)e + (7), 


0 
c(J)e 


0 о-в Ле Wg + dy 


(11-327) 


(11-328) 


(11-329) 


(11-330) 


(11-331) 


(11-332) 


—————— — ee 


11.9 Problems 


111  Nondimensionalize the energy equation given by 
ud ЖЕЛ. е: + )4 ри + ја + pw) = 
g PEL T А си ay ^"^ PV) T gg дада pw) = 


да да, де д 
Эт ду 5z + Өт итат + %Туу + WTzz| + 





д д 
ду UTzy + Оту + wr + = lur. + от + ита 


Oz 
h 
where NA NA _ E. 
qz дт? у= ду Й qz 92 
ди 
Tzx - ar + АМУ 
„_  _ NES 
7 = ду дт 
Туу - 2122 -АУ-У 
T. = ite + gu 
"t Е P\ Oz" да 
Таг xem 99 +АУ: V 
– „(оо o 
Туг ES и 92 ду 


Use the nondimensional variables defined in Section 11.3. 
11.2 What are the physical implications of Stokes hypothesis? 


11.3 Determine the following components of the inviscid Jacobian matrix ӘҒ/дО, 
(а) 9Ғ,/Ә0, (b) OFs/8Q2, and (с) ӘҺ/904. 
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ee 1 a а аа E O. 


114 Start with 
1 


(Баз 7 [ns CE); + ту(Е)з + 0(G)s 


and determine the third component of viscous flux vector Е, given by relation (11- 
96). 


11.5 Determine the following components of the viscous Jacobian matrix дЕ, /90, 
(a) дЕо/дд, (Ы) ӘҒо/9ф, and (с) OF us /дд\. 


116 What are the assumptions used in the PNS equations? What аге the physical 
implications of these assumptions? 


11.7 What are the assumptions used іп the TLNS equations? What are the 
physical implications of these assumptions? 


11.8 Show that with a generalized coordinate transformation, the equation 


ди dv 

др ду T 
тау be expressed as = 

ди ду 

e о 
ћ 
where gut E i 

ук 
апа 


О = ш. +06, , У = un, уђу 


11.9 Consider the system cf partial differential equations given by 


where p, the density, is assumed to be a constant. 
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(a) Write the system of equations in a vector form, where the unknown vector Q 
is 


р 


(b) Recast the system of equations to а conservative form. Subsequently, write 
a vector form of the system and determine the Jacobian matrices A and B, 
where 


дЕ дЕ 
А = 20 апа В = до 
Define the flux vectors as 
и v 
в-| +? and F= uy 
P v+ Р 
uv p 


(c) Transform the vector form of the system obtained in (b) to а (Е,7) coordinate 
system. 


11.10 The z-component of the momentum equation for an incompressible bound- 
ary layer with zero pressure gradient is 


Transform the equation into generalized coordinate system. 


11.11 Transform Ше z-component of the momentum equation into the generalized 
coordinate system. Assume a steady, incompressible, zero pressure gradient flow, 
so that the governing equation is written as 


1L12 Consider the generalized coordinate system in Problem 11.11 to be body 
fitted such that the £ coordinate is along the body and the 7 coordinate is per- 
pendicular to it. Use the boundary layer assumptions to reduce the transformed 
equation. Compare the result to the transformed equation of Problem 11.10. 
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12.1 Introductory Remarks 


Reduced forms of the equations of fluid motion are used for many practical 
applications. Obviously, the assumptions involved in the reduction of the equations 
of motion must represent the physics of a particular problem. A commonly used 
method is the decoupling of the equations of motion for viscous and inviscid regions. 
This approach is suitable for problems where the viscous/inviscid interaction is 
weak. For high Reynolds number flows, viscous effects are confined to the vicinity 
of the surface, where large velocity gradients exist. This region is known as the 
boundary layer. Outside the boundary layer, the velocity gradients are negligible 
resulting in zero shear stresses. This region is called the inviscid region. 

In order to solve the boundary layer equations, the flow properties at the bound- 
ary layer edge (usually defined at a location of u/u, = 0.99, where и, is the velocity 
at the edge of the boundary layer) are required. One method of providing this infor- 
mation is to solve the inviscid region initially and impose the result on the boundary 
layer. An iterative procedure between the inviscid flowfield and the boundary layer 
may be used in order to include boundary layer displacement effect. This chapter 
will investigate the solution procedures for the inviscid flow region. The governing 
equations are known as the Euler equations. 

Several solution schemes will be investigated in detail in this chapter. This is 
important not only because we are seeking the solution of the Euler equation, but 
also because the Euler equation form the left-hand side of the Navier-Stokes equa- 
tion. In fact, the solution of the Navier-Stokes equation is not much more difficult 
than the Euler equation. Practically, there is only one method of approximating 
the viscous terms which form the right-hand side of the Navier-Stokes equation. 
Typically, that approximation is accomplished by the use of second-order central 
difference formulation. However, there is a wide range of formulations to approxi- 
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mate the convective term, each with its own advantages and disadvantages. 

The numerical schemes and associated issues which are presented in this chapter 
can be directly extended to the Navier-Stokes equation. An issue of importance is, 
of course, the application of boundary conditions which are different for the Euler 
and Navier-Stokes equations. The Euler equation requires slip condition at the 
surface, whereas the Navier-Stokes equation requires the no-slip condition at the 
surface. The application of appropriate boundary conditions will be addressed in 
each chapter. 


12.2 Euler Equations 


Recall the equations of fluid motion in a flux vector form, given by Equation (11- 
49), which is repeated here for convenience 


90 ФЕ ӘР дс E, OF, 0G, 


a- o а ТЕ бу дг 








(12-1) 


where all quantities have been nondimensionalized. For an inviscid flow, the viscous 
forces are negligible and, therefore, Equation (12-1) is reduced to 


20 | ôE , OF дб _ 


Рат By T0 (12-2) 
where 
p pu ри рш 
ри ри p гр pvu рши 
9 = | ру , E= | pw , F= ро? +p , С = pwu 
pw puw руш ри? +р 
ре: (pe: + p)u (ре, + p)v (ое, + р)ш 


Due to advantages discussed previously in Chapter 9, Equation (12-2) is transformed 
to a computational domain where grid point spacing is uniform and the domain is 
rectangular. The transformed Euler equation is given by 


паара сет 
where 
ә - 9 
Q= - (12-4) 
E = 16Q4+6E+6F +86) (12-5) 
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- 1 

F = 5(nQ+ Е + ЂЕ + С) (12-6) 

= 1 
To investigate several solution procedures, we will consider as a first step a model 
system of equations, namely, the quasi one-dimensional Euler equations. With 
this simple system of equations, the effect of time and spatial stepsizes, boundary 
and initial conditions, convergence, and stability will be explored. Subsequently, 
numerical procedures are extended to two-dimensional problems. 


12.3 Quasi One-Dimensional Euler Equations 


The Euler equations for a quasi one-dimensional flow may be expressed as: 


continuity, 
д д 
91005) + з-(ри5) = 0 (12-8) 
momentum, 
д д 2 45 _ 
ai (Pus) + 55042 ++ )8] - 577 = 0 (12-9) 
energy, 
д д 
g (0645) + az 0e + р)и51 = 0 (12-10) 


where S is the cross-sectional area assumed independent of time, i.e., S = S(z), 
and 


е zog 
ERE 


Equations (12-8) through (12-10) are expressed in a flux vector form in a similar 
fashion as the previous equations. Hence, 


дЕ 





д 
я 89 + E=. (12-11) 
where 
Р pu ds | 0 
де | и |, Е-8 | p? +р „ and НЯ |P 
ре: (pe: + рји 0 
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12.3.1 Numerical Issues 


Before proceeding to explore specific numerical schemes, several issues are ad- 
dressed. First is the choice between an implicit scheme or an explicit scheme. Some 
of the advantages and disadvantages of each category were explored previously; 
however, at this point, consider the difference between the two schemes with regard 
to linearization. 

An explicit scheme can be formulated when the time derivative is approximated 
by a forward difference approximation. For simplicity, a first-order approximation 
is used and the explicit formulation is written as 


п+1 _ гуп п 
59-0 + (5) -H'-0 (12-12) 


Now, consider an implicit algorithm for Equation (12-11). The time derivative 
is approximated by a first-order backward difference approximation to provide 


SEQ о, ДЕ ntl " 
LA заемы + (32) — Н" == (12-13) 


Since formulation (12-13) is implicit, the second and third terms have been expressed 
at the n+ 1 time level. 
The change in flow properties per time step will be defined as 


А0 = oe _ о” 


Typically, the FDE is formulated іп terms of AQ, which is referred to as the delta 
formulation. 

Observe that the nonlinear term given by the flux vector Е in Equation (12-11) is 
evaluated at the known time level in the formulation (12-12), and, therefore, it does 
not require linearization. However, in the implicit formulation (12-13), a lineariza- 
tion procedure must be considered. The linearization process introduces additional 
approximations and associated errors into the equations. Thus, explicit schemes 
have an advantage over implicit schemes with regard to linearization, namely, they 
do not require linearization, and, therefore, associated errors are not introduced 
into the equations. 

Since both explicit and implicit schemes will be considered in this chapter, lin- 
earization of implicit formulation is addressed next. However, since a linearization 
procedure was explored previously in Chapter 11, only a brief review is presented 
here. 

Consider a Taylor series expansion about time level т as follows: 


Е = К" + 22м + O(At)? (12-14) 


Euler Equations 101 
сонын a ee A 


Since E = f(Q, S), the chain rule of differentiation yields 

OE ДЕ ðQ T дЕ 08 

ot” 90 Ot д5 8t 
from which (note that S was assumed a function of z only and, therefore, the second 
term is omitted) 


àt ^ 50 a л 50 At (1915) 
Substitute (12-15) into Equation (12-14) to obtain 
дЕ AQ 
Hom = = 2 
Е“ = Е" + dQ At At + O(At) 
+1 ДЕ 2 
кз-ға 9029 + O(At) (12-16) 
In а similar fashion the following тау Бе derived: 
Н"! = Н" + 2929 + 0(4:)2 (12-17) 


Recall that the terms such as дЕ/дО and дН/дО were defined as Ше flux Jacobian 
matrices. Derivation of Jacobian matrices was fully discussed in Chapter 11 and, 
therefore, only the results are given below. The Jacobian matrix дЕ/дО will be 
denoted by A and is 


0 1 0 
a 55 =5 (333) u? -(1-9 (y-1) (12-18) 


—yuer + (y и? те, – 202012 yu 


The Jacobian matrix дН/дО is denoted Бу В and is 


0 о о 
он 45 
Ben је ^ (12-19) 
0 о о 


The total energy e, in the Jacobian matrix А may be expressed in terms of the 
speed of sound. We will assume a perfect gas and, therefore, 


р = pe(y — 1) (12-20) 
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and since 
е-е- ip 
ето 
thus, 1 
p — gy - Те – 49 
from which A 1 
е = + ul 12-21 
01-0) 2 ыш. 
Speed of sound, denoted by a, is given Бу 
a? = үр 12-22 
7 (12-22) 
After substitution of (12-22) into (12-21) the following is obtained: 
a? 1, 
е, = += 12-23 
t 40-1) 2 052) 


Equation (12-23) is used to rearrange Ше Jacobian matrix as (note that only the 
third row is affected) 


0 1 0 
А-8 (3) ie “Hone. ed) (12-24) 
ua? 1 ^a" 3 2 
а eene ow 


Те second issue to address is to identify the properties of the system of PDE's 
under consideration. 

The first order hyperbolic equation (12-11) has the property that the flux vec- 
tor E is a homogeneous function of degree one in Q; ie., for any value of a, 
E(aQ) = aE(Q). This property is referred to as the homogeneous property. In 
general, Euler equations possess this property. Recall that for a system of equations 
to be classified as hyperbolic, the Jacobian matrix А (for our model equation) must 
possess real eigenvalues. The eigenvalues of А represent the characteristic direc- 
tion of the hyperbolic system and thus provide the direction of the propagation 
of information. Additional materials with regard to characteristics are provided in 
Appendix С. Now consider the following statement. If а, matrix has real eigenvalues 
and associated eigenvectors, it may be diagonalized, i.e., a similarity transformation 
exists such that 

A=XDX" 
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where D is a diagonal matrix with its elements being the eigenvalues of A, and X 
is the eigenvector matrix. 

These mathematical observations are important in the development of the nu- 
merical schemes to solve the model equation (12-11) and also in the specification 
of the boundary conditions. The knowledge gained is easily extended to two- and 
three-dimensional problems. 

Before proceeding further, the following observations are re-emphasized about 
the Euler equations: 


(1) The flux vectors are a homogeneous function of degree one; 


(2) For our hyperbolic system, the eigenvalues are real and, in general, consist of 
mixed positive and negative eigenvalues; 


(3) The signs of the eigenvalues indicate the direction of data propagation; 
(4) The fiux Jacobian matrices may be diagonalized. 


The third issue to consider is the approximation of the convective term in Equa- 
tion (12-11). Recall that several schemes were investigated for the solution of simple 
hyperbolic equations in Chapter 6. These schemes can be extended to the Euler 
equation, that is, Equation (12-11). That includes TVD schemes, Runge-Kutta 
schemes, and upwind schemes, to name a few. Furthermore, recall that, in general, 
the convective terms can be approximated either by a central difference approxima- 
tion such as the Beam and Warming implicit scheme and the Runge-Kutta scheme, 
or by a one-sided difference approximations such as the upwind schemes. Methods 
which employ central difference approximation of convective terms typically require 
the addition of numerical viscosity in the form of damping terms or TVD. Both 
categories of schemes will be explored in this chapter. 

Upwind schemes take advantage of the physics of the problem in the development 
of a numerical scheme. That is, the finite difference approximation is consistent with 
the direction of signal propagation. To proceed with the development of upwind 
type numerical schemes, the flux vector splitting scheme introduced by Steger and 
Warming [12-1] is explored first. Subsequently, the flux vector splitting scheme of 
van Leer [12-2] will be introduced in Section 12.3.2.2. 

The following discussion is pertinent specificall to the Steger and Warming 
flux vector splitting. However, similar concepts are used in any flux vector splitting 
Scheme. Now return back to the flux matrix A, given by (12-24), and determine its 
eigenvalues. For this purpose any program capable of symbolic manipulation such 
as MACSYMA [12-3] or Maple [12-4] can be used. The resulting eigenvalues are 


Мо = и (12-25) 
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à = uta (12-26) 
A = u-a (12-27) 


and the associated eigenvectors (also determined by MACSYMA, Maple, etc.) are 








1 1 1 

Хі-|ч , Х;=|јиља , Хз= | и-а 
l4 1 a? Ls а? 
зи 2% Бы аса el 2" кодыт] 


Since the flux Jacobian matrix A possesses a complete set of eigenvalues and 
eigenvectors, a similarity transformation exists such that 


A-XDX^ 
where 
u 0 0 
D=S|0 uta 0 (12-28) 
0 0 а-а 
ала 
1 а а 
Х=| u a(u + a) о(и — а) (12-29) 


1 а2 а? 
5% ЈЕ из dup =ч) «(р "up cu 


where o — p/ (av). The inverse of the eigenvector matrix X is 





w y- u r1) 
772 x (= Уа Tp 
Bly – ye – ua) Ба-(4-0шШ 8(у-1) (12-30) 


Bl(y — р“ + иа —В[а + (7 – ОщЩ 80 -1) 


where 8 = 1/ (рам2). 
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Note that the flux vector Е equals AQ. Also, recall that the flux vector Е 
possesses the homogenous property; therefore, it may be split into subvectors such 
that each subvector is associated with positive or negative eigenvalues of the flux 
matrix Jacobian. Thus, the eigenvalues may be grouped as positive or negative. 
For example, for a subsonic flow, two of the eigenvalues, namely и and и + а, are 
positive, whereas the third eigenvalue, и — а, is negative. Therefore, the Jacobian 
matrix A is split according to 


A=At+A™ 
where 
At = Хр+Х-! 
апа 
A = ХО X! 


The elements of the diagonal matrices D* and П- are the positive and negative 
eigenvalues, i.e., 


и 0 0 u 0 0 0 0 0 
D=S|0 uta 0 =S!0 uta O| +5] 0 о 0 
0 0 ч-а 0 0 0 0 0ч-а 


Now, the flux vector Е may be split according to 
Е = A*Q (12-31) 


апа 
Е -АО (12-32) 


Note that for а supersonic flow, all three eigenvalues are positive and, therefore, 


АР + А 


апа 
A =0 


The flux Jacobian matrices At and А“ (for the subsonic flow) аге easily deter- 
mined by MACSYMA, Maple, etc. The result is: 


Сһаріег 12 


0-1 + a(3 – ти? -2ач (у = Mu? +а(2 – yu to? 


2a? | 2а2 


Pere ренина анық ET T nei Eg LM ECRIRE E MERE MAI БЫ А UNE 


_(7- Du + 2а(2 - yu? + а?(1- y)u? + гази | (у — Ши? + а(3 – 27)и3 + а2(3- pud] (у ~ 1)u? + 2a(1 – уји — та? + o? 














= [ea 2-24 + 1nd + (- 3,7 + 8y — 5)av* 


р 4 
—2a? (7? — 27 + 1)и? + 2а3(у + 1)u? 





о? -ду+ Пи? + (—37? + Ту — 4)au сори за =a pee 


—a?(27? — 57 + 3)u? + 2a?(u + a)| 


1 

| 

| 

нач / [reo - D] / (а - 1) | 
| 

| 




















(12-33) 
| 
| 
(и ~ a)[(y – 1)u? + 2au] | О = Iu + ај laz 1)(u – а) 
Lo E NN dere стек qp: NE ci EE 
-2g| (8 – 9l – Dv? + 2au) (и — а) (у — Пи + a] | (у - 1)(u – а): 
ылы шы Ят РЕКЕТІ” HERR ae Жет Ет КЕНТ ОНИ ЕСИ 
(u — a) [202 - ам + 527 E21 (6-14 + 2au] (u – а) [142 — au + Zi] iG – 1ји о] T -1)ш- а) Во -аи+ 527 
4a? | = дане“ ME 2a? 
| 
(12-34) 
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The flux vector Е for a subsonic flow is split according to 


2yu+a-—u 
Е“ = Це 2(y – 1)u? + (и + a)? (12-35) 
(т – Uv? + (и + a)] /2 + ((3 – y)(u + a)a?] / (2(y — 1)] 
апа 
и-а 
Е-- 5 (и – а)г (12-36) 


[Cu — a)*] /2 + (3 — y)(u — аја 7] /[2(у – 1)] 


At this point, pause a moment to determine the reason for all the mathematical 
manipulations considered so far. Recall that the objective is to develop efficient 
and stable numerical schemes to solve a system of hyperbolic PDEs, for the time 
being the model equation (12-11). To investigate the stability requirement of the 
equation, a linear stability analysis is employed (Reference [12-1]). The results 
indicate that if one-sided differencing is used for the spatial derivatives, it must be 
a forward differencing for the terms associated with the negative eigenvalues and a 
backward differencing for the terms associated with the positive eigenvalues. This 
requirement is used to write the FDEs where one-sided differences are used. A 
second consideration, a very important one, is the specification of the inflow and 
outflow boundary conditions based on the eigenvalues. This point will be explored 
after the examination of the FDEs. 


12.3.2 Explicit Formulations 


A first-order forward difference approximation in time introduced in Equation 
(12-11) would provide the following explicit formulation. 


Qn ща Q^ 
e At 


Now several schemes are available to approximate the spatial term. The resulting 
finite difference equations are as follows. 


д " 
+ 5-(E") - Н" =0 (12-37) 


12.3.2.1 Steger and Warming Flux Vector Splitting: The flux vector 
E is split into positive and negative components, and Equation (12-37) is written 
as 

5 Ag 


д xe Т 
А а“ CE) -Н"-0 (12-38) 
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where AQ = 9" — Q^. 

Now the spatial derivative can be replaced either by a first-order or a second- 
order one-sided approximation. According to the previous discussion, a backward 
difference approximation is used for the positive terms and a forward difference ap- 
proximation must be used for the negative terms. Thus, a first-order approximation 
in space will provide the following FDE 


== 1 At + pg - _ p- 1 | 
AQ = -5 (45) (8! - Ба + Бы - 81+ g (A08. (12-39) 


Observe that all the terms on the right-hand side are at time level n, that is, at a 
known time level, and that the superscript n is dropped for convenience. 
When a second-order approximation is used, the FDE becomes 


AQ =-4 (+) lets — 4B}, +ЗЕ? —3E; AE, ~ Брај + (АОН, (12-40) 
Note that, when Equation (12-40) is computed at points 2 = 2 and i = IMM1 = 
IM AX — 1 (assuming that points i = 1 and i = IM AX are the boundary points), а 
difficulty is encountered, that is, at points i 2 and ++2. The required points (i = 0 
and i = IMP1 = IM AX + 1) do not exist! There are several methods to overcome 
this problem. One simple method is to switch from the second-order scheme to 
the first-order scheme. That is, at points 2 and ZM M1, Equation (12-39) is used. 
Another approach would be to employ the concept of fictitious points similar to 
that discussed in Appendix B. 

The flux vector E in the Steger and Warming formulation is given by relations 
(12-35) and (12-36) for а subsonic flow and for а supersonic flow by E* — E and 
E- = 0. 

Equations (12-39) and (12-40) will be referred to as first-order and second-order 
explicit, respectively. In fact, observe that both are first-order accurate in time; 
however, the spatial order of accuracy will be used to distinguish between the two. 


12.3.2.2 Van Leer Flux Vector Splitting: Recall that, in the Steger and 
Warming flux vector splitting scheme, the splitting of flux vector was based on the 
eigenvalues of the Jacobian matrix A = дЕ/дО, and that the flux vector E is split 
into Et and Е. 

Similarly, in the Van Leer flux vector splitting scheme, the flux vector Е is 
expressed as E = Е! + E^ where the following constraints must hold: 


(a) All the eigenvalues of GE* /0Q are > 0, and 


(b) All the eigenvalues of ДЕ“ /дО are < 0. 
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In addition, the following restrictions are imposed. 
(1) The flux vectors E+ and E^ must be continuous and 
ЕТ-Е for М>1, and 
Е-Е іг M<-l 


(2) The Jacobian matrices Е /0Q and дЕ“ /Ә0 must be continuous. 
(3) One of the eigenvalues of ДЕ+ /00 (or дЕ-/д0) must vanish for |M] < 1. 


(4) The components of the flux vector E+ (or E~) must be symmetric to each 
other with respect to M, as is the case with Е. Mathematically, if Е(М) = 
ЖЕ(— М), then E} (M) = E; (- M). 


(5) The flux vectors E, E+, and E^ must be polynomials of the lowest degree in 
M. 


To proceed with mathematical details, first the components of flux vector E are 
written in terms of M. Therefore, 


Ej = бри = брам (12-41) 


Recali that the speed of sound is given by 


2_ АР 
сеа 
ог P 
2 
реа y 
Now 
2 1 
Е, = (ри? +p) = 5 (рем + æ) = 8 м (м + 1) | (12-49) 


The total energy given by (12-21) is written іп terms of М аз 


тер а? lv 
+ su? = ——_ + <a?M 
2 yy-1) 2 


дас 
Ра — 1) 





€t 


Thus, 


2 


a 
Eje Spe tones pc С 
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1 


Therefore, the flux vector Е can be expressed as 
paM 
2 2, 1 
Е = 5 | ра M* + m 
1 1 
3 iam 
ром (ім M :) 


Now restrictions identified earlier are imposed. Requirements (1) and (2) indi- 
cate that Е? and OE* /OM must vanish as M is decreased toward —1. Similarly, 
E- and OE- /дМ must vanish as M is increased toward 1. Furthermore, with the 
requirement imposed by restriction (5), the flux vectors E* and E~ must include а 
factor of (1 + M)? and (1 — M), respectively. Thus, 


E, = S(paM) = S(pa) Га+м)» - Та - м) = Е + Ер 


ог 1 
Et = 5 (ра) (1+ М) 
апа 1 
E; =5 (га) (1- М) 
fo -1<М<І1. 


Now, the momentum flux Е» must include a cubic polynomial in M and, there- 
fore, it is expressed as 


Е, = (ра?) (м à 1) = 8(ра?) K + му (ім. >) 


1 2( y-1 2 
наму ("Ite 2) 


ог 


Ej = бода M} (21м + 2) 
4 Y Y 
and 


1 -і1 2 
Е; = 5(ра?) (1 - My (34 + >) 
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The energy flux Е can be split based оп E; and E, according to 


Бр 
2(y? – 1) (Е!) 
апа T y Er 
$207 = 1) (EF) 
for -1 <M <1. 
Finally, the flux vectors Et and E^ are written as 


1 2 
Et ара(1-- М) 
Et = | + |= 5 | 100(1+ М)? (м. 2) 
кі Пера за 7 Y ; 
Е+ 10451 2 ү? (zi =) 
пра + M)? —2— [IM +} 
ара ( өлгі) 7 y 
or 
1 ! 
4-1 2 
2 Т 1-1м 2) 
~—-M + 
2(7? - 1) | 7 y 
and 
_ -іра(1- М)? 
51 1 2 
m — җы == ject - му (-3 3 2) 
E E; | = 5 | ада ( ) 7 ~ , 
Ej 1..3 2 y ( y-1 :) 
lg = iM) qr 
4р0 ( т) y y 
or 
1 
4-і 2 
- —-a|—-— M 
E- = Е a( +2) (12-45) 


fo -1< M <1. 
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Recall that, if M > 1, then Е? = E and Е = 0, and if M < —1, then E+ = 0 
and E^ = E. 

Now the finite difference equations (12-39) or (12-40), with the appropriate flux 
vector splitting as described above, can be used for solution. 


12.3.2.3 Modified Runge-Kutta Formulation: Тһе modified fourth-order 
Runge-Kutta scheme introduced in Section 6.6.8 can be extended to Equation 
(12-12) to provide the following FDE 


Ю = ог (12-46) 
(1) 

a = а-40) (а) | вып 
Е At /1\ ((әкүЗ o 
Possis) (5) n S 
(4) » At (1) [ову _ yo 
P = 9-5 (а) (а) = TERI 

1) аве 
eeu] во 


where a second-order central difference approximation is used for the spatial deriva- 


tive, that is, 
OE\ _ Em — Eia 
(5), © 2AF 290 


12.3.2.4 Second-Order TVD Formulation: Several second-order TVD 
schemes presented in Section 6.10.4 will be extended to a system of equations and 
will be applied to the quasi one-dimensional Euler equation in this section. Following 
Equation (6-123), a finite difference equation for the vector equation given by (12- 
11) is written as follows 


Qi! = 0: – 5 (4) | - R24] + aH (12-52) 
where 1 
Кеј = (Ен + Е + Хе Фа) (12-53) 
апа 


n 1 7% n 
на (Et + Ерл + X23? 4) (12-54) 


4-4 $— 


Euler Equations | 113 





The eigenvector matrix Х is given by (12-29), and the components of the flux limiter 
vector Ф are provided in the subsequent sections. Note that now the flux limiter Ф 
is а vector with three components, that is, 


12.3.2.4.1 Harten-Yee Upwind TVD: The general expression for the components 
of the flux vector limiter is defined as 


bis} 


2 (0,1) (Gi. + Gi) – Фон; + Ва уби (12-55) 


фу 


(о) (Gi + Gi-1) – (o, + 8 064 (12-56) 


where о is used to denote SA. Recall that the eigenvalues for the one-dimensional 
problem аге А) = и, № = и + a, and № = и — a. Now consider, for example, the 
computation of фу for which o; = Su, and б; is calculated from (12-60) as 


(бију = (Кент row(Qi+1 — Qi) 


Components фҙ and фҙ are determined similarly, and subsequently the flux limiter 
vector ® is formed. 
The various terms appearing in i+} are defined as follows 





1 At 
o(%+4) = 2 (04) + Az (tied) (12-57) 
Gia - Gi for б > 0 
Ва = сан быз (12-58) 
0 for 6-0 
ly! for |y| 2€ 
oy) = | уље (12-59) 
for у|<е 
ге 
with 0 € в < 0.125 
ала 
бы = ean ) (Фе – 09 (12-60) 
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The inverse eigenvector matrix X^! is given by (12-30). Тһе terms for Фф- аге 
defined іп a similar fashion. 
Several limiters have been proposed, as follow 


G; = minmod (64, 6:43) (12-61) 


баба + |646 4-1 T 


Ger (12-62) 
Qa b ep p pe (ен)? | + а 8-07 + (12-63) 
(5:43)? + (&_,)# + 20 
where 1077 < w < 1075 
1 
Ge quinmod [s p> ays 506+ 30) (12-64) 


Gi = 8 * max [0, min (2]&,4| , 8+64), min (бе), 255 ,)] (12-65) 


where, as before, 
ABS(5,4) 


5 = Sgn (6,4) = Dum 


and 

minmod (a, 6, с,...,п) = S ж max [0, min (|а|, S *b, S*c,..., 5 жп)] (12-66) 
with 
ABS(a) 

a 


5 = 


12.3.2.4.2 Roe-Sweby Upwind TVD: Тһе general expression Юг Ше components 
of the flux limiter vector is given by 








С, At 
Фф == Е (ші + 202) Жо [| бң (12-67) 
за = [52 (lil + лао.) - [6 || &- 
and the following limiters have been proposed. 
С; = minmod (1,7) (12-68) 
_ as 
с, = Тет (12-69) 


С; = max (0, тір (27,1), min(r,2)] (12-70) 


шшш 1\5 
where са zl 
Tice tie шы for ба #0 
" m (12-71) 
0 for би —0 


and с = Sgn(o,,1) 


12.3.2.4.3 Davis-Yee Symmetric ТУР: The general expression for the components 
of the flux limiter vector is defined as 


At 
bis} = [ж (oy) Са + Жо) (б = ба | (12-72) 


Again, several limiters have been introduced as follow 


Сар = minmod [25. (2844 264, 2 (беу + 54)] (12-73) 


Съ; = minmod [6 ра бар» быз) (12-74) 


Сър = minmod [6,4 , & | +minmod [6.5 , 643] - бар (12-75) 


where б = 0 and дтмлх+? = 0. 


12.3.2.5 Modified Runge-Kutta Scheme with TVD: Тһе modified fourth- 
order Runge-Kutta scheme discussed in Section 12.3.2.3 can be amended by a TVD 
scheme as a post processor step to provide a mechanism to reduce dispersion error. 
In this case, after the computation of Equation (12-50), the value of Q is updated 


according to 
11 At 


ntl үні Rcd n 
Qi = QM — [р Ха) (12-76) 


where any one of the flux limiter functions and limiters can be used. 
12.3.3 Implicit Formulations 


The implicit formulation for the one-dimensional Euler equation is given by 


n+l 
A0 , (28) mno (ат) 


Since Equation (12-77) is nonlinear, the linearization procedure described in Section 
12.3.1 is used. Substitution of (12-16) and (12-17) into (12-77) yields 


НЕЕ ЕТЕ 
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This equation may be expressed in terms of the Jacobian matrices A and В as 


ло 9 дЕ" 
SA + 3; 449) – BAQ = -5z +H” (12-79) 
and is factored as 
дА дЕ" 
ББ At (22) - вм АД = —At (= - m) (12-80) 


where Г is the identity matrix and (2A/0z)AQ implies 0(AAQ)/Oz. 

Several explicit formulations described in Section 12.3.2 can be extended and 
applied to Equation (12-80) to provide equivalent implicit formulations. 

Typically, the Runge-Kutta scheme is used in its explicit formulation because, 
first, the stability requirement is larger than the typical CFL number of one, and, 
second, the implicit formulation would require an excessive amount of computa- 
tion time. However, the flux vector splitting schemes can be used for implicit 
formulations. In the following section, the implicit Steger and Warming flux vector 
splitting formulation is used to illustrate the development of an implicit scheme. 
Furthermore, the modification of the coefficient matrix due to implementation of 
the boundary condition is described. Other implicit schemes can be formulated in 
a similar fashion. 


12.3.3.1 Steger and Warming Flux Vector Splitting: Тһе flux vector 
E and the flux Jacobian matrix A are split according to the previous discussion to 
provide 


[sr + At [ж AA ym в) AQ = -At Ha кЕ)- н| 


Note that the superscript n on the right-hand side has been dropped for conve- 
nience. Following previous deliberations, a backward difference approximation is 
used for the positive terms, and a forward difference approximation is used for the 
negative terms. Hence, when first-order approximations are used, the following 
finite difference equation is obtained. 


Бар – Аја + Аа AD – де ВЈ AQ = 


1 
-At | (Bt – Eta + Еда ED - Н) 


This equation is rearranged to provide 
At 


ща (= ы) AQi-1 + [51+ ACA -А)- лав |40; + (RA) Абд = 


А 
- (Е! - EL, + By, — Er) + At Hi (12-81) 
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In order to write this equation in a manageable fashion, the following are defined: 


At ,, 


M EAT 


et At t = 
AA = [S7 + 2804; - AZ) — B, At 


At ,_ 
AP = ХА; 
И? 
ЕН5 = ЗАД — Er, + By, - Е) + МН, 


Thus, Equation (12-81) is expressed as 
АМАО; 1 + АДАО; + АРВАФал = RHS; (12-82) 


This equation is solved in a computational domain shown in Figure 12-1. 


Inflow boundary Outflow boundary 


igure 12-1. The computational domain used for the solution of Equation (12-81). 





Once Equation (12-81) is applied to each grid point 7, a block tridiagonal system is 
produced. Note that the elements of the coefficient matrix are themselves matrices 
and, for our 1-D problem, they are 3 x 3 matrices. Аз a result, it is referred to 
as а block tridiagonal system. To illustrate this point, consider the following set of 
equations (i.e., Equation (12-82) at various i grid points): 


1-2: АМ;А0, + АА:А0; + AP,AQ3 = RHS, (12-83a) 
:=3: AM3AQ2 + AA3AQ3 + APAQ, = RHS; (12-83b) 
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i- IMM2: АМімм?АОіммз + ААтммз2А мм? + 
+АРмм:АФмм = ЕН 51мм2 (12-83с) 
i- IMMI1: АМммАФфммг + ААмму Аб мм + 


+АРмм Ам = RHSimmi (12-834) 


Note that in Equation (12-83a), AQ, is located at the inflow boundary; and in 
Equation (12-834), AQ; is located at the outflow boundary. Specifications of 
inflow and outflow boundary conditions will be discussed shortly. Equations (12- 
83a) through (12-83d) are written in a matrix form as: 


AA; АР, AQ; 
АМ ААз АР, АОз 
АМ|ммг ААјммг АРІмм? АОімма 


АМмм ААгим: АОмм 


RHS: — AM3AQ| 
RHS; 
(12-84) 
ЕНбімм? 
ЕН мм - АРмм Ам 
Any standard block tridiagonal solver may be used to solve this system. Note 
that, for the supersonic region of the flowfield, AP is zero (because А“ is zero) 
resulting in a lower diagonal banded matrix (bidiagonal system) which is inverted 


more efficiently than the tridiagonal system. Recall that a block tridiagonal solver 
is discussed in Appendix E. 


12.4 Boundary Conditions 


The Euler equations or, generally, any system of PDEs have an unlimited 
number of solutions. What makes a solution unique is the proper specification of 
the initial and boundary conditions. Currently there are intensive investigations on 
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the topics related to the specifications of the boundary conditions and its effect on 
the stability and accuracy of the solution. 

For a given PDE, a set of boundary conditions must be specified. They shall 
be referred to as the “analytical boundary conditions”. Once the PDE is approxi- 
mated by a FDE, it may be higher order than the PDE. Thus the FDE will require 
additional boundary conditions. These boundary conditions will be referred to as 
“numerical boundary conditions.” 

In order to develop proper boundary conditions, the following points must be 
considered: 


(1) The physics of a particular problem must be modeled correctly. For example, 
for a viscous flow the no slip condition at the surface is specified. 


(2) The physical conditions must be represented correctly by mathematical ex- 
pressions. In some instances, they are specified by numerical approximations. 
For example, an adiabatic wall boundary condition requires that the tem- 
perature gradient must be zero. This condition is approximated by a finite 
difference relation. 


(3) Additional numerical boundary conditions may be required. These boundary 
conditions are usually specified by extrapolation from the interior solution. 


(4) The manner in which boundary conditions are specified must be considered 
in the overall stability and accuracy of the numerical scheme used to solve the 
system. 


(5) The boundary conditions may be applied explicitly or implicitly. Some in- 
vestigators have reported minor differences for the computation of the Euler 
equations when the boundary conditions were applied either implicitly or ex- 
plicitly, ie., the stability requirements are similar, see References [12-5] and 
[12-6]. 


(6) No difficulties are observed when the exact boundary conditions are overspec- 
ified [12-5]. 


Note: Some of the statements made above are based on limited investigations and, 
therefore, they should not be generalized. 


Now, consider the specification of the boundary conditions for the quasi one- 
dimensional problem. Recall that the eigenvalues of the flux Jacobian matrix A are 
и, u+a, and u—a. As stated previously, these eigenvalues indicate how information 
is fed into the domain. To illustrate this point, assume а, supersonic inflow and a 
supersonic outflow. For a supersonic flow, all three eigenvalues are positive. At 


, 
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the inflow, three characteristics enter into the domain and, therefore, three analyt- 
ical boundary conditions may be specified. At the outflow all the characteristics 
leave the domain and, as a result, no boundary condition can be specified. These 
situations are illustrated graphically in Figure 12-2. 

The values of the dependent variables at the outflow must be evaluated based 
on the information reaching the outflow from the interior points. Note that these 
numerical boundary conditions cannot be specified arbitrarily and must be consis- 
tent with the direction of propagation of information determined by the sign of the 
eigenvalues of A. Usually, extrapolation schemes are used for this purpose. The 
extrapolation procedure may be either explicit or implicit. If an explicit approach 
is used, the new value at n+ 1 is determined from the value at time level n or time 
levels n and n — 1; in either case, these values are known. For an implicit approach, 
the values are determined at the time level n + 1 as а part of the solution. Some 
extrapolation schemes reported in the literature are (extrapolation for the value of 
a property f at i = IM from interior points at IMM1 ог ІММІ and IM M2, 
where ТММЛ = IM — 1 and IMM2=IM – 2): 


Ли = Лим (12-85) 
Ли = ЗЛумъ- Лима (12-86) 
м = Лим (12-87) 
м = ОЛммі- Лим? (12-88) 
iM = ОЛммі- fimm (12-89) 


Supersonic Inflow Supersonic Outflow 





Figure 12-2. Incoming and outgoing characteristics for the supersonic 
inflow and supersonic outflow conditions. 





If the outflow is subsonic, two of the eigenvalues are positive, 1.е., outgoing, and 
one is negative, i.e., incoming from the outside. Therefore, one analytical boundary 
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condition may be specified; and the other two are determined from the interior 
solution by extrapolation. 

A summary of the inflow and outflow boundary conditions for subsonic and 
supersonic conditions is given in Table 12-1 along with graphical illustrations. 

With regard to stability, it must be pointed out that according to the linear 
stability analysis, the implicit formulation is stable. However, this analysis does 
not guarantee the unconditional stability of the original nonlinear equations. In 
practice some stability limits are encountered. That is especially true for highly 
nonlinear problems, such as domains with shocks. However, the linear stability 
analysis is valuable in providing some guidelines for the stability requirements of 
the numerical schemes. In addition, the manner by which boundary conditions 
are specified will affect the stability of the numerical scheme. Therefore, stability 
analysis must be extended to include the boundary conditions. Some findings on 
the effect of boundary condition implementation are reported in Reference [12-5]. 


INFLOW OUTFLOW 
Number of В.С. to be 
specified (Analytical B.C.) 


Number of B.C. by extra- 
polation (Numerical B.C.) 


ШИЕ 
р % 
bs = 
+ 
+ 


Table 12-1. Inflow and outflow boundary conditions. 















12.5 Application 1: Diverging Nozzle Configuration 
Consider a nozzle whose cross-sectional area is defined by 
S(x) = 1.398 + 0.347 tanh(0.8z - 4) (12-90) 


Locate the nozzle entrance at т = 0.0 and the nozzle exit at г = 10.0 ft. Assume 
air with y = 1.4 and В = 1716 ft lby/Slugs°R enters the nozzle at supersonic 


à 
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speed. The flow leaves the nozzle under two different conditions specified as (1) 
supersonic and (2) subsonic. We wish to determine the steady-state solution of the 
quasi one-dimensional model equation within the domain specified in this problem. 


The physical domain is illustrated in Figure 12-3. 
The supersonic flow at the inlet is specified by: 


M = 15 
pı = 2000.0 1b;/&? 
Т т- 520 °R 







Inflow 





x=0.0 








x=10.0 


Figure 12-3. Domain of interest where the steady-state solution is sought. 





For the first case, where the outflow is supersonic, no analytical boundary con- 
ditions can be specified. Recall that our formulation of the Euler equation (quasi 
one-dimensional) requires p, u, and e at the inflow. The following relations are 
used to determine ш and е, at the inlet: 


ui = My yRT, (12-91) 


_ #1 із 
“= 6-5 + 24 (12-92) 

The numerical outflow boundary conditions are evaluated by any of the extrap- 
olation schemes given by (12-85) through (12-89). 

То start the solution, a set of initial conditions must be provided. The solution 
may converge faster for the better initial data. Ап easy procedure to describe the 
initial data set is to specify the flow variables everywhere in the domain to be that 
of the inflow condition. 

The graphical illustration of the computational domain including the initial and 
boundary points is shown in Figure 12-4. 

For the second case, the outflow is specified as subsonic and, therefore, one 
analytical boundary condition must be specified. For our example problem, either 


and 
€ 
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а pressure of 4930.07 lb;/ft?, or а density of 0.003954 Slugs/ft?, or a subsonic velocity 
of 572.76 ft/sec at the exit can be specified. 


The analytical solution of this problem is easily obtained by using tables in the 
standard fluid dynamics text [12-7], NACA 1135 Tables [12-8], Tables of [12-9], 
or relations developed for compressible, one-dimensional flows. With the specified 
subsonic speed (or pressure) at the exit plane, a normal shock at z — 5.0 is expected. 
The analytical solution will be used for code validation. 


nz1 
( i=1 2 IMM1 IM 
Initial condition | 


Inflow boundary Outflow as 


Figure 12-4. Computational domain. 





How is it established whether or not a steady-state solution has been reached? 
Various procedures may be used. Obviously, as the steady-state solution is ap- 
proached, the variation in the flow properties becomes smaller and smaller. Thus, 
à convergence criterion is set; and when this condition is satisfied, the steady-state 
solution has been obtained. The condition in this problem was based on the total 
variations of pressure within the domain defined as 


IM 
DELP = Y ABS(p?*! — р) (12-93) 


4-1 


When DELP was less than CONV, which was set to 0.1, the solution was 
assumed converged, i.e., steady-state. 


In this application, solutions by several numerical schemes, the effects of step 
sizes, stability, and convergence will be investigated. 
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12.5.1 Supersonic Inflow, Supersonic Outflow 


12.5.1.1 Analytical Solution: An expression relating the Mach number dis- 
tribution to variation in area can be established which is known as the area-Mach 
number relation. The derivation of this expression is given in any standard text 
such as {12-10, 12-11]. The area-Mach number relation is given by 


x = а (3) ( + таме)” (12-94) 


where 5“ is a location where the Mach number is sonic. 

For a given S/S*, there are two isentropic solutions: one subsonic and one 
supersonic. The unique solution is determined by the imposed back pressure. With 
the area variation provided, Equation (12-94) can be used to compute the Mach 
number distribution throughout the domain. It is noted that Equation (12-94) 
cannot be solved directly for M. Given an area ratio 5/5", an iterative scheme 
must be employed to determine M. Once the Mach number variation has been 
computed, the temperature, pressure, and density distributions are determined from 
the following relations. 


B -1 

Тш 7 (1+ 75M?) (12-95) 
EM 

р = р (1-325) | (12-96) 
= ғат 

doe (1+7 m?) (12-97) 


The stagnation properties used in Equations (12-95) through (12-97) are com- 
puted based on the inlet data as follow. 


Т = Т (1 + TM) = 520 [1 + 0.2(1.5)"] = 754 °R 


zd FI 3.5 
Í (1 + 2 ме) = 2000 [1 + 0.2(1.5)?] = 7342.1 1br/ft? 

To determine the stagnation density, either the local density at the inlet is 
computed from the equation of state, that is, 


Pe 


p= R = 0.002241 slugs/ft? 


Subsequently, the stagnation density is determined as 


= - | 
КЕТҮ. (1 Ee TM = 0.002241 [1 + 0.2(1.5):] 


Euler Equations 125 
ааъ ouo Aro c cs oos SEU. 


= 0.00567 slugs/ft* 


or, using the values of the stagnation properties p, can be determined from the 
equation of state as follows 


Dt 3 
= —— = 0. 1 
р ВТ 00567 slugs/ft 


Now relations (12-95) through (12-97) can be used to determine the temperature, 
pressure, and density distributions. The analytical solution at spatial increments of 
1.0 ft is given in Table 12.2. 


вав | м LEO) | TCR To сламе Гоа) | 
| 0.002241 
0.002238 
0.002221 
0.002144 
0.001882 
0.001447 
0.001180 
0.001102 
0.001085 
0.001081 
0.001080 


Table 12.2. Summary of the analytical solution for supersonic flow 
within the nozzle. 





12.5.1.2 Numerical Solutions: The numerical solutions are obtained by 
several schemes described in Section 12.3 and are presented in this section. 

The flow properties at the inlet may be determined from the given data to be 
as: 


u = 1676.55 ft/s 
р = 0.002241 slugs/&? 
e = 3636204 ft?/s? 


The flow at the inlet is supersonic and, therefore, the flow properties specified 
above are used as the inflow boundary conditions. The flow at the outlet is specified 
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as supersonic; therefore, no boundary conditions can be specified. To determine the 
properties at the exit plane, extrapolation is used. For this purpose, the following 
relations are used: 


PIM = Рмм 
шм = шмм: 
Сим = бимм 


То discretize the domain, equally spaced spatial grid points are used. For now, 
take the spatial step Az to be 0.2 ft and the temporal step as 0.00001 sec. This 
selection of step sizes provides a Courant-Friedrichs and Lewy (CFL) number of 
about 0.15 which would satisfy the stability requirement of the explicit schemes. 
The CFL number is defined here as 


CFL = (и+ вижда 


Note that the terms Courant number and CFL number are identical, and therefore 
they will be used interchangeably throughout the text. 

To start the solution, a set of initial data describing the flow properties must be 
specified which may be accomplished by various methods. Perhaps the simplest is 
to set all the flow properties within the domain equal to that of the inflow values. 
With these specified initial conditions, a steady state solution was obtained after 
1354 time steps for the first-order Steger and Warming flux vector explicit scheme 
and after 1361 time steps for the second-order Steger and Warming flux vector 
explicit scheme. The convergence criterion specified by CONV was set to 0.1. The 
pressure and Mach number distributions are compared to the analytical solutions 
in Figures 12.5 and 12.6, respectively. 

To illustrate the intermediate solutions, the pressure distribution at various time 
levels is shown in Figure 12-7. Note that the time level n = 1 is the specified initial 
condition, and n = 1361 is the steady-state solution. The intermediate solutions 
at time levels of n = 50, 100, 200, 400, 600, and 800 are shown in this figure. 
Obviously, these solutions have no significant value; it is just a means of getting 
to the steady-state solution. However, note that if correct (from the physical point 
of view) and accurate initial data is provided, the solution at various time levels 
will represent the time-dependent solution and is usually referred to as the time 
accurate solution. Since the steady-state solution is of interest in this example, it 
will be referred to as the converged solution; and the time levels will be referred to 
as the iteration levels. 
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—©— | Ist-order explicit 
—fr-  2nd-order explicit 
* Analytical solution 


4.0 6.0 8.0 10.0 
x (ft) 


Figure 12-5. Comparison of pressure distributions for the steady-state solution. 


--Ө--  ist-order explicit 
--А--  2nd-order explicit 


* Analytical solution 


0.0 2.0 4.0 6.0 8.0 10.0 
x (ft) 


Figure 12-6. Comparison of Mach number distributions for the steady state 
solution. 
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Figure 12-7. Pressure distributions at various time intervals. 





To illustrate the effect of stepsizes or the CFL number on convergence, several 
time steps are used. The results are shown in Figure 12-8. Note that typically 
drastic changes occur during the first several iterations; thereafter, the solution 
gradually approaches the steady-state solution. Furthermore, note that log scale is 
used for the vertical axis which represents the changes in pressure which are used 
to check the convergence criterion. The numerical solutions by the first and second- 
order explicit Steger and Warming flux vector splitting schemes are summarized 
in Tables 12-3 and 12-4, where the spatial and temporal steps were 0.2 ft, and 
0.00001 sec, respectively. The solution by the modified Runge-Kutta scheme is 
given in Table 12-5. Since, in this problem where the flow is supersonic within the 
domain and a large flow gradient within the domain does not exist, the solution 
does not encounter any oscillations. Therefore, the addition of a damping term is 
not necessary, and the solution given in Table 12-5 is obtained without any damping 
term. A solution by the Davis-Yee TVD scheme with limiter (12-74) is provided in 
Table 12-6. 
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dx-0.2 
—O—  dt-0.00001 
—A—  dt-0.000005 
-Н- 4-0.000001 


Total change in pressure 


5000.0 10000.0 15000.0 
Number of iterations (time steps) 


Figure 12-8. Iteration history. 


Table 12-3. Solutions by the explicit first-order SWFVS scheme 
Ат = 0.2 ft, At = 0.00001 sec. 
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Table 12-4. Solutions by the explicit second-order SWFVS scheme 


At = 


0.00001 sec, Ат = 0.2 ft. 


0.00152811922.81 


0.001253 
0.001186 
0.001124 
0.001127 
0.001074 
0.001112 
0.001060 
0.001105 
0.001063 
0.001092 
0.001077 
0.001076 


Table 12-5. Solutions by the modified Runge-Kutta scheme 


At = 


0.00001 sec, Ал = 0.2 ft. 
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Table 12-6. Solutions by the second-order Davis-Yee TVD scheme 
with limiter (12-74), At = 0.00001, Az = 0.2 ft. 


In the applications of various explicit schemes just completed, the selection of 
stepsizes are limited due to stability requirement of the schemes, namely, that the 
CFL numbers must be generally less than one. However, implicit schemes are 
typically less restrictive, and, therefore larger CFL numbers (and corresponding 
time steps) can be used. Now, consider the application of the implicit formulation 
given by (12-84). Several combinations of spatial and temporal stepsizes are used 
to illustrate the effect of CFL number on convergence. 


The results are summarized in Figure 12-9 and in Table 12-7, where computation 
time is included as well. It is clear that as the spatial step Az is decreased, the 
number of grid points in the domain is increased, which increases the number of 
iterations required for а converged solution. It is especially true for lower values 
of the CFL number. Notice also the reduction of CPU time (Table 12-7) as the 
iteration is decreased for each converged solution. 


For this application where no shock waves appear within the domain, the non- 
linearity effect is weak. The linear stability analysis indicates no restriction on the 
step sizes for the implicit scheme. Indeed, very large time steps corresponding to 
large CFL numbers may be used to provide a converged solution. However, for 
problems with shock waves which represent highly nonlinear phenomenon, that is 
no longer true. À domain with a normal shock will be investigated in Section 12.5.2. 


To investigate the effect of the initial condition, consider the following data: 


132 Chapter 12 


u = 1676.55 ft/sec 
p = 0.002241 slugs/ft? 0<:<5 
e, = 3636204 В? /sec? 


и = 1441.6 ft/sec 
p = 0.001142 slugs/ft? 5<т<10 
е, = 1719557 Ң?/зес? 


When this initial data set was used апа the converged solutions were compared 
to the previous solutions, a negligible effect was indicated. 


EEREJE 3 
нз |за а | 
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Table 12-7: Тһе number of iterations and CPU time required 
to obtain a steady state solution. 
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Figure 12-9. Effect of CFL number on the number of iterations. 





12.5.2 Supersonic Inflow, Subsonic Outflow 


The second part of the proposed problem includes a shock wave within the 
domain followed by a subsonic flow. Recall that when the flow is subsonic, one of 
the eigenvalues is negative which dictates that one of the characteristics is providing 
information into the domain. Thus, one analytical outflow boundary condition may 
be specified at the exit. The specification may be accomplished by defining p, и, 
or p at the exit. In the following results, the velocity u at the exit is specified such 
that шм = 572.76 ft/sec. This value of the exit velocity corresponds to a normal 
shock location of 5.0 ft within the domain. 


12.5.2.1 Analytical Solution: The expression for the area-Mach number 
given by (12-94) can be used to determine the flow properties from the inlet to a 
location just ahead of the shock, that is, г = 5.0 ft. Subsequently, the normal shock 
relations are used to determine the flow properties after the shock wave. Now again 
relation (12-94) is used to compute the flow properties from the shock to the exit 
plane. Recall that relation (12-94) is valid for an isentropic flow and, therefore, it 
cannot be used across a normal shock wave. The analytical solution at increments 
of 1.0 ft is given in Table 12.8. 
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0.002241 
0.002238 
0.002221 
0.002144 


Table 12.8: Analytical solution with a normal shock wave just down- 
stream of т = 5 ft. 


12.5.2.2 Numerical Solutions: To start the solution, an initial set of data 
is required. The following set of data is used for this purpose: 


= 1676.55 ft/sec т< 2.8 
и = 572.76 ft/sec г> 2.8 


р = 2000.00 Ib; /ft? 
0.0 € x < 10.0 
p = 0.002241 slugs/ f? 


The solutions by the first-order and second-order explicit Steger and Warming flux 
vector splitting schemes are compared to the analytical solution in Figure 12-10. 

The steady-state solutions are obtained after 8533 time steps by the first-order 
scheme and after 8877 time steps by the second-order scheme, where the relevant 
step sizes are Az = 0.1 and At = 0.00001 sec. 

Observe that, due to the dissipation error of the first-order scheme, shock smear- 
ing is much larger compared to the second-order scheme. On the other hand, due 
to the dispersion error associated with the second-order scheme, some oscillations 
before and after the shock (discontinuity) are observed. However, shock slope is 
more accurately predicted. Тһе effect of spatial step on the solution is shown in 
Figures 12-11 and 12-12 where Az of 0.2 and 0.4 are used, respectively. Ав expected, 
the errors associated with each scheme is increased as the step size Ал is increased 
from 0.1 to 0.4. The error distributions for the first-order and second-order Steger 





EL 
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and Warming flux vector splitting schemes are shown in Figures 12-13 and 12-14, 
respectively. Note that maximum error occurs in the vicinity of sharp gradients. 
The convergence histories for the second-order scheme are shown in Figure 12-15. 
The convergence histories are also shown in Figure 12-16 for several temporal steps 
and a spatial step of Ат = 0.2. Note that as the step size is decreased, the accuracy 
of solution is increased. However, the computation time (indicated by increase in 
iteration number) is also increased. That is always going to be the case! Thus, 
a reasonable balance between accuracy and efficiency must be established by the 
user. The solutions by the explicit first-order and second-order Steger and Warm- 
ing flux vector splitting are given in Tables 12-9 and 12-10, respectively. The step 
sizes used are Ат = 0.2 ft and At = 0.00001 sec. The converged solutions are 
obtained after 7701 and 8070 time steps (iterations), respectively, for the first-order 
and second-order schemes. 


—O—  ist-order explicit 
--А--  2nd-order explicit 
* Analytical solution 


0.0 2.0 4.0 6.0 
x (ft) 


Figure 12-10. Comparison of pressure distributions for the 
steady state solution, Az — 0.1, At — 0.00001. 
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5000.0 
4500.0 
4000.0 
3500.0 


3000.0 


р (psf) 


2500.0 







2000.0 


--Ө--  Ist-order explicit 
—Ac—  2nd-order explicit 
* Analytical solution 


1500.0 
1000.0 * 
500.0 


0.0 2.0 4.0 6.0 8.0 10.0 
x (ft) 
Figure 12-11. Comparison of pressure distributions for the 
steady-state solution, Ат = 0.2, 
At = 0.00001. 






—©— Ін-огфег explicit 
—fAx—  2nd-order explicit 
* Analytical solution 


0.0 2.0 4.0 6.0 
x (f) 


Figure 12-12. Comparison of pressure distributions for the 
steady-state solution, Az = 0.4, 
At = 0.00001. 
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dt=0.00001 


—_ДО 4-01 
—Q-—  dx-02 


0.0 5.0 
x (ft) 


Figure 12-13. The error distributions for the first-order explicit 
SWFVS scheme, At = 0.00001. 


dt=0.00001 
--ЖАы- 4к-01 
--Ө-- 4х-0.2 
--52-- dx=0.4 


0.0 5.0 10.0 
x (fo 


Figure 12-14. The error distributions for the second-order SWFVS 
scheme, At — 0.00001. 


137 





138 Chapter 12 








dt=0.00001 


—O—  dx-01 
--А--  dx-02 


Total change in pressure (log scale) 


0.0 2000.0 4000.0 6000.0 8000.0 10000.0 
Number of iterations (time steps) 


Figure 12-15. Convergence histories for the second-order SWF VS 
scheme, At = 0.00001. 


dx=0.2 
--Ө-- dt-0.00001 
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20000.0 40000.0 60000.0 
Number of iterations (time steps) 
Figure 12-16. Convergence histories for the second-order SWF VS 
scheme, Az = 0.2 ft. 
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2 003365 
0.003695 
0.003817 
0.003877 
0.003911 
0.003929 
0.003939 
0.003945 
0.003948 
0.003949 
0.003950 
0.003950 
0.003950 


Table 12-9. Solutions by the explicit first-order SWFVS scheme, 
At = 0.00001 sec, Ат = 0.2 ft. 


ЕВО м PO o (еве зс) (6) M. POR) p ышту о) 
0.002241 
0.002241 
0.002239 
0.002236 
0.002231 
0.002220 
0.002202 
0.002168 
0.002110 
0.002016 
0.001880 
0.001710 
0.001277 


Table 12-10. Solutions by the explicit second-order SWFVS scheme, 
At = 0.00001 sec, Ат = 0.2 ft. 





The solutions by second-order Harten-Yee upwind TVD scheme with limiters 
(12-61) through (12-65) are shown in Figure 12-17 where the Mach number distri- 
butions are compared to the analytical results. The solution by limiter (12-64) is 
also provided in Table 12-11. 
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4547.50 
4714.24 


12-11. Solutions by the second-order Harten- Yee upwind TVD 
scheme, At = 0.00001 sec, Ат = 0.2 ft. 


Limiter 12-61 
Limiter 12-62 
Limiter 12-64 
Limiter 12-65 
Analytical solution 


4.0 6.0 
x (ft) 


Figure 12-17 . Comparison of Mach number distributions by the 
second-order Harten-Yee upwind TVD scheme, 
At = 0.00001 sec, Az = 0.2 ft. 
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0. 002241 
0.002241 
0.002239 
0.002236 
0.002231 
0.002221 
0.002203 
0.002169 
0.002111 
0.002016 
0.001885 
0.001681 
0.001560 


Table 12-12 . Solutions by the second-order Davis-Yee symmetric 
TVD scheme, At = 0.00001 sec, Az = 0.2 ft. 


Limiter 12-73 
Limiter 12-74 
Limiter 12-75 
Analytical solution 


4.0 6.0 
x (ft) 


Figure 12-18 . Comparison of Mach number distributions by the 
second-order Davis-Yee symmetric TVD scheme, 
At = 0.00001 sec, Ал = 0.2 ft. 
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The solutions by the second-order Davis-Yee symmetric TVD scheme аге shown 
in Figure 12-18. Figure 12-18 illustrates the Mach number distributions computed 
by limiters (12-73) through (12-75). The solution by limiter (12-73) is also provided 
in Table 12-12. 


Table 12-13 . Solutions by the second-order Roe Sweby upwind TVD 
scheme, At = 0.00001 sec, Ат = 0.2 ft. 


Limiter 12-68 
Limiter 12-69 
Limiter 12-70 
Analytical solution 


4.0 6.0 
x (ft) 


Figure 12-19 . Comparison of Mach number distributions by the 
second-order Roe Sweby upwind TVD scheme, 
At = 0.00001 sec, Ат = 0.2 ft. 
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The solutions by the Roe-Sweby upwind TVD scheme are shown in Figure 12-19 
for limiters (12-68) through (12-70). The solution with limiter (12-70) is also pre- 
sented in Table 12-13. 

Similar to the case of supersonic flow, the implicit formulation of (12-84) is used 
to investigate the effect of step sizes (CFL number) on the convergence. As in the 
previous case, the number of iterations required for a converged solution is decreased 
as the CFL number is increased. However, note that for this case where a normal 
shock appears within the domain, the number of iterations is larger than for the 
fully supersonic flow (i.e., no shock wave in the domain). For the CFL number of 
2.8 when Ат = 0.1 and At = 0.0001, this factor is about 9.0. The effect of the 
spatial step size is shown in Figure 12-20, where the CFL number and the number of 
iterations for a converged solution are related. When Figure 12-20 is compared with 
Figure 12-9, it is obvious that the maximum allowable CFL number has decreased 
for domains with shock waves. This point was mentioned earlier, whereby the high 
nonlinearity effects due to shock waves were identified as the cause of instability for 
larger values of the CFL number. 
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Figure 12-20. Effect of the CFL number on the number of iterations. 
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12.6 Grid Clustering 


In the applications just investigated, equal grid spacing was employed. Shock 
smearing due to a relatively large spatial grid was clearly illustrated for first-order 
schemes. To decrease the shock smearing, a finer grid system is required. An 
efficient scheme to obtain a better flow resolution in the vicinity of high gradients 
is to use grid clustering. For this purpose, the following coordinate transformation 
is considered 


r=t 
Е = £(z,t) 
from which да aa 9 
Ot Or ot ar 
di à _ 0% OU 0 
Oz дЕдхт Ot ди > 


Note that for a fixed grid system 6; = 0 and, therefore, £; = J. Now the governing 
quasi one-dimensional equation is transformed to provide 


д дЕ 
53, 09) + Стаи H=0 (12-98) 
Once this equation is divided by J and rearranged, the following equation results 
Got ВЕ „ 
5,69 + ЂЕ - Я =0 (12-99) 
where 
5-9  g. = 
Q-7 , Е-Е, and H = > 


The linearization and numerical scheme is similar to that of the previous problem. 
Grid point clustering was produced by utilizing the following function 


ан) ЕН) +) (12-100) 


where L is the length of the domain and 8 is the clustering parameter. The spatial 
locations of grid points from the entrance to the shock location at r = 5.0 ft is 


NE 
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determined by Equation (12-100) and subsequently reflected to specify grid points 
from the shock to the exit plane. 

The converged solutions, obtained from Equation (12-99) utilizing the gridpoint 
clustering relation of (12-100), are compared to the solutions obtained by a constant 
Ат of 0.2 in Figures 12-21 and 12-22. The clustering parameter 8 was set to 
1.05. The solutions shown in Figure 12-21 are obtained with the explicit first-order 
SWFVS scheme, whereas the solutions shown in Figure 12-22 are obtained by the 
explicit second-order SWF VS scheme. By inspection of Figures 12-21 and 12-22, it 
is evident that the shock smearing has been reduced substantially However, note 
that dispersion error indicated by oscillations in the vicinity of shock wave remains, 
and, in fact, it had increased behind the shockwave. The addition of a fourth-order 
damping term or TVD will reduce these oscillations. 
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Figure 12-21. Comparison of the pressure distributions for the 
steady-state solution with grid clustering obtained 
from the explicit first-order SWFVS scheme. 
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Figure 12-22. Comparison of the pressure distributions for the 
steady-state solution with grid clustering obtained 
from the explicit second-order SWFVS scheme. 


12.7 Global Time Step and Local Time Step 


The solutions in the previous example were obtained by a specified temporal 
step. А few points, with regard to the problem and the solution schemes, are 
iterated at this time. Recall that a steady-state solution is to be computed for the 
given variable area nozzle. The solution was initiated with a specified but arbitrary 
initial condition. The solution history followed a path to reach a steady-state (or 
converged) solution. Тһе solution path is, of course, physically meaningless, as 
discussed previously. Now, if one could introduce a technique by which convergence 
is accelerated, it would certainly increase the efficiency of the numerical scheme. 
With these points in mind, consider the following concept. 

First, note that an equivalent way of specifying а constant temporal step is to 
specify the CFL number. For example, one may specify CFL = 0.15, from which а 
time step is determined according to 


At = (CFL) Ar (12-101) 


+ a)max 
Now one can use this value of At and proceed with the solution until a converged 
solution has been achieved. Obviously this is the general approach that was followed 
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in the previous applications; that is, the solutions were obtained with a constant 
time step within the domain. Call this constant time step as the global time step, 
At,. Now consider relation (12-101) and scrutinize it carefully, keeping in mind the 
discussion just completed about the path to a converged solution. Since the value of 
(и + а) varies within the domain, the corresponding values of At would vary within 
the domain as well; that is, At would have different values at different locations. 
Call this variable At as the local time step designated by Ate. 

At this point, consider the following concept posed by the question: What if 
one uses local time steps to advance the solution? This would allow the solution 
at each point to advance through a local time which may be greater than Aty. 
Therefore, the solution moves faster toward convergence in regions where At, is 
larger. This has an overall effect of speeding the convergence. 'This concept is 
known as "local time stepping." The effect of local time stepping is more dominant 
in situations when gridpoint spacing varies from location to location, that is, when 
gridpoint clustering is used. In that situation, the time step (for the one-dimensional 
problem) is determined from 

АЕ 
Au (CFD) Eyal 
Note that now, in regions where the grid is coarse, At, would be greater than the 
At, in regions where the grid is fine for comparable velocities. | 

The example of Section 12.5 is used to illustrate the effect of local time stepping 
on convergence. The numerical scheme employed is the explicit first-order Steger 
and Warming flux vector splitting. The computations will be considered for a 
specified equal grid spacing as well as with grid point clustering. For the first 
investigation, an equal grid spacing of 0.2 ft and а CFL number of 0.15 is used. 
The initial and boundary conditions are the same as those specified in Section 12.5. 
Two solutions are obtained, one with a global time step and one with a local time 
step. 


(12-102) 


Fully supersonic 1379 1317 


Subsonic/supersonic 7650 | 5602 _ | 


Table 12-14: Number of iterations (time steps) required 
for the converged solution. 
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Global dt —А— Local dt, N=500 
Local dt, N-1 —SNZ— Local dt, N-1000 


Local dt, N-50 


Local dt, N=100 





Figure 12-23. À comparison of the global and local time steps for 
supersonic nozzle flow. 





А comparison of the global and local time steps at several iteration levels are shown 
in Figure 12-23 for the fully supersonic flow of Section 12.5.1 and in Figure 12-24 
for the supersonic/subsonic flow of Section 12.5.2. The number of iterations (time 
steps) required for converged (steady-state) solution is shown in Table 12-14 for 
each case. Тһе convergence criterion is set at 0.1 based on the total variation in 
the pressure, as before. The convergence histories for fully supersonic and super- 
sonic/subsonic cases are shown in Figures 12-25 and 12-26, respectively. Similar 
computations are performed for the second investigation where grid point cluster- 
ing is used. The results will be illustrated for the supersonic/subsonic problem of 
Section 12.5.2 with a grid clustering function of Section 12.6 and with 8 = 1.05. 
The global and local time steps at several iteration levels are shown in Figure 12-27. 
Observe that, due to a large variation of spatial grid spacing, the variation in local 
time step is much larger than that for equivalent constant spatial grid, illustrated in 
Figure 12-24. The convergence histories are shown in Figure 12-28. The converged 
(steady-state) solution with a global time step of 1.9617 x 1075 corresponding to the 
CFL number of 0.15 was obtained after 35,438 time steps. When local time stepping 
was used, the converged solution was obtained after 12,058 time steps. 
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In the example just completed, the local time step was evaluated at each time 
level. However, determination of a local time step at each time level is not necessary. 
In fact, a local time step can be calculated and used for the next few hundred (e.g., 
500) time levels and recomputed for the next several hundred time levels and so on. 

In closing this section, it is noted that local time stepping accelerates the solution 
toward steady state with very little modification/addition to a computer code. The 
total saving in computation time could be substantial (e.g., as high as 50-70% ). 
However, recall that this approach can be used only for steady-state solutions, and 
it cannot be used for time accurate solutions. 


--- Global dt -Н- Local dt, N=500 
—><— Local dt, №1 —fÉX— Local dt, N=2000 
--Ө-- Local dt, N=100 —NL— Local dt, N=5000 


Figure 12-24. A comparison of the global and local time steps for 
supersonic/subsonic nozzle flow. 
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Figure 12-25. Convergence histories for the explicit first-order SWFVS 
scheme for supersonic nozzle flow. 
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Figure 12-26. Convergence histories for the explicit first-order SWFVS 
scheme for supersonic/subsonic nozzle flow. 
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Global dt —А— Local dt, N-5000 


Local dt, N71 —NL— Local dt, N=12000 
Local dt, N-500 


Local dt, N-1000 


Figure 12-27. А comparison of the global and local time steps for 
supersonic/subsonic flow with grid point clustering. 
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Figure 12-28. Convergence histories for the explicit first-order SWFVS 


scheme for supersonic/subsonic with gridpoint clustering. 
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12.8 Application 2: Shock Tube ог Riemann Problem 


A second example for the solution of the one-dimensional Euler equation is 
proposed by investigations of the shock tube problem. The shock tube probiem is 
a good case to study because it involves severe situations in a flow involving shock 
wave, contact surface, and expansion waves. 

A description of the shock tube, analytical solution, and numerical solution is 
to follow. 


12.8.1 Problem Description 


A shock tube is a device which is used in the experimental investigation of 
several physical phenomena such as chemical reaction kinetics, shock structure, and 
aerothermodynamics of supersonic/hypersonic vehicles. 

A shock tube is a relatively long and a constant area tube which is divided 
into two sections by a diaphragm, as shown in Figure 12-29. The section including 
the high pressure gas is called the driver section and will be denoted as region 4, 
whereas the section with low pressure is called the driven section (or the expansion 


Driver section Driven(or expansion) section 
А) СС 


High pressure gas (4) Low pressure gas 


Diaphragm 


0.0 


Figure 12-29. A shock tube at its initial state and the corresponding 
pressure distribution. 
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section), and will be denoted as region 1. The two gases in sections 1 and 4 may 
be different, and their corresponding ratio of specific heats are given by yı and за, 
respectively. 

Complete specification of driver and expansion gases is sufficient to provide the 
solution for the shock tube problem which is also known as the Riemann problem. 
Thus, at the initial state, the following data is provided: p4, T4, ^4, and рТ. 
The operation of a shock tube is initiated by the rupture of the diaphragm, and the 
resulting flowfield is briefly described in the following. 

Once the diaphragm is ruptured, a normal shock propagates into the low pres- 
sure region 1, and a series of expansion waves propagate into the high pressure 
region 4. As the shock wave moves to the right over the gas, it accelerates the gas 
in the positive z-direction with a velocity of У;. At the same time, an expansion 
wave moving to the left accelerates the gas, also in the positive x-direction, with 
a velocity of V3. The leading expansion wave moves with a velocity of a4, whereas 
the trailing wave moves with a velocity of a3. Now recall that a shock wave is a 
nonisentropic process, whereas an expansion wave is an isentropic process. There- 
fore the entropies behind the shock and expansion waves would be different. Thus 
two distinct regions are identified separately by what is known as constant surface. 
These regions are commonly identified as regions 2 and 3. A contact surface is de- 
fined as a discontinuity in entropy and temperature, whereas pressure and velocity 
are continuous, that is, 82 Æ 5з, T? # Ту, and p; = ps, and V; = V3. 

The flow pattern and the corresponding pressure, temperature, and velocity 
distributions are illustrated in Figure 12-30. 


12.8.2 Analytical Solution 


The analytical solution of the shock tube problem can be achieved by the 
following relations. It is assumed that the flow is inviscid and one-dimensional 
and that the gas is a perfect gas. The derivation of these relations can be found 
in References (12-11, 12-12]. A pressure ratio can be established by the following 
relation. 


274 


ЖҮ -т-і 
oe- 
Ра m 1 =t Q4 n 
^h Т 1 


n n 22 
2 
[м + 2лм(т + 1) (2 - JJ 


Note that Equation (12-103) must be solved by an iterative scheme for рҙ/рі which 
defines the shock strength. Equation (12-103) can be rearranged in terms of the 





(12-103) 
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shock Mach number М,, as follows. 








274 
н ma (а) (M2 — 1) "о - 1 
Аа Tm-l Yi „рә у +1 Хад $ 
unoj yal Uta ^c. — 12- 
n AI i | M, (12104) 


Again, Equation (12-104) must be solved by an iterative scheme. Once p;/p; is 
determined, the temperature, density, shock velocity, and the velocity behind the 
wave У; can be determined from the following relations. 








тү +1 p2 
Чу „Бе nol pia (12-105) 
T, Pi} ntl (2) 
+ — = 
*h-linm 
ћ +1 (2) 
p _ *—1Àn 
"REL CINE (12-106) 
Фж-1і nm 
1 
Waa + (2р (12-107) 
27, n 
M, = У (12-108) 
ад 
апа 
1 
27 2 
а: | рә лу +1 
и [et je Е 12-10 
Ром (2 ) t-i мр nom 
Аі nm 


The flow properties in region 3 are determined as follow. First, the strength of the 
expansion wave is calculated from 


P3 рэр рр (12-110) 


Pa pi Pa Pi Pa 
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"a Expansion waves 


T Shock wave 


Figure 12-30. Flow pattern in the shock tube and the corresponding 
pressure, temperature, and velocity distributions. 
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Since Ше expansion wave is an isentropic process, the flow properties across Ше 
wave are determined from the isentropic relations. 














534-1 
Тз z) Ya 
= = |- 12-111 
Т, (5 ( ) 
1 
Pu (2) № (12-112) 
P4 Pa 
The speed of sound and the Mach number in region 3 are determined from 
“а-1 
а (%) 2% (12-113) 
аз P3 
and 
44-1 
ме. 2 (%) Же ы (12-114) 
^a —1| Арз 
Subsequently, the velocity is given by 
Va = Mz% (12-115) 


To calculate the flow variation within the expansion wave, recall that the equation 
for С“ characteristic is given by Equation (A-30b). 


ат 

a” V-a (12-116) 
which can be integrated to yield 

т-(У-а) (12-117) 


Furthermore, since [from Equation (A-35a)] 
V+ aa constant 
4-і1 


The following relation can be developed 


a 4-1 (2) 
---1-----(-- 12- 
a 2212 (12-118) 
Now, from Equations (12-117) and (12-118), one obtains 


2 x 
Vo z) 12- 
311 (a+ 1 (12-119) 
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Assuming a perfect gas where a = („ВТ)/?, then 


T y-1/V\7? 
— = 1 -- —— | — - 
ub ws (12120) 
and using isentropic relations 
2 
LARE | = 1-1 (n -1 12-121 
pa 2 ма ( ) 
апа 
2у 
Ret em 
EL зш = adn 12-122 
Pa 2 Ха ( ) 


The analytical solution described in this section сап be used for validation of 
the numerical solution as well as for accuracy analysis. 


12.8.3 Numerical Solution 


The shock tube problem is governed by the one-dimensional Euler equation 
given by Equation (12-11), which is written as 
99 , OB _ 


» ta’ (12-123) 


for а constant area problem. 

The numerical solution is obtained by the modified Runge-Kutta scheme with 
TVD, as given by Equation (12-76). The shock tube is 10 units long, and the 
diaphragm is located at 5. The following initial conditions are specified. 


ра = 1.0 Рі = 0.125 
V4 = 0.0 У, = 0.0 
Ра = 1.0 р = 0.1 

т = ү = 1.4 т = у= 1.4 


А simple zero-order extrapolation is used at the boundaries, that is 
Q = Q3” 


and 


n+l он 
ІМ ^ “ІМ-1 
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The solutions obtained with three different TVD models аге compared to Ше 
analytical solution in Figure 12-31. The spatial step is Aa: = 1.0, and the solution 
corresponds to a time level of 120. 

The specific limiters used are (12-61), (12-68), and (12-73) for H-Y , R-S, and D- 
Y models, respectively. Solutions are also obtained with finer grid where Az = 0.25, 
as illustrated in Figure 12-32. Solutions are also obtained with the Harten-Yee 
upwind TVD model with 5 different limiters given in Section 12.3.2.4.1 and are 
illustrated in Figure 12-33. Several observations can be made at this point. The R- 
S model produces more dissipation than others, and, therefore, shock and contact 
surface smearing appear in the solution. The H-Y model computed the shock and 
the contact surface more accurately than the other two models. As expected, a 
reduction in grid spacing increases the accuracy of solution, as seen by comparison 
of Figures 12-31 and 12-32. Finally, the accuracy of solution depends on the limiter 
used, as shown in Figure 12-33. 
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Limiter 12-61 
Limiter 12-68 
Limiter 12-73 
Analytical solution 


Figure 12-31. The density distributions obtained by the Runge-Kutta 
scheme augmented with TVD models, Ат = 1.0. 
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Figure 12-32. The density distributions obtained by the Runge-Kutta 
scheme augmented with TVD models, Ал = 0.25. 
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Figure 12-33. Comparison of solutions with several limiters of the 
Harten- Yee upwind TVD model. 
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12.9 Two-Dimensional Planar and Axisymmetric Eu- 
ler Equations 


The procedure for the solution of the quasi one-dimensional Euler equation, 
along with some guidelines on stability, implementation of boundary conditions, 
and specification of the initial condition, was established in the preceding sections. 
In this section, two-dimensional planar and axisymmetric Euler equations will be 
considered. 

The governing equation of motion for the two-dimensional/axisymmetric inviscid 


flow is: 
д9 дЕ OF 
–=+ фан = 0 12-124 
ГУ + bz + ду + а ( ) 
where 
р ри 
2 
+ 
Ее | ЕС (12-125a) E t (12-125b) 
pu puv 
pe (pe: + р) и 
pu pv 
Em. [era (12-125) Ho e (12-1254) 
ро + р Y | pv? 
(ое; + р)у (ре; + p)v 
and 


| 0 for a two-dimensional planar flow 
а == 


1 for a two-dimensional axisymmetric flow 


The equations of motion were transformed from physical space to computational 
space in Chapter 11. With the generalized coordinate transformation, the Euler 
equation in the computational space become 

од OE OF 
IQ 3E дЕ 


art OE t за 7470 (12-126) 


where 


(12-127) 
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E = 5 0@+&Е+&Е| (12-128) 
Р = LiQe Е + пут (12-129) 
= Н 

й = 5 (12-130) 


12.9.1 Numerical Considerations 


Issues which were addressed in Section 12.3.1 with regard to the one-dimensional 
Euler equation are just as valid for the two- and three-dimensional Euler equations. 
However, it is beneficial to revisit these issues and to investigate the mathematical 
details for the two-dimensional equations which are addressed in this section. Sub- 
sequently, the extension from two-dimensions to three-dimensions is rather straight- 
forward. The three-dimensional equations and the associated Jacobian matrices are 
addressed in Chapter 11, and a discussion of an implicit solution procedure for the 
three-dimensional applications is provided in Chapter 14. 

First, the issue of linearization of the Euler equation which will be required for 
implicit schemes is explored. A first-order backward approximation for the Euler 
equation yields 


Antl _ An =\ n+l AN ntl _ 
4-24 Р (=) x (5) t o(H)* =0 (12-131) 


Since Equation (12-131) is nonlinear, the following approximations are used to 
linearize the equation 
дЕ 


EU ға (5) AQ + O(Ar)? (12-132) 


peru = ға (25) AQ + O(Ar)? (12-133) 
9 
oH 


uL g са 
ENG: 


) AQ + O(Ar)? (12-134) 
where дЕ/дО, ӘЕ/Ә0 and дН/90 are the flux Jacobian matrices defined as 
ӘЕ/Әд = А, дЕ/д0 = B, апі 0H/0Q = C. These matrices are given in Chap- 
ter 11 by Equations (11-213), (11-214) and (11-215). 

Some of the numerical schemes to be investigated shortly require the modifica- 
tion of the elements of the Jacobian matrices. For this purpose, the elements of 
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the flux Jacobian matrices are rearranged such that e, is expressed in terms of the 
speed of sound, a, and the velocity components, u and v. This relation, derived as 
Equation (12-23) for the one-dimensional case, is extended to the two-dimensional 


problem as 


a? 


~ Wr 4) 
The flux Jacobian matrices A and B are now modified using Equation (12-135). 


1 
et + 204 + 02) (12-135) 
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(12-136) 
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The eigenvalues of matrix А аге determined to be 


Ag = ét Eut hv (12-138) 
№ = аған Sv (12-139) 
№ = в+би+бо+а/й+а (12-140) 
№ = а+би+бо-ауй+а (12-141) 


The eigenvector matrix as determined by MACSYMA is 
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(12-142) 
and Ше inverse of the eigenvector matrix Ха is 
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(12-143) 
Similarly, the eigenvalues of В are determined as 
Мм = + ти + тур (12-144) 
Àm = три + туй (12-145) 
№ = + ти + туи + аут + ny (12-146) 
№ = M+ ти + туо — ayn + 12 (12-147) 


with the associated eigenvector matrix Хр of 
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2a? | a? a? | a? 
RT tt ел a jore er LUN 
| о въ?) | (1-9 "10-7 ту | 2-1 
сф үле 2 2 2 
Х = 4а | 2а да /n2 + | га 2а,/72 + "2 | 2а? 
чывы | | | 
га nino | | ! 
gue 2. 3271 АЙЕЛ ЕНЕ 4 вар 
(7 – (и ЖУУ, | Шел. Iaz ћу | 751 
4a? | 2a? 2a? 24,5, | 222 
| 2a,/nz + n, 
| IM 
шыккан СЕС | | 
за + | Zayn +n | | 
| | 
1 | і 


(12-149) 
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The following splitting procedure corresponds to that of the Steger-Warming scheme. 
The matrices A and B may be split according to 


A=At+A™ 
and 
В-В + В- 
where 
At = X,DiX4 (12-150) 
A = ХАРАХ! (12-151) 
Bt = XgDjXg (12-152) 
and 
B^ = XgDgXg. (12-153) 


As before, matrix Di is a diagonal matrix whose elements are the positive 
eigenvalues of A; and Dj is a diagonal matrix whose elements are the negative 
eigenvalues of A. The same analogy is extended to Dj and D}. 

It is important at this time to recognize a distinct difference between the two- 
dimensional problem being considered here and the one-dimensional problem exam- 
ined previously. Recall that for the one-dimensional problem where no coordinate 
transformation was used, the metrics of transformation do not appear in the eigen- 
values. Indeed, the eigenvalues are explicitly in terms of the flow velocity and the 
speed of sound, namely и, и+а, and u—a. Hence, for the one-dimensional problem, 
eigenvalues are all positive for supersonic flow; whereas for а subsonic flow, one is 
negative [u — a] and two are positive. In the two-dimensional problem with coor- 
dinate transformation, that is no longer true; i.e., the eigenvalues not only depend 
on the velocity components and the local speed of sound, they also depend on the 
metrics of transformations as seen by relation (12-138) for example. Thus, the fact 
that the flow is supersonic in a region does not guarantee that the eigenvalues are 
all positive. Hence, the expressions for the eigenvalues are used at each point to 
determine whether they are positive or negative and thus split accordingly. For the 
one-dimensional flow investigated previously, the flux vector splitting was based on 
whether the flow is subsonic or supersonic. Álso note that if an ideal gas model 
is not employed, the speed of sound used to modify Equation (12-18) is no longer 
valid. In that case, the eigenvalues of (12-18) are determined without the modifica- 
tion. Therefore, the sign of the eigenvalue is checked directly at each point rather 
than whether the flow is subsonic or supersonic. 
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Returning to the flux vector splitting, Е and Е vectors are split according to 


Е-Е-Е 
and "AD Т 

Ё=Ё+Ё 
> лете 

E*-A'Q 

E -4Q 

Ft=BtQ 
and _ _ 

Е = во 


Several numerical schemes introduced іп Section 12.3 юг the solution of the 
one-dimensional Euler equation are extended to two-dimensional applications in the 
following sections. 


12.9.2 Explicit Formulations 


A first-order approximation in time provides the following explicit formulation 

for the Euler equation. | 
Anti An 
LT + ac? $ 5,07 + ol" =0 (12-154) 

The convective terms in Equation (12-154) сал Бе approximated by either central 
difference or one-sided finite difference expressions. And of course, within each 
category, a different order of accuracy can be introduced. Typically, for general 
CFD applications, second-order accuracy would be adequate. 

Based on error analysis and experience gained by exploring various solution 
schemes for the Burgers equations as well as for the one-dimensional Euler equation, 
it is evident that, if a second-order accuracy for the convective terms is used, then 
the addition of numerical viscosity in the form of damping terms or TVD may be 
required. In this section, several explicit formulations are explored. 


12.9.2.1 Steger and Warming Flux Vector Splitting: The procedure 
for the flux vector splitting was provided in the previous section. As a consequence, 
the explicit formulation is expressed as 

AQ 9 fm г- д (ға Рой = 

Ае “а (Е +E)+5 (Ё + Р-) +a =0 (12-155) 
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Again, based on our previous discussions, the positive and negative terms are 
approximated by backward and forward difference expressions, respectively. A first- 
order approximation yields 


д Ат " 
AQ = E [E5 - Bist Eis Ё] 
Ат га n E 4 
B An [F5 cusa Eja Di - Ат(аН;;) (12-156) 


and а second-order approximation yields 


Е Ат 


AQ = —3AE (Е-Е + 38; – 35g + АЁ, л, Ёд, 
Ат + m+ + x 
- Ay [55 -4Е at ЗЕ, - 35; + 4F ua - Fu] 
Кен) (12-157) 


Similar to the one-dimensional problem, when Equation (12-157) is used, а dif- 
ficulty is encountered when the equation is applied along the lines + = 2, i = 
IMAX — 1, j = 2, and j = JM AX — 1. To resolve this difficulty, either one could 
switch to the first-order schemes at these points or one could introduce fictitious 
points along i = 0, i = IMAX + 1, j 20, andj = JMAX +1. 


12.9.2.1.1 Matrix Manipulations: Ап issue which needs further exploration is 
the calculation of the matrices А+, A^, В+, and В”. In general, they are calcu- 
lated within the computer code using the expressions (12-150) through (12-153) by 
matrix manipulations. In practice, only two sets of multiplication are carried out. 
For example, expression (12-150) is used to evaluate At and, subsequently, А“ is 
determined by 

А“ = А – А? 


Similar operations are performed to obtain В+ апа В“. 

А second approach is to carry out the matrix operations external to the computer 
program and subsequently utilize the results. Recall that this procedure was used 
for the quasi one-dimensional problem, i.e., the exact values of А and А“ were 
determined (given by (12-33) and (12-34)). 

Since all of the matrices used on the right-hand sides of the expressions (12- 
150) through (12-153) are known, the operations can be performed for the four 
combinations of the eigenvalues. Redefine the eigenvalues of A given by (12-138) 
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through (12-141) as follows 
Х=Е + би + бо 
№ = А 
МЕЛ+ o /& + е 
`=- 4/6 + 
where the speed of sound, a, can be written as 
BED: 
Now, the following four cases are considered. 
(1) Ai is positive, whereas А, could be either positive or negative; thus, 


(а) М > 0; therefore, all the eigenvalues of A are positive and, as described 


previously, 

А+ = А [given by (12-136)] 
A =0 | 

and subsequently 

Е+ = Е 

E- =0 


(b) A, < 0; therefore, either one of the matrices A+ ог А“ must be evaluated. 
Due to simplicity of operations, А- is considered, for which 


000 0 0000 
000 0 A 0000 

A = [X4] [X4] * = X [X4] |ха 
000 0 0000 
000A, 000 1 


or 


ой о2 аз 04 
Деш, од, ©%\ abı abı (12-158) 
Oif» a:b азд, об; 


abs о»83 оз8з ouf 
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Where 
_ 2а(& + 6) (2+ § (v - D (и + 02) (& + &) 
TT Ao? (£2 + #2) 
__ [оу t to Due ED 
LG 2a*(£ + E) 
__|еуб+а+и- 1)o(@2 + &)] 
саш 2a (E + #3) 
ars e d 
fy = и– ois 
a£, 





dubi" ета 
2 2 2 
9ш. +0) үзу а. 


Finally, At = А- А 
The corresponding flux vector E is decomposed as follows: 





1 

ma E +E 
P- _ р т у Ж 
Ex. в (12-159) 





(e+ 


_ alêsu + &yv) 4 u+ a 


erg o: 0 


and 


(2) А, is negative and either, 


(a) As « 0; thus, all the eigenvalues of matrix À are negative. Consequently, 
АТ —0 
A = А (given by (12-136)) 
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The corresponding flux vector Е is decomposed as 
E+ = 0, and 
Е-=Е 


(b) Аз > 0, Юг which А+ is evaluated as follows 


00 0 0 0000 
00 0 0 0000 

А“ = [X4] [х] = As [Xa] (Хх 
002,0 0010 
0000 0000 


or 


05 06 Ол Оз 
о о а а 
At = de 584 Os. олд, оз) (12-160) 
055 а6Ө 0185 0885 


ashe об о18в aspe 


where 


a = 212046 tvi Е Е + ат w+) (+ 6) 








4а(22 + 62) 

_ Ob EG (у – D)u(£ + 60) 
т 2a3(£ + 82) 

_ aby (2 (у – Dv &) 
S 2a*(£ + #2) 

-1 

die t- ) 

E 
Bg = и + 88 
Ву + 0+ абу 





Euler Equations 175 


= a(u£ + ъё) и? + уз а? 








апа 
А = А ~ А 


Тһе decomposition of flux vector Ё provides 





1 
ut а: 
gece dà уё+& 
= 32-7 NS a£, (12-161) 





уе+е 


о(ё,и + 6,7) иа? æ 


+ 
М2 + 22 2 y-1 


E =Е-Е' 








and 


Similar matrix manipulations are used to determine the Jacobian matrices B* 
and В- and the flux vectors Ё+ and Ғ”. The results are identical to that of 
At, А“, E+ and E-, except the metrics Е, and 6, are replaced by nz and ny. 


12.9.2.1.2 Existence of Zero Metrics Within the Domain: А difficulty may arise 
for problems for which the metric 6, becomes zero. To overcome this difficulty, the 
metric €, in the original equation, i.e., (12-126), is set to zero. Subsequently, а new 
Jacobian matrix Ае is determined as 


& 0 ё, 0 
—Éyuv 6; + £v £u 0 
Ау = & (v – Dv + &u1-*y) &+&8-yv 6544-15 
(y — 994 /2 
&v[-aà/(v-1)* El-u 60/а-Ц)8 ат 
(1-2) а? + 02) /2] u?/2 + (3/2 — 7) v?] 


(12-162) 
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The eigenvalues of Аб are 
Аба = & + бо 
Аба = & + буу 
Ава = & + (v + а); 


А - & + (v ЖЕ а), 


The eigenvector matrix is 


0 1 1 
1 0 и 
Ха = 
0 v v--a 
" v? — и? a? Ж (u? + v? + ал) 
2 vad 2 


where the inverse of the matrix Ха, is 


(4-06 w^) | (уа 
ше os ae 
120-909) (у-и 

ха = 2a? a? 
m (y = 1) (u? + v?) — 2av -(*- Ци 
4a? 2a? 
(y — 1) (u? + v?) + 2av -(у- Ци 
4a? 2a? 
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1 
u 
v—a 
Eu " (и? + v? — 2av) 
y--1 2 
(12-163) 
(у- и (у-и 
а2 а2 
(у- Уә ey 1) 
a? a? 
а-(у-Ш»  (v-1) 
2a? 2a? 
(а + (7 – и (y-1) 
2а2 2а2 
(12-164) 


For problems in which 7; becomes zero, the above procedure is repeated. The 
matrix Во has the same form as Ao, except 6, is replaced by пу The eigenvalues of 


Во are 
№ =т + туо 
А =M + то 
Ano =M + (v + а)т 


Aq = + (0 - a)ny 
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The Jacobian matrix By is identical to that of Ар, except 6, is replaced by пу. Since 
the eigenvectors become independent of the metrics, as seen by the eigenvector 
matrix Ха, the eigenvector matrix Хв, and its inverse X ва are identical to that of 
Ха and Ха. 

It should be noted that the formulations above are employed only in regions of 
the domain where the corresponding metrics become zero. In the remainder of the 
domain, the original formulations are utilized. 


12.9.2.1.3 Eigenvector Matrices: It is beneficial to elaborate on the eigenvector 
matrices previously derived. For example, consider the eigenvector matrix X А те- 
peated here for convenience. 




















| | 
| | 
0 | 1 | 1 1 
| 
F2 и 7— 
-4 | ufs + фу | ut afz ЕТЕ аб: 
z E Б | 8-8 | е+а 
| 
------ --т---------+----- m — — m owes аа. os ------------ 
xi- 1 | 0 | v4 с, | RNC 
A | | Gt | 8-2 
-——- | 
vé, = че, | 2uv£, + («2 = v?)£. | u? +1? A a? | u? +v? į a? į 
€& | 25; | 2 7-1 | 2 1-1 
і З 
| | +904: + véy) | EX a(u£z + Убу) 
| | 2-2 | Ме + 2 
| | | 
Н 1 l 


Different forms of the eigenvector matrix X A will be encountered in literature. 
That is due to the fact that the constants appearing in the eigenvectors can be set 
arbitrarily. Therefore, different forms of eigenvector matrices can be obtained. To 
make this point more clear and to show how the arbitrary constants were selected, 
consider the general form of the eigenvector associated with М and Ag. Note 
that since the eigenvalues are repeated, two arbitrary constants will appear in the 
general expression for the corresponding eigenvectors. The general expression for 
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the eigenvector is determined to be 


a 
É ew — 8) + abru 
Хаг = У 
3 [(2auv — 2Ви)ё, + (—ov? + 28v + ou*)£;] 


Various combinations of the constants a and 8 can be selected arbitrarily to 
provide the two eigenvectors. For example, the selection of (а, В) = (0,1) and 
(а, В) — (1,0) provides the first two eigenvectors appearing in matrix X4. 

Since unlimited choices are available for the selection of the arbitrary constants, 
different forms of the eigenvector matrices can be introduced. However, the final 
outcome which is to determine, for example А“, would be the same irregardless of 
the specific form of X4 used. Obviously, that is due to the fact that for each X4 
there is а, corresponding inverse matrix, and, once an operation such as (12-150) 
is carried out, the results would be identical. Clearly, it is advantageous to select 
suitable constants so as to provide the eigenvector matrix as simple as possible. 


12.9.2.2 Van Leer Flux Vector Splitting: Тһе flux vector splitting ap- 
plied to the convective terms of the Euler equation in the previous section follows 
the procedure introduced by Steger and Warming [12-1]. A disadvantage of this 
scheme is that the split fluxes are not continuously differentiable at the sonic point. 
Therefore, a non-smooth solution in the vicinity of sonic points may appear within 
the domain. Some simple procedure can be used to overcome this problem. For 
example, one may exclude sonic points or one may add an arbitrary small number 
to the eigenvalues, thus preventing them from ever being zero. 

A flux splitting scheme which offers continuous differentiability is due to van Leer 
[12-2]. This scheme was explored in Section 12.3.2.2 for the one-dimensional Euler 
equation, and, therefore, only a brief discussion is provided. 

The scheme requires the splitting of the flux vectors subject to the following 
conditions: 


(1) E+ = E for M; > 1 and Е = E for M; € —1 where 


_ Sout fv 
Е alte 


(2) For |М; < 1, one of the eigenvalues of А“ (ог А“) must vanish. 


А 
E: 
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(3) The components of the flux vector Е+ (or Е-) must be symmetric to each 
other with respect to M, as is the case with E. Mathematically, if Е(М) = 
+E,(—M), then E? (M) = +Е; (- M). 

(4) The flux vectors Е, E+, and Е- must be polynomials of lowest possible degree 
in M. 

Following the above set conditions, the split fluxes are constructed to provide 
the following, 

(a) M; > +1, then E+ = E, and E~ = 0 (similar to Steger and Warming scheme 
where all the eigenvalues are positive). 

(b) M; € –1, then E- = E, and E+ = 0. 

(с) 0< М; < 1, then 


ei 
& м 
i F вта (-0 + га) +a 
2+ 2 
Е“ T А (12-165) 
у = 
+ ad -0 42a) +) 
-о- 1) U? + 2(4 — 1)ай + 2a? n и? + у? 
(78 - 1) 2 
where ef = о + 1), E- = E — Et, and 
Ü= Eru + 69 
уе+е 
(а) -1< M; < 0, then 
е 
а atm (-0 = 2a) +a 
vere WEHE 
Е = : (12-166) 


мо (ae & _ 
еі ри тас 0 –2) +4 
«|= (y – 1) 0? — 2(у – 1)aU + 2a? gir] 
(Р-1) 2 
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1 E T E 
where e; = рам. – 1)? and Е“ = Е- Е. 
The flux vectors F- and F* follow the same form as Е- and E*, where all 
the “£” are replaced by “n.” 


12.9.2.3 Modified Runge-Kutta Formulation: Тһе modified fourth-order 
Runge-Kutta scheme introduced in Section 6.6.8 and implemented to write a finite 
difference equation for the one-dimensional Euler equation in Section 12.3.2.3 is 
extended to the two-dimensional Euler equation to provide the following finite dif- 
ference equation. 


2% = $, (12-167) 
=\ (1) РА (1) 
7 (2) an Ат (% (55) go) 
( п |= + |-- + aH;; 12-168 
Jj J 4 | Е = ns Ј ( ) 
= (2) pO 
a? = ду, - 27 (5) + (5) J ai] (12-169) 
3 © ij n ij 
= (3) ғау (3) 
09 = 27 (е) + (5) жай? (12-170) 
2 Е 47) 7 ij 
_ Е OE (4) OF (4) 2 
ntl — mol a, Il (4) - 
re по - Ат ( an + (27). + al; (12-171) 


The convective terms іп Equations (12-168) through (12-171) are typically ap- 
proximated by second-order central difference expressions, that is, 


дЕ oF E Ед = Веј Fija — Ера 
ВЕ) 091), ЗА? ZAN 


The addition of a damping term may be required to reduce the dispersion error. 
In that case, the damping term is added after the final stage, as follows 


Qu = Qi + Dg Dn 


The damping terms could be specified as a combination of both second-order 
and fourth-order terms. Another scheme by which dispersion error which appears 
as oscillations in the vicinity of large gradient can be reduced is the use of TVD 
schemes which is addressed next. 
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12.9.2.4 Second-Order TVD Formulation: The second-order TVD scheme 
explored in Section 12.3.2.4 for the quasi one-dimensional Euler equation is extended 
to the two-dimensional Euler equation in computational space. The finite difference 
equation is written as 


ду! =Q- E Ely GRIS AR Г (вр (| – Ar (aH) 


(12-172) 
where 
lr- = 
(Roi = 5 [E tEST OG (ФЮТ (12-173) 
1 
(OA, = 5 [Bs + Бел, + (Ху; у, gs] (12-174) 
(Ri = МЕ ын + Fr; + (Хе) (Фа) (12-175) 
lrz 
(Rats, = 5 Е) + Бул + COS Shy] (12-176) 


Now, the flux limiters introduced previously Юг the one-dimensional Euler equa- 
tion are extended to the two-dimensional equations. 


12.9.2.4.1 Harten-Yee Upwind TVD: The general expressions for the component 
of the flux limiter vectors are defined as 


(Bp =о (ода КС + (694 – v (ода + (ВО 69:45 (12-177) 
(ФӘ; у= (од (60 + (G9 – v о), 1 + Bipa] Cips (12-178) 
(ФӘ та [(ол): | (Орана (G9 – v (одан + (Врању 62:544 (12-179) 


(ФИ 50 [(69)u-1] KG + (Съм - у оо) + (б)+)-4] 6), (12-180) 


where o; is used to denote Ше eigenvalues of A given by (12-138) through (12-141), 
and a, is used to denote the eigenvalues of B given by (12-144) through (12-147). 
As discussed in Section 12.3.2.4.1, each component of Фе ог Ф, is determined, and 
subsequently the flux limiter vectors Фе and Ф, are formed. The terms appearing 
in the equations above are defined as follow. 


оба) = 5 (a4) + А (ар 
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1 А 
о(о,) = 5 (On) F Tr 
= 1 
(беру = Cu (2515) (Qi; бъ), Jagg = 5 iis + Ju) 
1 
(ёл), 3+ = (ва (43,4) (Qij Qi) ; Лан то (Лун + Ду) 


(Сени - (Go 
(A) = 9 Код); (б) 
0 ‚юг (брију = 0 


Й for (бе): Ф 0 


апа 


Go udo ; 
(Сун – (Са) (5) | б г). for (бурну #0 
(Врању = c Кое) | NET 
0 Mor (буну = 0 
where фр is defined by (12-59). The limiters Ge and С, are similar to those given 


by (12-61) through (12-65) for the one-dimensional case. They are extended to 
two-dimensions and are as follow. 


(60 = minmod [6.45 , (60:42) (12-181) 


Ји (66) у (бе) + (60544091; 
(С = Cresco ee (12-182) 


2 2 
(бди = (6): 23 TORA s * FM Teo] + w} i388) 
ORA + (ORN + 20 


(Gg; = minmod ЕСЕТ ‚ 206 › TONETO, (12-184) 


(Си = Sgn» шах(0, min [2 (ORE , Sgn* gos], 
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min IORA , 250 (61) (12-186) 
where 
Sqn = батады = А25 диф] 
eth (ба 
(С) = minmod (604-і. 5944] (12-186) 


б а (бп) + б ы (ба): 
(= бренд t rei ea (12-187) 
(бы leo] + v) + (5). Leo] + w} 


Сы = 
= Су + O) + 2ш 


(12-188) 
where 107? < w < 1075 


minmod (265). › 260» 2 [69.4 + 60), (12-188) 


(Gs). = 
(См = Sgn + max (0 , min [2 6... ; Sgn» (6), | ; 
min [бању , 2Sgn* (&).4]) (12-190) 
where 
Sea once ABS (бы 


(&,) +1 


12.9.2.4.2 Roe-Sweby Upwind TVD: The general expression for the components 
of the flux limiter vectors are given by 


бог E Cos [leonl + я: (ед = wv) (6054 (12-191) 
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(вд Беде вд! + E (6943) - (адм) (66) ро (12-192) 
(992,47 Cs (Б + = (694)! Е е2) (быр (12-193) 


(995.47 [3069 Пер | + E (да 4) = (ода (ё): (12-194) 


Апу опе of the following limiters can be used. 


(Се) = minmod (1, rę) (12-195) 
20 fec || 

(Ge); = EETA (12-196) 

(СО) = max[0, min (2rę, 1) , min(2, те); (12-197) 

(Су), = minmod (1, т) (12-198) 
„а Inl 

(Су) = ET | (12-199) 

(С) = max[0, min(2r, 1) , min(2, r,)] | (12-200) 

where 


Ха), oj ¥itl+oj T Xe" isos itaj 
(ХаЗанаФана- (Х днојдној ‚ for (бај #0 


Tg = (бај 
0 Л бог (ёе): e 0 
with 
1 
Ја д => (лыу, Лец) 
о = Sgn(og). у 
апа 


Xp) ij = (Хајињу у 
(Ха дрена с Ca азабына » for (бр) #0 
n ПАЈЕ ра bey 
0 , for СОМА =0 
with 
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Дон = anie + Jue) 
qe Sgn(as), на 


12.9.2.4.3 Davis-Yee Symmetric ТУР: The general expression for the components 
of the flux limiter vectors are 


(Фоа =— [s (ад) (Gc); tv Кода (ORT = (бом ) 


(12-201) 
(99147 ae Год, ја] Coast [ед] [вц - 0:44) 
(12-202) 
COE ES Manisri] (Сињу + 9 [Qu] (бана - соц) 
(12-203) 
91,77 {FE [Candas a] 9-4 + (еа) [д - (мы) 
(12-204) 


Any опе of the following limiters can be used. 
я 1 
(С) minmod 208, 4, 266: 206): 2 КО ра + (адым) (12-205) 
(С) ра minmod ((&), ро (бе ys (бер) (12-206) 


(Ge), „= minmod (они (бә), + minmod (ORE OREM € (6s 
(12-207) 


е 1 
(С) н =minmod {2 ss) (ба) 2(5,); +2, 2 Kedu- + ril} (12-208) 
(Сл), 4 — minmod |6.) <р (б уар (бә): +4] (12-209) 


(С) 7 minmod (6); (око | + minmod ((6,), ыр (64-6 уы 
(12-210) 


12.9:2.5 Modified Runge-Kutta Scheme with TVD: The modified 
fourth-order Runge-Kutta scheme given in Section 12.9.2.3 can be amended by 
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a TVD scheme to reduce any dispersion error that may ђе developed within the do- 
main of solution. The governing equations are given by Equations (12-167) through 
(12-171). After the computation of Equation (12-171), the value of Q is updated 
according to 


^n a 1Ar к 5 не E 
Uc QS Ар СОЛЫ ФО. - СКАЈ (902) 
lAT Е Е : з 
á 24; [Сад (Ф) - Св) (12-211) 


where any one of the flux limiter functions and limiters discussed in Section 12.9.2.4 
can be used. 


12.9.3 Boundary Conditions: 


Several types of boundaries and associated boundary conditions were identified in 
Chapter Eight. The boundaries of a domain may include solid surfaces, symmetry 
line (or surface), inflow, and outflow. In this section, specification of boundary 
conditions are reviewed. 


12.9.3.1 Body Surface: For an inviscid flow, the slip condition at the surface 
is used. There are several methods by which the velocity at the surface can be 
specified. One may extrapolate the velocity from the interior points; or, the same 
value for p V can be imposed at the surface with the vector rotated such that the 
velocity is tangent at the surface. Thus, 


А = |p V lia = flou)? + (ро) (12-212) 
С; = (ри) (12-213) 
Dj = (роды (12-214) 


These quantities are illustrated in Figure 12-34. 
The pressure at the surface may also be specified by several different methods. 
Perhaps the simplest is to use a zero-order extrapolation. Therefore, 


Фа = Dio (12-215) 


Another scheme by which the pressure at the surface is computed is to use the 
momentum equation. The governing equation is developed in Appendix H. 
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Figure 12-34. Approximation of the velocity at the surface. 





An expression for the density at the surface is developed based on the assumption 
of a constant total enthalpy at the surface. This statement is expressed mathemat- 
ically as 


1 
хе + 204 + v?) = (М) ац = constant 


ог, for a perfect gas 


i 1 C? +D? 
rl +: = да (12-216) 


Note that (Ва) маи is known from its value at the freestream. Now Equation (12-216) 
is rearranged as 


[2(ht)wan(y — 1) | Ри су (27) pi + (1-) (С? + Г?) = 0 


which may be solved for the density at the wall to yield: 


2ypi + ү 47р; + (ма (у — 1):(С2 + D) 


4(y — 1) (he) watt 


Note that the positive sign is used exclusively to prevent negative density values. 
Now, with the equations describing the flow properties at the wall, as derived 
above, an iterative procedure is used for the solution as follows. 





Рі = (12-217) 


(1) Assume pf, = да 
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(2) Compute u and v from (12-213) and (12-214) as follows. 








Ci (рим (ри):  созб, 
uu = aera 12-218 
1! A wu ph ( ) 
Di i V 12 1 6; 
Wy nM ср (etd (12-219) 


Ра pt pt 
where 0; is the local surface inclination at grid point 2. 


(3) Determine the pressure at the surface either by simple extrapolation such as 
(12-215) or by solving Equation (H-11). A numerical scheme to solve Equation 
(H-11) is provided in Appendix H. 


(4) Use Equation (12-217) to compute the density. 


(8) Check the convergence according to 


i=IM 
CONV = Y 


4-1 


k+1 
Ра — ph 


ЕН 
Ри 


«c 








where є is a specified small number (typically 0.01). 


(6) If the convergence criterion is not met, then 





С; = СВ 
D; = D; * R 
where 1 
R= 5 [Wott + Мәр] (12-220) 
1 


Ил and И» are weighting functions, such that И/ + W = 1.0. Now, pf, is set 
equal to pit’, and steps 2 through 6 are repeated. The iteration will continue 
until a converged solution is reached. 


The procedure can also be performed using the metrics as follow. A unit vector 
normal to the surface can be determined according to 
Vn 


a= 27 


Vn 


where 
Vn = net + пу? = Ј(–уг + zej) 
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The velocity vector for a 2-D flow іп Cartesian coordinates is expressed as 


V= uit 17 

For mutually perpendicular vectors, 

улљ=0 
Thus, 

Uns + ту = 0 

which results in 

СЫ 

v Nz 


Now the values of C; and D; corresponding to (12-213) and (12-214) are deter- 
mined according to 


_ Ат 
а = в, 

Айе 
D; = В, 


where 
B; = J (12 + mia 

The same iterative procedure is used for the solution. Another method by which 
the flow properties at the surface can be determined is simply by the application of 
the equations described above without incorporating an iterative method. In this 
case, the pressure at the surface is set as рі = pi», and С; and D; are determined 
from (12-213) and (12-214). Now, relation (12-217) can be used to compute ре, 
and, subsequently, (12-213) and (12-214) are used to determine ша and 1,1. 


12.9.3.2 Symmetry: The symmetry boundary can be used for configurations 
and the associated flowfields which are symmetric or axisymmetric. The grid line 
i = 1 is set below the axis of symmetry, and i = 2 is set above the axis of symmetry, 
as shown in Figure 12-36. Due to the symmetry of the grid lines at + = 1 and 
at i — 2, the Jacobian of Transformation is equal, that is, Jig = Л for all j. 
Now, from a physical point of view, the following constraints hold for the flow and 
thermodynamic properties. 


Pij = рој 
VW = uj 
тј = Uj 


(es = (e)z 
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Therefore, 
(Ар), (Др); 
Е А ; А ; 
Ад; = I ( pu) = i. ( риза (12-221) 
W | (Аро) 2) | —(Apv)2; 
(Дре); ; (Дуе), 


12.9.3.3 Inflow: The inflow boundary is defined as a location for which V - n 
is negative, where vector n is the unit vector normal to the boundary in an outward 
direction. The specification of inflow boundary conditions follows the discussion 
of boundary conditions presented in Section 12.4. For а problem for which all the 
eigenvalues are positive, all the boundary conditions at the inflow are specified. For 
example, for a two-dimensional supersonic flow with all positive eigenvalues, the 
values of u, v, p, and p can be specified. If the flow at the inflow is subsonic and 
one of the eigenvalues is negative, then three boundary conditions are specified and 
one is extrapolated from the interior domain. Typically, the inflow boundary is set 
at the freestream, let's say at j = JM. If the freestream is independent of time and 
is supersonic, then no changes in the flow properties should occur. Furthermore, if 
the grid system is independent of time such that the Jacobian of transformation is 
constant, then the boundary condition is specified by 


Адм =0 


When the inflow is subsonic, one component of Аб ым would be nonzero and is 
determined from the interior points. 


12.9.3.4 Outflow: The outflow boundary is defined as a location for which 
И.п із positive. The specification of boundary conditions at the outflow follows 
similar procedure as described in Section 12.4. That is, if all the eigenvalues are 
Positive, then the information at the boundary is received from the interior of the 
domain, and, therefore, no boundary condition is specified. If one of the eigenvalues 
is negative, then one boundary condition is specified at the boundary and the re- 
maining flow properties are determined from the interior of the domain. Recall that 
the calculation of flow properties at the boundary from the interior domain is by 
extrapolation, as described in Section 12.4. For example, when all the eigenvalues 
are positive and a zero-order extrapolation is used, then 


Адм = Адммъ 


where i = IM defines the location of outflow boundary. 
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12.9.3.5 Boundary Conditions Based on Characteristics: The bound- 
ary conditions at the inflow and/or outflow can be specified and/or determined 
based on the characteristic variables defined in Appendix G. In this case, local one- 
dimensionality is assumed, and Riemann invariants are used. The procedure is best 
illustrated by the following example. Consider specification and/or determination 
of boundary conditions at 7 = nym, as shown in Figure 12-35. The components of 
the velocity normal and tangent to lines of constant 7 are determined in Appendix G 


and are 
пи + Туу 


(n + 03)? 
туи — То 
Va = M ET 

(n2 + 73)? 


Van = 


(12-222) 


(12-223) 


Figure 12-35. Schematic of the velocity components at the boundary. 





Furthermore, the Riemann invariants defined by (F-62) and (F-63) can be written 





as 
2a 
Е" = Va 
i} + y = 1 
and 
2a 
В = Vm d 
and the two characteristic velocities are 
à = Van +a 


(12-224) 


(12-225) 


(12-226) 
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and 
№ = Van 4 (12-227) 


Now the procedure to determine the variables at the boundary is as follows. 


12.9.3.5.1 Inflow Boundary: A boundary is treated as an inflow boundary if 
Van < 0. As a consequence, Аҙ = Van — a is also negative. Now Ај = Vay + а could 
be either positive or negative. If А) is negative, then all the variables are set equal 
to the freestream values, that is, 


В = Е, 8-8, Из И: and Rt = Ri, 


If A; is positive, then Rt is extrapolated from the interior of the domain, and R^, 
5, and V4, аге set to their freestream values as 


Ro = Ко, $=S0, and Vm = Vin, 


12.9.3.5.2 Outflow Boundary: A boundary is considered as outflow if Van > 0, 
in which case Ај = Van + а is also positive. Now if А; = Vi, — а > 0, then all the 
variables, that is, Rt, R^, s, and У, are extrapolated from the interior domain. 
When А» is negative, then R- is set to its freestream value, that is, R^ = R}, and 
the remaining variables R*+, s, and V, are extrapolated from the interior domain. 


12.9.3.5.3 Determination of Flow Variables: Once the variables R*, R^, s, and 
Vin at the boundary have been determined, whether it is an inflow boundary or an 
outflow boundary, the flow variables и, v, p, and p at the boundary can be computed 
as follow: i 

Van x Pi + ЕС) 


Now V4, and V4, given by (12-222) and (12-223) are used to compute и and v. 
Furthermore, the speed of sound can be determined from relations (12-224) and 
(12-225) according to 


а= 30 -1) (Rt — Е) (12-228) 
In addition, the speed of sound is given by 
a? = 7% (12-229) 


A combination of relations (12-228) and (12-229) provides 


p i +_ Ry) 
т: ғ) (12-230) 
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Furthermore, 
In (5) =s (12-231) 


Now Equations (12-230) and (12-231) are used to determine the pressure and the 
density at the boundary. 


12.9.4 Implicit Formulations 


А general implicit formulation for the two-dimensional Euler equation can be 


written as T —— 
AQ " дЕ 5 ntl -a 
BETE NN 


In order to linearize Equation (12-232), relations (12-132) through (12-134) are 
substituted and rearranged as 


Ад + Ат Гале" + А"Ад] + a + В"Ад + 4Н" + C^AQ] ) =0 (12-233) 
or 


[reae [Bun в” sc] ад =-а [ш ӘР" 


де 


Recall that when a scalar model equation for an unsteady two-dimensional equa- 
tion was investigated [e.g., Equation (3-18)], it was concluded that the implicit for- 
mulation results in a system of equations with a pentadiagonal coefficient matrix. 
The solution of such a system is very time-consuming and, therefore, expensive. To 
overcome this situation, an approximate factorization procedure was introduced. 
This technique replaces the original FDE with a series of equations where the coef- 
ficient matrices are tridiagonal. 

The approximate factorization approach is used in Equation (12-234) in order 
to reduce the pentadiagonal coefficient matrix into two tridiagonal systems. 

The approximate factorization of Equation (12-234) is 


—— + añ") (12-234) 


Ви = oe aH" 

(12-235) 

Note that the terms on the right-hand side of this equation are evaluated at the 
known time level n. The unknown is the vector AQ. 

Following the discussion of Section 12.3.3.1, the Steger and Warming flux vector 


splitting scheme is used to illustrate the development of an implicit scheme. 


OA ов 
нат? | [r+ ar + aare" Ад = -Ar{ 
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12.9.4.1 Steger and Warming Flux Vector Splitting: Consider Equa- 


tion (12-235) where flux vector splitting is used. Hence, 
|! + Ат Ед + an|} u AT Ha + в) + aarc} Аб = 
-Arl (Е + E- + 2(Е + Реј хай 
дЕ ду 
As discussed previously, a backward difference approximation is used for the 


positive terms, and a forward difference approximation is used for the negative 
terms. In the following, first-order approximations are used, and, therefore, 


Ar _ D AT Е T 
! + Ac s – Ај + Аду – ^9] [ + Aj (P – Ву + В – By) 
= l А = = Е 
+адтС | AQ = -Ат ІНЕ – Ела + Еду Ес) 


Peet: 2 КК Е 
А (FG - Е + Еда - Е) + СД (12-236) 


Equation (12-236) is solved in two stages as 


[r+ ат ав - АР + Anny - А) Ад" = 


АЕ 
Lc = = 8 E 1 - М У с. Е 
- Ат Ra T Ері; + Ені) = Ej) 4 Ал“ шы Қыл + Fa іле 9) + aH, ; 
(12-237) 
and 
A " Ж 
| + Ay ВЕ – Bi. + Вун- Ву) + «Ас AQ = AQ" (12-238) 


where each equation will form a block tridiagonal coefficient matrix. These equa- 
tions are rearranged as 


S А » [ê 5 
(4: AL. „ад: 5+ | + 224% = | AQ; 4 (атлы) Аб = (КН5) 5 
(12-239) 
ала 


(ав; ) Абдул + | + ла (В, = Вг) + Arc, Ада 


Ал 42-1 


А 5 ғұ 
+ (дева) Абу - АФ); (12-240) 
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The terms in Equations (12-239) and (12-240) are redefined as: 


Ar 
CAM = оде Ang 


CA = | + Ae Ais - Ex] 


САР = ХА) 
Ат 
СВМ = ТА Bis 


Ат = 


AT 
CBP = An ік 


Therefore, Equations (12-239) and (12-240) become 
САМАД; ,; + САЈАд + CAP Абу = (ЕН5) (12-241) 


and 


CBM, j;AQi5-1 + CB; AQ; + СВР, АФ, а = Аф; (12-242) 


The grid system for Equations (12-241) and (12-242) may ђе generated by апу 
one of the techniques introduced in Chapter 9. If a grid line is aligned along the 
stagnation streamline, which for the axisymmetric configuration at zero degree angle 
of attack is coincident with the body axis, some difficulty in convergence is observed. 
Therefore, the first constant £ grid line (i = 1) is set below the body axis, and the 
second constant line (i = 2) is set by symmetry as illustrated in Figure 12-36. The 
steps in the Е and 7 sweeps in the computational domain are shown in Figure 12-37. 
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Figure 12-37. The finite difference Equations (12-241) and (12-242) аге 
solved sequentially by Е and 7 sweeps. 
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Before exploring the implementation of the boundary conditions, two issues 
with regard to evaluation of Jacobian matrices need to be addressed. The first is 
the matrix manipulations to provide for example At or А- at various grid points 
within the domain. The second issue must address what values of the flow properties 
(such as и, v, е, p) should be used to evaluate the elements of Jacobian matrices. 
These issues are considered in the following two sections. 


12.9.4.1.1 Computation of the Jacobian Matrices: The Jacobian matrices ap- 
pearing in Equation (12-241) are evaluated at the previous time level of n. Obvi- 
ously, this is the result of linearization by lagging the coefficients. For example, to 
evaluate the coefficient 

Ar 

САМ = -TE Abas 

either relation (12-150) or A*, as described in Section 12.9.2.1.1, is used. The 
values of u, v, and a which appear within the elements of A* are taken at the 


known values at time level n. And of course the metrics are provided by the grid 
generation routine. 


Now consider Equation (12-242) and the evaluation of the coefficients involved, 
for example CBM, which is given by 


CBM = p; 


А, 4-1 


Recognizing that Equation (12-241) has been solved, the values of АО” and, 
subsequently, Q* are known. Thus, it can be decomposed to provide the values of 
u, v, and a at the intermediate level designated by “*.” It would seem logical to 
use these updated values to evaluate CBM. Another option would be to evaluate 
СВМ at the time level of n. If one chooses to use this approach, decomposition 
of Q* is not required. Based on limited numerical experimentation, either one can 
be used with no clear advantage of one over the other. However, there may be an 
advantage to using updated values if the time step is large. Тһе solutions shown 
in this chapter were obtained by evaluating all the Jacobian matrices at the n time 
level. 


12.9.4.1.2 Boundary Conditions: When Equation (12-241) is written at each 7 
for all i from i = 2 to i = IM M1, a block tridiagonal system is obtained. This 
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system is expressed ав 


СА)» (САРТ AQ; 

САМ, [CA], ; (САР); Аф), 
[САМ мм» (СА, мм»; [САР] мм»; | | Aium 

(САМ мм) СА мм Ј Аб мм 
(#85) – [САМ),,А0;, 
(#85); 
= | (12-243) 

(ЕН 5)јммгј 


(ЕН ),ммі; — [CAP] mm АФім; 


If the boundary conditions are explicitly implemented, the values of ДО: j and 
АО ім, are taken from the previous time level. For an implicit treatment of the 
boundary conditions, some modifications to the first and last equations must be 
introduced. The procedure is as follows. | 

At i = 1, symmetry is imposed, and the boundary conditions as described in 
Section 12.9.3.2 yield 


(Ap); (Ар); 

AQ: = eg (Apu); ; "m (Ари); ; 
У Ла (Аро | _ћ | -(Apy)s; 
(Ape); , (Аре/%; 


Hence, the first equation represented ав the first row of the block tridiagonal system 
(12-243) is modified according to 


[СА] aj AQ; + [CAP]; AQ; , = (RHS)2, 


where 
1000 
МЕЕ 100 
[CA], , = СА, + [CAM], - Те 


0001 
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Assuming i = ГМ is far downstream, such that the flow is supersonic, extrapolation 
is used. For simplicity, the following zero-order extrapolation is employed: 


Адм, те Адммъ 
The reason Юг using this simple extrapolation scheme is that the higher order 
schemes may overestimate the properties causing instabilities and eventual failure 
of the solution. That is especially true for the first few iterations. With this simple 
extrapolation, the last equation of the block tridiagonal system (12-243) is modified 
according to 


[CAM] мм}; AQiumaj + [СА] Адїмм1з = (ЕН5);мм1; 


IMM1j 
where 
[c4] In “ CA} aig + (САР), мм. 
Finally, the block tridiagonal system is expressed as 
(СА), (САР); AQ; 
(САМЫ; (СА); (САРЫ; AQ; 
САМумм» (САШмма) (САРђимо | | А©їмм», 
[CAM мм [СА] ІММІҘ AQimmj 
(ЕН 5); 
(RHS)s; 
(12-244) 
(RHS)iuuaj 
(ВЕН іммі3 


Once AQ} у is computed, ће RHS of Equation (12-242) is known. When this 
equation is applied at each £ for all j from j = 2 to j = JMM1, one obtains the 
following block tridiagonal system: 


СВ. [CBP]; Ади 
[CBM]; (СВ), з (СВР), з Ада 
(СВМ) мм; (СВ), /ммз СЕРІ умм | (Амма 


(СВМ) мм, СВ мм AQ; MM 
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AQ}, – (СВМ Ад, 
Ада 
(12-245) 
Аб ume 
AQ uni T [CBP мм Ад, ум 


If the outer boundary of the domain (i.e., 7 = JM) is set at the freestream, АФ, JM 
is zero. Note that for this statement to be valid, the spatial grid is assumed to be 
independent of time, i.e., grid points do not move; as a result, Ј = ‚л. Ви 
what about АС, 17 For the time being, its value can ђе set to zero. Subsequently, 
this value can be computed and updated according to the procedure described in 
Section 12.9.3.1. By setting AQ, equal to zero, the system (12-245) may be solved 
for all the А0, ; from j = 2 to JMM1 for each 6 from i = 2 to i = ТММЛ. 


12.10 Application: Axisymmetric/Two-Dimensional 
Problems 


In this section, the application of the axisymmetric/two-dimensional Euler equa- 
tion is illustrated. In the first example, a channel which includes both compression 
and expansion corners is used to illustrate the formation of oblique shock and ex- 
pansion waves and their reflection and interaction. In the second example, an 
axisymmetric blunt body is used to illustrate the development of the flowfield. 

In order to develop a solution procedure, the following issues must be addressed. 
(1) The physical domain of the problem must be defined. This definition may be 
accomplished by specifying the boundaries of the domain. (2) A grid generation 
technique must be used to distribute the grid points on the boundaries and within 
the domain. Various grid generation schemes were investigated in Chapter 9. (3) A 
transformation from physical space to computational space must be performed. This 
procedure simplifies the application of the boundary conditions, and, in addition, 
the computational domain is rectangularly shaped and the grid points are equally 
spaced. The transformation of equations of fluid motion were addressed in Chapter 
11. (4) Finally, a numerical algorithm must be selected to solve the equations of 
fluid motion. 


12.10.1 Supersonic Channel Flow 


A channel with a compression corner and an expansion corner located at the 
lower surface and a straight upper surface is considered. A supersonic flow enters 
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the channel at the left entrance. The objective of this application is to use the Euler 
equation to determine the inviscid flow pattern within the channel. The domain of 
solution and the nomenclature are shown in Figure 12-38. 





FID речна 


i=] i-IM 


Figure 12-38. Illustration of the nomenclature for the two-dimensional channel 
flow. 


12.10.1.1 Grid Generation: А simple algebraic grid generation routine is 
developed for this problem. In order to better resolve the oblique shock formed at 
the compression corner and the expansion wave at the expansion corner, as well as 
the shock reflection from the upper surface, grid point clustering is used to con- 
centrate grid points at these locations. Furthermore, grid point clustering near the 
lower and upper surfaces is employed to better approximate the implementation of 
surface boundary conditions. The grid point clustering function given by Equation 
(9-57) is utilized in this application. The specific grid point clustering function for 
each segment of the domain is as follows. 


я) ез) 4] 


(12-246) 


1l. 1<1<П 








ген -па |; -а 





2. D <+<1+ I2/2 


82--1 2 В2+1 ит 
т = 11 + 12 1-2 |( ) -1 / ( ) +1 





82-1 
(12-247) 
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. M+12/2<i<14+72 








| B2+1 1-26-88) 
z = 11+12-12 i-o (e) -|/ 
_„›@-@-@/) 
82+1\ “а 
(4 E ) i | | (12-248) 


. П+12<%<1М 


1- 6-61-02) 


_ 83+1 а 


1- @-@-@) 
ey n и 


. 1<%<14 








z= 14 – 14] 1 ра | (8*1 дА 441 -é 
| Вата 84—1 


. 14<%<ІМ 





= 14 + L511— 65 | (551 pu А 8541 1- ct | 
=з (mtr) © _ ену”. 











(12-252) 
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where 81, 82, 83, 84, 85, and 86 are the clustering parameters, and £1, £2, £3, 
£4, £5, and 11 are the lengths in the computational domain corresponding to the 
physical lengths of L1, L2, L3, L4, L5, and H, respectively. Note that H is replaced 
by H1 at i = IM AX location. Expression (12-252) can also be used to determine 
grid points within the domain. In that case, the length of straight lines connecting 
the same 1 locations at the lower surface and at the upper surface are determined 
and denoted by 6, Now, expression (12-252) can be used to distribute grid points 
along each line where H is replaced by 6. Subsequently, the z and y coordinates of 
grid points are determined. 





Figure 12-39. The 241x131 grid system for the channel flow. 


12.10.1.2 Numerical Scheme: Тһе numerical scheme selected for this appli- 
cation is the modified Runge-Kutta given by Equations (12-167) through (12-171) 
augmented with the Davis-Yee symmetric TVD model with limiters (12-205) and 
(12-208), that is 








2) = ді, (12-253) 
2 ка Ar (32) (2). 
(2) n 
29 = ssec | sre ы (12-254) 
| E. | Лы ША” 
қ =, Ат (32) (е) 
(3) n 
+ = Q- — ||| +|— (12-255) 
ў Sog | де У) 
я =, Ат ((әБҮЗ | (a£ 
9 - «- (80) + (55) (12-256) 
ij ij 
p ра 6) 
XP = др-лдт (%) + (2) (12-257) 
E ij n ij 
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where convective terms in Equations (12-254) through (12-257) аге approximated 
by second-order central difference expressions as follow 


дЕ дЕ Buy — Без + Ан Еда 
a£ d дт) g 2A€ 247 


After the computation of Equation (12-257), the value of 6) is updated according 
to 


An An 1Ат n n п п 
МФ зад Ооо – (ХӘ; ед 
1 Ат n n "” n 
7221 (сони (ФӘ ә — (Хау И) (12-208) 


The specific limiters are 
(бди = 

minmod [2689.4 , 269.4,» 260). 5 [Cogs + Cigal} (12-250) 
(Go, = 


minmod (2(6)-), 26, 2060р 2 [60-1 ОЈ) (12-260) 


12.10.1.3 Analytical Solution: The analytical solution is used to check the 
accuracy of the numerical solution. An analytical expression between the turning 
(compression) angle 6, the shock angle 0, and the freestream Mach number M; can 
be established as follows. 


_ 2cot 6(M# sin? 8 — 1) 


nanos 2+ (у + cos 20) М? (200 


For a given value of 6 and Mi, the analytical expression (12-261) must be solved 
iteratively for the shock angle 0. Solution can also be obtained by using charts where 
Equation (12-261) is presented graphically, typically for y of 1.4. Once the shock 
angle is determined, а normal component of the Mach number Му is calculated 
from which the flow properties are computed from the normal shock relations (or 
tables). Тһе corresponding equations are as follow. 


Min = Мівіһп0 





ту се (12-262) 


апа 
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02 (т + 1)М2, 
Гас ЕЕ 9 Аа Ma И 12-263 
р (7-м? +2 ( ) 


To calculate the flow properties downstream of an expansion wave, the Prandtl- 
Meyer function и given by the following expression is used. 


a ПРЕ з | 2, v eel - и 
v(M) = pg x1 1) – tan"! VM? — 1 (12-264) 


Again, given the value of и, this expression needs to be solved iteratively for the 
corresponding Mach number. As in the case of oblique shock relations, tables are 
also available for y of 1.4. Now, with the turning (expansion) angle 0 and the 
upstream Mach number M,, the downstream Mach number is determined from the 
Prandtl-Meyer function from 


у(М;) = 0 + v(Mi) (12-265) 


Once the downstream Mach number is determined, the remaining flow properties 
across the expansion wave can be calculated. Recall that the expansion wave is an 
isentropic process, and, therefore, the isentropic relations provide 


To 1+ ам? 


па. 12-2 
Ti 1+12М? (15290) 
14 Зам? тт 
Ве | (12-267) 
pı 1+ 25-м} 
and the density сап be computed from the equation of state 
Ро 
= ——— 12-268 
pa ЕТ, ( ) 


12.10.1.4 Тһе Physical Domain and Flow Conditions: The physi- 
cal dimensions of the domain in this problem is specified as follows: L, = 10cm, 
Lz = 20cm, Га = 40cm, Ls = 42cm, Ну = 20cm, and the compression/expansion 
angle is 10°. The number of gridpoints for the domain is specified as IM = 241 and 
JM = 131, where the specific values of i are set according to ГІ = 21, I2 = 91, and 
I4 = 61. 

The freestream pressure and temperature аге 100 kPa and 300 K, respectively. 
The ratio of specific heats у is 1.4, and the gas constant is given as 287.05 (М. 
m)/kgK, values corresponding to air. Solutions are required for two different 
freestream Mach numbers of 2.0 and 3.0. 
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12.10.1.5 Initial Conditions and Time Step: Computations аге initial- 
ized by specification of the inflow conditions over the entire domain. The local time 
stepping procedure of Section 12.7 is used to march in time toward steady state so- 
lution. The CFL number of 0.2 is specified for both cases. A convergence criterion 
is set according to 


ij 


conv= У) [ABSO - г) 


The solution is assumed converged (steady state) when СОМУ<0.1. 


12.10.1.6 Results: The pressure and density contours illustrating the forma- 
tion of oblique shock, expansion wave, and their reflection and interaction are shown 
in Figures 12.40 through 12.43 for M = 2.0 and M = 3.0. The computed pressure 
and density distributions along the lower surface are compared to the analytical 
solutions in Figures 12.44 through 12.47. The computational values compare very 
well to those of the analytical solution. 
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Figure 12-44. Comparison of the pressure distributions on the lower surface 
for Мо = 2.0. 
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Figure 12-45. Comparison of the density distributions on the lower surface 
for Мо = 2.0. 
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Figure 12-46. Comparison of the pressure distributions on the lower surface 
for M» = 3.0. 
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Figure 12-47. Comparison of the density distributions on the lower surface 
for M,, = 3.0. 
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12.10.2 Axisymmetric Blunt Воду 


Consider ап axisymmetric blunt body defined geometrically by an ellipse as 
shown in Figure 12-48 where the semi-major axis is denoted by a,, and the semi- 
minor axis is denoted by bı. Assume a hypersonic flowfield where the freestream 
Mach number is 18. 


Solution domai 


Figure 12-48. The nomenclature used to define the blunt 
body configuration. 





Furthermore, the configuration is at zero degree angle of attack. It is required to 
compute the steady-state, inviscid flowfield. The implicit Steger and Warming flux 
vector splitting scheme given by Equations (12-241) and (12-242) is selected as the 
numerical scheme to solve the proposed problem. 

The physical domain is specified by the following data 


a —50, b —30, ш>ш-5б, b=52/ 


А 71x53 grid system is created by the elliptic scheme of Section 9.7.1 and is shown 
in Figure 12-49. Observe that grid points are clustered near the stagnation region 
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where the flow is expected to be subsonic. The CFL number for this problem is 
defined as 


„where maximum value of А is used. Recall that the As are given by relations (12- 
138) through (12-141) and (12-144) through (12-147). Thus, if a maximum CFL 
number is specified, then the maximum time step is easily determined. With the 
grid system specified, the tridiagonal systems (12-241) and (12-242) are sequentially 
solved. 

Contours of constant pressure and Mach number are shown in F igures 12-50 and 
12-51, respectively. A convergent solution was obtained after 550 iterations. 

Note that convergent solution and steady-state solution are used to imply the 
same meaning. Similarly, the number of iterations and the number of time steps are 
used interchangeably. However, it should be pointed out that the Euler equation 
may be solved to provide a time dependent solution. In that instance, the procedure 
will be referred to as the time accurate solution. 

As a second example of an axisymmetric flow, a dented configuration is used to 
investigate the shock/shock interaction phenomena. The configuration of interest 
and the grid system are shown in Figure 12-52. The grid system was created by 
an elliptic grid generator with a clustering option. The pressure contours for a 
Mach 18 flow are shown in Figure 12-53. It clearly illustrates the complex expan- 
sion/compression process within the domain of interest. 
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Figure 12-50. Pressure contours for the blunt body configuration at 
a freestream Mach number of 18. 


Figure 12-51. Mach contours for the blunt body configuration at 
a freestream Mach number of 18. 
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12.11 Concluding Remarks 


In this chapter an attempt is made to illustrate solution procedures for the 
Euler equation. Several numerical schemes were introduced, and the procedures 
were extensively discussed. It is hoped that, with a good understanding of the 
numerical procedure in this chapter, other procedures may be investigated with 
ease. Furthermore, the materials presented in the previous chapters are brought 
together in this chapter to illustrate the steps required for the solution of an inviscid 
flow field. Finally, it is important to emphasize again that the numerical procedures 
presented in this chapter will be implemented in the solution of the Navier-Stokes 
equations, particularly in Chapter 14. 
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12.12 Problems 


121 Derive the Jacobian matrix A given by Equation (12-18). 


12.2 Consider the nozzle described in Section 12.5 with the following supersonic 
inflow conditions at т = 0.0: M, = 3.0, p; = 1000 1b;/ft?, and pı = 0.00237 
slugs/ft*. For а supersonic flow at the exit (г — 10.0 ft), determine the flowfield 
within the domain, using the explicit first-order Steger and Warming flux vector 
splitting scheme. (a) Use Az = 0.1 ft, and At = 1 x 10-5 sec, with a convergence 
criterion of 0.1 based on pressure, as given by Relation (12-93). Print the steady 
state solution and plot the comparison of the computed pressure distribution with 
the analytical solution. (b) Investigate the effect of the spatial step size on the 
solution by using Az of 0.2 ft and 0.4 6. Plot the error distributions of the three 
solutions obtained by Az of 0.1, 0.2, and 0.4. Define the error as the difference 
between the numerical and analytical values of the pressure. 


12.3 Repeat Problem 12.2 using the explicit second-order Steger and Warming 
flux-vector splitting scheme. 


12.4 Repeat Problem 12.2 using the fourth-order Runge-Kutta scheme. 
12.5 Repeat Problem 12.2 using the Harten-Yee TVD scheme. 


12.6 Consider the nozzle described in Section 12.5 with the supersonic inflow 
specified by M; = 3.0, рі = 1000 Ib, /ft?, and pı = 0.00237 slugs/ft?. The flow 
at the exit plane is subsonic, and the flow properties correspond to conditions of a 
normal shock located just downstream of z — 5.0 ft. The analytical solution would 
provide the following conditions at the exit plane: Мім = 0.358, шм = 454.44 
fps, ргм = 8511.67 Ib,/&?, рім = 0.007389 slugs/ft*. However, recall that only 
one boundary condition at the exit needs to be specified. (a) Use Az = 0.1 ft, 
and At = 1 x 1075 sec, and CONV = 0.1 to obtain а steady state solution by 
the explicit first-order Steger and Warming flux vector splitting scheme. Print the 
converged solution and plot the comparison of the computed pressure distribution 
with the analytical solution. (b) Investigate the effect of the spatial step size on 
the solution by using Az of 0.2 and 0.4. Plot the error distributions of the three 
solutions obtained by Az of 0.1, 0.2, and 0.4. Define the error as the difference 
between the numerical and analytical values of the pressure. 
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127 Repeat Problem 12.5 using the Harten-Yee TVD scheme. 


12.8 Consider Problem 12.5 with Az = 0.1 ft. (a) Use the global time steps of 
1x 107* sec, 1x 1075 sec, and 1 x 1075 sec to obtain steady state solutions. Compare 
the convergence histories of the solutions. (b) Use the concept of local time step to 
obtain steady state solutions with the following specified CFL numbers: 0.1, 0.2, 
0.3. Compare the convergence histories. 






Chapter 13 


Parabolized Navier-Stokes Equations 





13.1 Introductory Remarks 


The design of a vehicle in a supersonic/hypersonic stream requires detailed 
analysis of the flowfield. Accurate calculation of the shock structure, pressure, skin 
friction, and heat transfer distributions are important parameters for the designers. 
Calculation procedures that range from simple methods to complex numerical tech- 
niques have been developed over the years. A traditional approach to the problem 
is to decouple the flowfield into an inviscid region governed by the inviscid-flow re- 
lations and a viscous region adjacent to the surface governed by the boundary layer 
equations. Once the inviscid flowfield is known, either from experimental mea- 
surements or from a theoretical solution, procedures can be developed to generate 
solutions for the thin boundary layer near the vehicle surface. These procedures vary 
in degree of sophistication from simple correlation to numerical programs which cal- 
culate the non-similar boundary layers for laminar, transitional, and/or turbulent 
flows. 

Two problems in the boundary layer formulation are: (1) the uncertainties in 
the flow properties associated with having to determine the boundary layer edge 
required for the solution of the boundary layer equations, and (2) the iterative 
process for locating the boundary layer edge. 

In addition, for applications where a strong interaction between the viscous and 
inviscid regions occurs, the decoupling of the flowfield is no longer an acceptable 
approach. This fact is particularly important for hypersonic flowfields where the 
shock layer is relatively thin and the viscous effects may influence a large portion 
of the shock layer. Flowfield computations of vehicles in a supersonic/hypersonic 
stream at large angles of attack, where cross flow separation dominates, also fall in 
this category. Examples of such flowfields are illustrated in Figure (13-1). 


qe 
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Figure 13-1. Examples of flowfields where viscous/inviscid 
decoupling is not possible. 





To address these categories of flowfields, procedures are developed to solve the 
equations of motion for the entire flowfield. Obviously the Navier-Stokes equations 
may be employed to solve such flowfields. However, the numerical solution of the 
Navier-Stokes equations requires a substantial amount of computer time and stor- 
age. This difficulty is due to solving the unsteady Navier-Stokes equations in time 
until a converged steady-state solution is reached. Thus, it is desirable to reduce the 
Navier-Stokes equations to a form which can be solved efficiently while the physics 
of the problem is preserved. "Therefore, among the issues to be considered are: 
(a) the reduction of the equations of fluid motion valid for the categories specified 
above, and (b) development of an efficient numerical scheme to solve the system of 
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equations. 

A popular method which has proven successful for the computations of these 
categories of flowfields is the parabolized Navier-Stokes (PNS) equations. The PNS 
equations are obtained from the full Navier-Stokes equations by the following as- 
sumptions: (a) steady state, (b) neglecting the streamwise viscous gradients, and 
(c) approximating the streamwise pressure gradient within the subsonic portion of 
the viscous flow near the surface. Thus, the Navier-Stokes equations are reduced to 
а веб of parabolic equations which are marched in the direction of a space coordinate 
aligned along the streamwise flow direction from an initial plane of data. 

A comparison of numerical marching for the NS equations and the PNS equations 
is illustrated in Figure 13-2. It is important to note that the NS equations are 
marched in time with a step At, whereas the PNS equations are marched in space 
with a step АЕ. For either case a set of initial conditions is required. For the NS 
equations, freestream conditions are usually imposed everywhere within the domain 
and the steady-state solution is sought. For the PNS equations, a set of accurate 
initial data must be provided. This set of data can be obtained by solving the NS 
equations for the nose region of the configuration. 

A vast number of researchers have investigated the PNS equations and various 
numerical algorithms to solve these equations within the last two decades. Extensive 
research in this area is still being conducted at the present. As a result, certain 
guidelines and conclusions have been established which are summarized below. 


1. Transformation from physical space to computational space with clustering 
near the surface is necessary. 

2. Implicit numerical schemes are preferred over explicit schemes for efficiency 
purposes. 

3. The equations must be expressed in their conservative form for shock captur- 
ing purposes. 

4, The outer bow shock is usually used as one of the boundaries and is calculated 
using the shock-fitting procedure. 

5. Numerous approximations for the pressure gradient within the subsonic por- 
tion have been introduced. 

6. Formulations which employ central difference approximation of the convec- 
tive terms require the addition of damping terms. Thus, the addition of 
second-order and/or fourth-order dissipation terms to prevent oscillations in 
the flowfield has been used by many investigators. 

7. Flux vector splitting schemes of the previous chapter may be employed to 


formulate the convective terms and thus eliminate the need to include damping 
terms. 
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In this chapter, the PNS equations, assumptions, approximations of the pressure 
gradient, initial data plane, boundary conditions, and a numerical algorithm are 
presented. Two-dimensional/axisymmetric equations are discussed first with the 
extension to 3-D to follow. 





Initial plane of data 


Marching in space 


Marching in time 





Figure 13-2. Illustration of time and space marching schemes. 


13.2 Governing Equations of Motion 


The governing equations of motion and various reduced forms were considered 
in Chapter 11. These equations were nondimensionalized and expressed in a con- 
servative form. In addition, they were transformed from the physical space to the 
computational space. PNS equations were among those presented in that chapter. 
Therefore, only a brief review is presented in this section. In the following sections, 
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two-dimensional problems are discussed in detail; and, subsequently, the approach 
is extended to three-dimensional problems. 
The two-dimensional, axisymmetric Navier-Stokes equations in the computa- 

tional space are expressed in a vector formulation as 

од OE OF „ ФЕ, OF, > 

— t ^X Н = —— aH, 13- 

(da те a? (13-1) 
The flux vectors are given in Chapter 11 by Equations (11-201) through (11-207). 
The first assumption in the reduction of equations is the steady-state condition, 
which mathematically states that 





29 _ 

дт — 
The second assumption requires that we neglect the streamwise gradient of the 
viscous terms, i.e., 


0 


oR, 0B, 

8n дЕ 
Note that this reduction is imposed after the equations have been transformed into 
the computational domain. In addition, we have selected the coordinate £ aligned 
in the streamwise direction where numerical marching will progress. With these 
assumptions, the Navier-Stokes equations given by (13-1) are reduced to 





ӘР OP. ӘР» on 
ве a tH = 5; + aH, (13-2) 
дЕ, 


Since mixed partial derivatives which appear іп are dropped, as discussed in 
Chapter 11, the modified viscous flux vector Е, is redefined as Ер. The flux vec- 
tor E includes pressure and, therefore, the streamwise pressure gradient appears in 
BE With no modification of the streamwise pressure gradient within the subsonic 
portion of the viscous region, the equations are elliptic which would allow the prop- 
agation of a disturbance upstream. Therefore, a space marching procedure to solve 
the system cannot be incorporated. If a marching procedure is used, exponential 
growth or decay in the solution near the surface will occur, which will cause failure 
of the numerical scheme. This failed solution is known as the departure solution. 
To overcome this difficulty, the streamwise pressure gradient is modified such that 
the equations become parabolic. One approach for this approximation is to split 
the inviscid flux vector Е as 

Е = Ер + Ерр (13-3) 


where 1 
Ep = ДЕЕР + & Fp] (13-4) 
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and 1 
Ерр = je Ere + é Fpp] (13-5) 
The flux vectors in (13-4) and (13-5) are: 
Ри pu 
_ | +wp = pvu 
ЁР= | puv ЁР = | ou? + up 
(рег + рји (рег + p)v 
0 0 
2 | 1- др = 0 
Epp = 0 Fpp = Вар 
0 0 
Thus, Equation (13-2) is expressed іп terms of these flux vectors as 
дЕр OEpp OF = OR Е 
— --- = Н, 1 m 
à * бє +B, oH Ó +ай, (13-6) 


In the supersonic portion of the flowfield, ш = 1 and no modification of the pressure 
gradient is required. Various approximations for the streamwise pressure gradient 
within the subsonic portion of the flow will be discussed shortly. 

Equation (13-6) is a mixed hyperbolic/parabolic system of equations. Stability 
analysis [13-1] indicates that for a stable solution the following restrictions must be 
satisfied. 


1. The component of the local velocity in the streamwise direction must be pos- 
itive. 

2. The Mach number determined by the component of the velocity in the stream- 
wise direction must be supersonic everywhere. However, once an approxima- 


tion to the streamwise pressure gradient has been incorporated, this condition 
will allow subsonic flow in the viscous regions. 


Note that the first condition eliminates streamwise flow separation; however, 
cross flow separation (in three-dimensional problems) is permitted. Next various 
approximation techniques will be considered for the streamwise pressure gradient; 


and, subsequently, a numerical algorithm will be investigated for the solution of the 
PNS equations. 


13.8 Streamwise Pressure Gradient 


In order to suppress the elliptic nature of Equation (13-6), the pressure gradient 
within the subsonic portion must be approximated. Numerous schemes have been 
introduced for this purpose, some of which are reviewed in this section. 
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. The obvious and simplest approximation is to drop the pressure gradient 


within the subsonic portion of the flow. This crude approximation will in- 
troduce inaccuracies in the solution of the flowfields where large pressure gra- 
dients are present and therefore has limited use. 


. The pressure gradient is evaluated explicitly by a backward difference approx- 


imation, i.e., 

др р-р 

BE hie Ag 
When this approximation is used, the stability requirement imposes a lower 
limit on the selection of the marching step size, і.е., ДЕ must be larger than 
some (A€)min which is provided by the stability analysis. 


. In the development of the boundary layer equations it is assumed that the 


normal gradient of pressure within the boundary layer is negligible. Consistent 
with this assumption, the streamwise pressure gradient in the PNS equations 
is computed at the first supersonic point and imposed upon the subsonic 
portion. This procedure is known as the sublayer approximation. It has been 
observed that this approximation introduces instability for some cases. 


. Earlier the flux vector E, which includes the pressure, was decomposed by 


introducing a parameter “w”. Based on an eigenvalue stability analysis, a 
fraction w of the streamwise pressure gradient may be retained and evalu- 
ated implicitly while the remaining (1 — ш) fraction is evaluated explicitly. 
"Therefore, 


Eu? 


р 
де (13-7) 








= = ш-- 
0€ дє implicit explicit 


The parameter w is determined by the stability analysis and is given by 


үм? 


where с is a safety factor, usually assigned a value of 0.8, апа Ме is Ше 
local Mach number in the £-direction. Note that in regions where the flow is 
supersonic, Ме > 1, w = 1, and no approximation. is incorporated. 


The approximations reviewed above are only a few among the many reported 


in the literature. In the remaining discussion and in the results to be presented 
shortly, the fourth approximation for the streamwise pressure gradient has been 
incorporated. 


== 
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13.4 Numerical Algorithm 


Following the same procedure used for the Euler equations in Chapter 12, the 
delta formulation of the PNS equations are derived as 











1 = д АА Эа а дЕ OF, 
Bg OB) + SAP) - (AR) = | + | 
дЕрр = 5 
Pee] (В) (13-9) 





where a first-order backward difference approximation for дЕр/дЕ is employed. The 
right-hand side is evaluated at the known streamwise location “i”. Equation (13-9) 
is nonlinear and, therefore, a linearization procedure similar to that introduced in 
Chapter 11 is considered. To illustrate the linearization procedure, consider the 
flux vector Ep. Recall that 


Ep = f(Q, е, Е) (13-10) 
A Taylor series expansion in the 6 direction yields 
Ева = Ep BE SEP ng + O(A£) (13-11) 


The chain rule of differentiation applied to (13-10) results in 
дЕр _ 9Ep 90 + Oke дЕр де. дЕр де, 
86 00 Ot 96, 0€ BE, BE 
This equation is substituted into (13-11) to give 


OEp 90 ӘЁь 26, ӘВь де, 2 

90 96 o 8E 9 ДЕ + О(Д6) (13-13) 
Тһе 6 derivatives іп (13-13) are approximated by a first-order backward difference 
approximation, for example, 


дд _ Qiu-Q 40 
дё AE AE 


(13-12) 


Ерла > Ep, + 





де, - ба — ё Ag 
д ДЕ ДЕ 


After substitution into (13-13), the following is obtained: 


p, [98» AQ | 9E» A& | 0Ep Ag, 


AEp = 20 Ae + BR AP пе, AE ДЕ + O(AE)? 
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ог 











дЕр дЕр дЕр 
AEp = 90 49 + Se 36, —= ДЕ, + де, == Ag, + O(AE)? (13-14) 
Similarly, 
OF. ӘР ӘР , 
AF = 52550 + y, AT + 227» + O(A£) (13-15) 
ала a 
М Fup А А v Fy 
AF,p = лд + PSP An + ч Any + о(де)? (13-16) 


Note that the ӘЕр/дд, 2Ғ/90, and дЁ,р/00 appearing in Equations (13-14) 
through (13-16) are the Jacobian matrices derived in Chapter 11 and are given by 
Equations (11-228) through (11-230). The remaining terms may be evaluated as 
follows. 

Recall that 


Ep = ЕЕ» +& Ер) (13-17) 


Therefore, the partial derivatives Же апа L^ in Equation (13-14) can be determined 
from (13-17) as 


дЕр 














де, = M (13-182) 
X = Fr (13-18b) 
Similarly, from the expressions for F and Еър, 
E - 5 (13-18c) 
= " 5 (13-18d) 
em - г. (13-18е) 
ae = = (13-184) 
Returning to the delta formulation: 
Абу ДО (AP - АЁ) = -AEE (R – Fa) - А608 лей, — Au) 
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Substitution of the linearized approximations given by (13-14) through (13-16) into 
this equation yields: 


Ёр, ~ OEp дЕр 
eag + Fag, + ace 2 (95 д Ад» 


дЕ дЕ дЕр oe дЕ7р | ) 
=— Ate ПА AQ A An. А = 
(%) " (5) “- E 9 пета 8 


дЕрр 





ма ДЕН, m IL) 





-A6 А - Ку) – ДЕ 


From which 
OEp 
90 


-A6 2R EE 





349 + At э. [2520-55 


дЕрр 
дє 


дЕр дЕр 
- (52: алы + же 26) 


8 (ГӘР ud ӘР „ара | | 
An, + А 
Ба (Е- One | "tiom Om. " 


The left-hand side (LHS) is rearranged as 


дЕР | дЕ дЕ7р 
(54% му; (%- d 


Note that а similar operator was used in Chapter 12 for the Euler equations. To 
emphasize how this operator is defined, note that 


(am (oo - o3 )] ^9 
а oo) 44] =a; (29) 24 


Now, Ше RHS is modified as follows. Expressions (13-18a) through (13-184) are 
substituted into the RHS to provide 





x Ag(H; E Hy) 


a5) | 50 = Right-hand side (RHS) 


implies 





RHS = -AEG-( - Fan) - дәріге 


де, - B) – [Eag as] 


ма i5 S] | а) 
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In order to reduce this expression further, consider a Taylor series expansion ofa 
function such as f Е 
Аа = А+ ЗЕ да + О(Аг) 
ог af 
fa -f= 9:81 + O(Az)? 
from which 








Af = ôf a, he + О(Аг) (13-19) 
Using this approximation, the Md relations may be written: 
ЛЕ, = 26 peA + O(A€)? (13-20a) 
= x 2 
Aly = ђе 55 + O(A£) (13-20b) 
_ Ins 2 
Ат = BE — ДЕ + О(ДЕ) (13-20с) 
_ ду 2 
Ат, = 2225 + O(A£) (13-204) 
Incorporating these E into the RHS results in the following: 
RHS = Ае (В – Ба) - лез ee – A&(H, – В.) 
Ер дё, Ер де, Е Е Ons 
-(7 ата" -A (3777) ара 
Е Е og 
(5- E) де ag} = -A6 (R - Ка) 
= > p mo (Ее де „Ее 96 


д Е Әт, Е дт Е дп: Е дт 2 
(C 96 Ј «s (7 бє 7 е) јео 
Note that Ше last term in this relation is second order. Since the numerical method 
is a first-order scheme, this second-order term is dropped. Hence, the formulation 
becomes 
ЕР | ӘРЕ 0E» 
(55 эй + А41 =la- 90 


дЕр дЕрр ле > 
i (Бе) -A£ ( дЕ ) — ДЕН, – Hu) (13-21) 


Per | | AQ = -ae Ó (5 – Ка) 
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where 
DE ja T 06 J 8E 
А second-order central difference approximation is used for the п derivatives 


on the left-hand side of Equation (13-21). The viscous and inviscid terms will be 
investigated separately. The inviscid term is approximated by 


aF\ лд aF\ АО 

2 дЕ Ад| = ((%) AQ]. .., T [(82) aĝ], 
96 247 

The approximation of the viscous term is complicated due to the presence of 

embedded gradients. These gradients include flow properties as well as the metrics 


and Jacobian of transformation. To identify the problem clearly, consider element 
2,1 of the viscous Jacobian matrix, i.e., 


дЁ,р бы “u v 
(%%), B Eom | (ж) ы (4) 


In order to write a general formulation to present Ше terms of the elements, 
consider the first term of the relation above, i.e., 


(вазе) (77), 
(225) (25), = (204 


zc uH zc pu 
peg and за 


Note that each element in the Jacobian matrix OF,p/OQ has the same general 
form and can be expressed as L(M),. Now proceed with the approximation of the 
gradient of the Jacobian matrix, where the general form just defined is used. Thus, 
consider an approximation of 


д OF,p д дм 
mi (Cod) 0-2, (25,44 
A second-order central difference approximation at i is used providing 


е (сом) ag) (0901, - 9 401. 


дп |\ ðn 2(An/2) 


(9 Ep д& _ Fp де, 


and express it as 


where 
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Grid points (i, + 1/2) and (i, j - 1/2) are considered as dummy grid points which 
are eliminated in the next step. The coefficient L is evaluated by averaging as 


Ер = gag + Lun) 
and 
Li. = 3j + Lui) 


The gradient ӘМ /Әп is evaluated by a second-order central difference approximation 
as well. Hence, 


= (#27) 29] - 


М4 + Шы) |40494) = das ос) РР Рур ==] 
Ап 


= (28) 20] 


(Lig + уч) [0м Ад): - (M. Аб); - (Lig + Lig-1) [M AQ), — (М AQ)i3-1| 
2(An)? 


or 


-JAF y zs sn + (Ми ЈА ди = (Li jet + 214; + Li. а) M4)AQ; 


+ (16 + Lij- 1)(М, %- -1)AQ;- 1] (13-22) 


In order to write this equation in a compact form, define 


Бра = Lijn t+ Lij 


Lg = Бра + 2153 + Lua 
Lia 


Lij Lii 


Hence, 


д дм 
ðn (5 дп %) ад = A y zat ia Мун ЈА а 
—(5,4M;4)AQ; + Gags 988, 


With the approximations for the gradients of the viscous and inviscid Jacobian 
matrices identified, the finite difference representation of the LHS for Equation 
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(13-21) is 
дЕ ,А , AE = дЕ к 
<< AQ;+ lex! Ады-ад) АД; 
90 |, ТФА % Қамын тты | 
А т ~ = = - да 
EC. CERI — (MijLi3) AQ; + (Брад 
= RHS 


which is rearranged as 


ДЕ oF 
“24190 





КЕ = een) AQ;-1+ 
дЕр 
790 


Ае дЕ 
24790 








+ А да ама?) Аб; + 
ij 


A 
-z ха бази бан AQ; = RHS (13-23) 





ig+1 
The brackets in this equation are defined as 


_ _ At oF ДЕ 
AAs = “Fan BO. AE Мы ib 
дЕ | 46 
99|, 2Ат) 


ДЕ ӘР 
24700 


BB; = Mil; (13-25) 





„А. 


on 7 2041) 


Муза (13-26) 





ij+1 
Hence, Equation (13-23) is expressed as 
AA jAQ;-1 + ВВ,;Аф; + СС. Ад а = КН5 ; (13-27) 


At this point the RHS, which is evaluated at the known streamwise station “i”, will 
be investigated. Recall that 
дА + дЕр 
АЕ US Fe) ТЕГЕ ~ 
RHS = Аба В Fan) - (SFP) леде 


дЕрр 
o£ 








UE ДЕ(А, тт, Hy) 


The gradient of the inviscid flux vector is approximated by a second-order finite 
difference expression, i.e., E _ Е 

об Еун- Еул 

дп 241 


3% 
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The gradient of the viscous flux vector is approximated in a similar manner as 
the implicit viscous terms on the LHS. To derive a general formulation for these 
terms, note that the viscous terms may be expressed as 

д | дм 

On| On 
Following a similar procedure previously employed which produced approximation 
(13-22), the following may be written: 


9 | 2M] | (Lig + Lia) (Sia Ms - (Lui + LG) (Mir Миз) 
дп | ду 247 


= (Lig + Дун) (Мун — Ме) - (Бул + Lig)(Mig – Mi ji) 
2(An)? 


The third term, (2) 2 16 


(Bb) 259,50 
дє д 


J 9677 8€ 
The gradients of the metrics 6, and 6, are evaluated іп the grid generation 
subroutine (or a program, if it is performed externally) with Ep and Fp evaluated 
at the grid point (i, j). The pressure gradient term is determined explicitly as 


др __ Pij — Peu 
де ij ДЕ 


At this point, return to the implicit formulation given by Equation (13-27). This 
equation is applied at а new streamwise station “i+ 1" for all 7 grid points from 
Ј =1toj = JM. The domain of solution may be specified in two different fashions. 
Obviously, one boundary of the domain is the body surface. The outer boundary 
may be selected far into the freestream, such that the bow shock is included in 
the domain; or the bow shock itself is taken as the boundary, in which case a 
shock-fitting procedure is used. In the formulations to follow, the inner boundary 
is selected at the surface where j = 1, and the outer boundary is at the freestream 
where j = JM. The physical and computational domains are illustrated in Figure 
(13-3). The shock fitting procedure is discussed in Section 13.8. 

Now, Equation (13-27) is applied to each j grid point Кот j = 1 to j = JM, 
providing the following finite difference equations: 


BB;, AQ, + CCA: = Rin 
AA 2AQ, + ВВ Ад; + CO AQs = Ri 
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ААзАФ, + BBi3AQs + ССзАФ, = Ва 
АА А03 + BB AQ + ССААФ = Ба 


AA; гмм2А@зммз + ВВ, змм2А9:ммз + CO змм:Ад:ммі = T омм 
АА; uui Quan + ВВ, sumsum + CO Ад јм = Ri JMMI 
AA, mOQuum + ВВ,змАдзм = Њом 


Boundary condition 2, free stream 


j=JM 


Initial plane 
of data 


Boundary condition 1, body surface 
n 


Boundary condition 2, free stream 


Initial plane 
of data 


Boundary condition 1, body surface 
Figure 13-3. The physical and computational domains 
for the compression corner. 





This system of equations is written in a matrix form as: 
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ВВ СС, 
АА; ВВ; СС 
АА з Вз СС аз 
АА; ВВ СС А 


АА мм ВВ мм: СС мм 
АА умму ВВрмм ССымм! 
ым ВВ, ум 


АО, Еш 

АФ: Ria 

AQ Біз 

AQs Ка 

: = : (13-28) 
АОуммз R; JMM3 
АФ/мма Е, умм2 
Абумм Ri JMM 
Адом Rim 


Notice that the elements on the first and the last rows of the coefficient matrix 
are distinguished by an overbar from the remaining elements. The reason for this 
distinction is due to the imposition of the boundary conditions which will modify 
these elements. The boundary conditions are discussed in the next section. Before 
we proceed to implement the boundary conditions, consider the system of equations 
given by (13-28) and briefly review its features. 


1. 


The system is expressed as a block tridiagonal formulation. Efficient numerical 
schemes to solve this system have been developed. 


. The elements of the coefficient matrix are 4 x 4 matrices for a two-dimensional 


problem and 5 x 5 matrices for three-dimensional problems. 


. The unknowns in this system of equations are the AQ vectors, which are 4 x 


1 for two-dimensional problems and 5 x 1 for three-dimensional problems. 


. The right-hand side is computed at the known station. Note that these ele- 


ments are 4 x 1 vectors for a two-dimensional problem and 5 x 1 vectors for 
a three-dimensional problem. 


· The coefficient matrix is evaluated at the known station “i”, whereas the 


unknowns are at the “i+ 1" location. Once the unknown vector AQ has been 
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obtained, the vector Q at “i+ 1" is evaluated by 
дил = Qi + AQ 


6. For the first level of computation, the known station is provided by the speci- 
fied initial data set. Subsequently, the newly computed values are stored and 
used for the next level of computation. 


13.5 Boundary Conditions 


Boundary conditions are required at the surface and at an outer boundary set 
at the freestream or at the bow shock. Graphical representation of a domain with 
boundaries at the surface and the freestream along with an initial plane of data is 
shown in Figure (13-3). 

The initial plane of data is specified at “i = 1". Therefore, Equation (13-28) is 
first solved for the unknowns at “i = 2" for all the grid points from 7 = 1 to j = JM. 
Some of the dependent variables at the boundaries may be specified from physical 
laws pertinent to the problem. The remaining variables at the boundaries must be 
computed as a part of the overall solution. For this purpose additional (assumed) 
boundary conditions must be specified. For example, the no-slip condition is applied 
at the surface for viscous flows. Therefore, the velocity at the surface is set equal 
to zero. On the other hand, the value of the density at the surface is unknown and 
must be obtained from the solution of Equation (13-28). Along the surface either 
the value for the temperature or its gradient may be specified. For an adiabatic flow 
the temperature gradient is set to zero. The assumed boundary condition is usually 
specified by setting the pressure gradient normal to the surface equal to zero. 

At the outer boundary, designated as boundary 2 in Figure 13-3, the freestream 
conditions are imposed if the domain is extended to the freestream. A second 
option of specifying the outer boundary is to use the bow-shock as boundary 2. 
Such a domain is shown in Figure 13-4. In this problem the location of the shock 
is unknown and is computed as a part of the overall solution. For this purpose, 
Rankine-Hugoniot relations are used. The mathematical implementation of various 
types of boundary conditions and the manner in which they effect the matrices, 
ВВ, CC, АА, м, and ВВ, зм, are discussed next. 

Consider first the wall boundary conditions. Assuming no flow injection or 
suction, the no-slip condition is imposed at the surface. Therefore, 


(Аб) = (Ари) = 0 


and 
(Ада = (Apo) =0 
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The inner subscripts іп Q denote the component of the vector Q, i.e., 


Qi p p 
да с; | __ 1 | ри | | би 
Qs} J] pu pv 
Q4 per ре, 


Boundary 
condition 2, 
shock 


Physical 


Domain 
Initial plane of data 


Boundary condition 1, body surface 


` Boundary condition 2, shock 


Initial plane 
oF data Domain of solution 


Boundary condition 1, body surface 


Figure 13-4. Physical and computational domains where boundary 
2 is selected at the shock. 





To describe the density at the surface, note that Q, = 2 = p/J. By definition 
(Ap) = Diii — Йу = (баш = a 


The term Vj, 1(Ap);2 is subtracted from this equation, where s, is the ratio of the 
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Jacobian of transformation defined as 


o Jam (3) 
Suc Vd 





Note that the term а is provided by the grid generation routine. Hence, 
(Ap) — фа (Ар) = на - (ај 
ha (Diva (рај (15-29) 
If an adiabatic wall is assumed, then 
Tiria = Ба 


In addition, it is assumed that рапа = Рі. This assumption implies that Әр/дт = 
0 at the surface, which falls within the overall assumptions used in PNS equations. 
Therefore, for an adiabatic wall boundary condition, 


Pit1,1 = Pi+1,2 
Now, Equation (13-29) is rearranged as 
(AB) — Фа (Ар) = Via — Cs 
p p 
+ Сена Е Фа ына (13-30) 


The last two terms add up to zero! This statement is proven below. The terms аге 
rearranged as 


Ji 
(ња - (буна = (Fes Е а (на 





(у 
JU. Jam 
But for an adiabatic wall, 
Вініл = Pi+1,2 


Hence, 
Did _ Piti _ 0 


Лад Анд 
As a result, Equation (13-30) is reduced to 


(Ad)ia — Фа (А2) 2 = Va а - (бы (13-31) 
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The last term of this equation is modified as follows: 





(5) = _ бы г Ла ра p2 
Ул 720 Jia = Ло ‘Jia 


Note that ра = ра is used , which is valid for an adiabatic wall condition as 
described earlier. Finally, Equation (13-31) is expressed as 


(Ap) – (Др); = (Џил – ые (13-32) 


In this equation (Ар); | and (Др), з are the unknowns, whereas Ръз is known and 
the Jacobian of transformation at any grid point is provided by the grid generation 
routine. 

Similar mathematical manipulation is used to obtain a relation for the energy. 
To derive this relation, start by writing the following expressions: 


(Дреа — Жа (Ape) = ша z шм! 








Ji Ла 

фал Ка es e| (13-332) 
А2 
(фи) (Ари) = (уш) Бе - eme] (13-33b) 
(фин (Ау) = (Vivi) ME 2 d (13-33c) 
and 
срв + ofp Apia = = уби + vt [2 ВО (ы) 
1,2 $2 


Equations (13-33a) through (13-33d) are summed, and the result expressed as LHS 
and RHS is 


LHS = A(pej)u — ф (Аре) + (Vou) (Apu) 
T hirvi) (Аро) - saut, + via (Ap) 
and 


RHS = ~ bl Е тт 
Jai Ја in [(реф на — ш, (ош) 
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ш + i, + vis) (рат) ] 
Hang- P. (ре) — _,2(ри):2 — via(pv)ia 


dui + vga) (ог) ] 


The quantities іп Ше RHS expression need to be expressed in terms of the known 
values of i. For this purpose the following relation is employed: 


pe = a + p(w? 4v?) 








Therefore, 
1 Pi+1,1 
RHS = Лала | 1 + нл (И Да + Фа 
1 Ри 1 Pi+1,2 1 
“Ja ЕЕ 1 + ioa + Ui w|- Јуда | = 1 + Бри и? 12 


+) – ша(ринаро — vialo) + дана а + 9) 


1 | Piz 
Tui Ta Е- + }pia(uze + 02) — walou), 


—122(00):2 + 502 (4; + à) 
To simplify this expression, consider the following terms: 
раи, уо + фр ар — Репашаиназ - рі+1,20,201+1,2 
+h pins 2и; + Бри да = Тоа (ИА да — iUi, + Що) 
+ ари др 7 20 на + 12) 


The terms іп the parenthesis are assumed small and, therefore, they are omitted. 


Hence, 





1 1 1 1 1 1 
RHS =p; 
Лад Y— д Ја y- ps Ji Y- qoe 
1 1 
SUI I ET Ма = _ желі x. Aus Фен 1 — Pi+1 2) 


1 1 
ay ЕК Да твари а 
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But, it was previously stated that р; = рә for all i, therefore, 


1 1 1 
RHS TESI | hen = Hna 
1 


1-1 


| 





1 Ра Ла 
ЕС a z] 


1 1 

al m = ара 

Now, Ше final form of the expression Юг the total energy е; may be written as 
(Ape) — Фа (Аре )а 2 + Фауша( Ари) + нил (459). 2 


Di2 


1 1 
аа + (Ар) = тен - Vi 2; 


The four expressions to be used at the wall boundary and Ше imposed assump- 
tions are summarized below. 


1. Assumptions 


(a) adiabatic wall 
(b) normal gradient of the pressure at the surface is zero 


(c) no slip at the surface 


2. Equations 


(а) (Ад) — Фа (42). = (ia — V) (2) 
(b) (Agu)a = 0 
(с) (Apr) = 0 
(d) (Ape) — фи 1 и? +?) (Ар) -щ(Ари)- (Ау) : + А(ре;), | = 


Pi2 
acr (Џил — Vi) pm 


These equations are expressed in a matrix formulation as 

1000 (Ары -1 0 0 0 (Ар) 
0100 (Ари), +; 0 0 0 0 (Ари): 2 
0010 (Арда me 0 о 0 0 (Арда 
0001) | (Аре) 314, + 2) шо ща —1) | (Аре) 
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(ил — Vi) е2 
0 
0 
sar (Vins — Wa) Bie 
or 
BB, AQ, + СС Ад, T Ка 


The derivation just described completes the required modifications at the surface 
for an adiabatic wall condition. Next the constant wall temperature condition will 
be investigated. 

By definition 

(Аре) = (ре) нл — (Ge) 
At the surface 


pe, = pe 
because the velocity at the wall is zero. In addition, 
е = T, 
за – 1) M$ 


Therefore, Ж z 
Абеу = НЕ БАНИ y іт... 
(Abedin Ана утума, Pane yag 


For a constant, uniform surface temperature 


Tu, = Tu, = T, 
"Therefore, 
(Аре) = (Dua — Ба) (13-34) 
where ф' is defined as 
ф = Ty 
YQ – 1)M$ 


Equation (13-34) may be rearranged as 


Li... Ө " 
y veka = Dixi — Pin 
ог 
(Ae) = била — Pu (13-35) 


where 


9 To 
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By definition, the following may also be written: 
(Ag) = Била — Бал (13-37) 
Now, Equation (13-35) is subtracted from Equation (13-37) to yield: 
(Ар) — (Аре) = Рила — Pa — (на бл) = 0 


The required equations applied at the surface for the constant temperature bound- 
ary condition may be summarized as: 


(Ар)д – Ф(Аре = 0 
(Аршы = 0 
(Ap = 0 


(Aga а uds БАЙЫ а (Ата аа (Ааа (брода | Е 


PESE = а 
The imposed assumptions which lead to these equations аге: 
1. Constant wall temperature. 
2. Normal gradient of the pressure at the surface is zero. 
3. No slip at the surface. 


When these equations are expressed in a matrix form, the following is obtained: 


100 -ó Cas 0 ооо (Ара 
010 0 ји); 0 0 0 0 ји), 
001 0 ane | 0 0 0 0 Пена 
0001 (Ape) -заф + 95) ща ща -1 || (Ape); 
`0 
_ 0 
= 0 
sii (dis — Yi) Bia 
or 


BB; ^Q, + СС,,Аф; = Ri 
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Now, consider the outer boundary set at the freestream. At this location, flow 
properties do not change and, therefore, Q’s at "i +1” and “i” are equal, i.e., 
Оным = Qim which results in AQi ум = 0. However, in general Ад; зм is not 
necessarily zero, since Лам does not have to be equal to Дум. To proceed with 
mathematical development, one may write 

= = = VEM id. 
(Ад); ум = рам — бым = BEIM. UM 
JuiJM Ләм 
At the freestream 
Pi+1,JM = Pi, JM 
Therefore, 


1 1 
(Ap)u = рым G - zz) = Гум(ф ым) (13-38) 
нам ым 


where it has been defined that 
1 1 





Ба =T 
Дам — JM м 

Note that (Др); ум would be equal to zero only if Лам = Лом. This condition 
may be achieved under certain transformations, but it is not required for these 
derivations. Following similar procedures which lead to Equation (13-38), it may 
be concluded that: 


(Аби) ум = Гм(ријјм (13-39) 
(Друм = Гом(ре им (13-40) 
(Apei = Гум(редьм (13-41) 


Equations (13-38) through (13-41) are expressed in a matrix form as 


0000 (АД) мм! 1000 (Арым 
0000 (Ари) мм 0100 (Apu) | _ 
0000 (Apv); JMM: 0010 (Дру): ум 
0000 (Айде, ); мм 0001 (Аре) зм 
Pi, JM 
г (ри) ум 
7M | (ри) ум 
(редім 


ог 
ХА мАбумм + ВВымАбум = Ем 


This completes the specification of boundary conditions at the surface and the 
freestream. 


13.6 Extension to Three-Dimensions 


The PNS equations expressed in a generalized coordinate system were given in 
Chapter 11. These equations are written in a flux vector formulation as 
OB, дЁ» ӘР 90 ӘР дб 
o£ дЕ т ӧс дп ac 
The flux vectors are given by Equations (11-158) through (11-163). 
The assumptions and modifications imposed on the Navier-Stokes equations 
which resulted in Equation (13-42) are briefly reviewed here. They are: 


1. Steady state. 





(13-42) 


2. Streamwise gradient of the viscous terms are omitted. 


3. Flow must be supersonic in the streamwise direction; however, modification 
of the streamwise pressure gradient allows subsonic flow within the viscous 
layer. 


4. All mixed partial derivatives are assumed negligible and are omitted from the 
formulation. 


Various modifications of the streamwise pressure gradient discussed previously are 
valid for three-dimensional problems as well and, therefore, they are not repeated 
here. The same approximation of the streamwise pressure gradient incorporated for 
the two-dimensional problem will be employed for the three-dimensional studies. 
Specification of initial and boundary conditions is also similar to the previous dis- 
cussion. However, the numerical algorithm to solve the equations is different and, 
therefore, it is presented in detail. 


13.6.1 Numerical Algorithm 


Using a first-order backward difference approximation in the streamwise direc- 
tion, Equation (13-42) is expressed in delta formulation as 


- " = " д = 
ag (Abr) + (АР) + ac (Аб) = ЖАҚ» (Аб. = 








__дЕрр _ oF а 96 ES дЕр| Әб, 
дЕ | On, |, dn |, % |, 











or 
AE» AC [AF - AR] + ле [AG – Аби] = 


OG 
ac 


àF| 26| OR» 


OEpp 
КФ, 2 Әп |, 


м [- 8€ 











] (13-43) 
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where the pressure term on the right-hand side is computed explicitly. Equation (13- 
43) is nonlinear and, therefore, a linearization procedure similar to the previously 
discussed approximations is utilized. The approach is briefly outlined here. Each 
flux vector in Equation (13-43) is expanded in a Taylor series in the € (streamwise) 
direction. For example, 


Bn, = Ба + FEE + (деу (13-44) 


Recall that Н : 
Ер = f(Q, £z, е, Е.) 


and, therefore, the chain-rule of differentiation provides 


дЕр _ дЕр 0Q ӘЁь 0%, | OEp 0t, , OEpOt, 




















бє 96 & ae дЕ OQ 96 де де 0549 
After substituting this equation into Equation (13-44), one obtains 
-— € 
| АЁ» = 2 AQ« ЗЕ» A& + Te ag + + Beas, + 0(А6): __ (13-462) 
Similarly, 
AF = 2540 + di + di + di + O(A£y (13-46b) 
AG = 25А Q+? 2 де Ае + б с 20-2 : 9C ne, + (де): (13-46c) 
Am елаз PSP Ane + X Р An + n P An, + O(A€)? (13-464) 
Аб,» = ада беда + et ac, СЕРА, + О(Д (134%) 


The inviscid flux Jacobian matrices, ӘЕр/Әд, OF /8Q, and 0G/0Q, and the 
viscous flux Jacobian matrices, OF,p/8Q and 0G,p/0Q, which appear in these 
equations are given by Equations (11-187) through (11-191). The remaining terms 
in Equations (13-46a) through (13-46e) are evaluated in the same manner as the 
two-dimensional case, і.е., 

дЕр Ер 


ЗЕ = БУД (13-47a) 
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* - 2 (13-47%) 
ae 2% Sr (13-47c) 
oF > 26 -Z (13-47d) 
ЗЕ Е se -= (13-47е) 
oF = 2 = 6 (13-474) 
Fy Е = = 5 (13-47g) 
те = ra = н (13-47h) 
oer жог 2 9, (13-471) 


Now, Equations (13-462) through (13-466) are substituted into Equation (13-43) to 
yield: 


дЕр ЗЕ A с. + oe Дед & + ЕК 


26 =~ AQ + ae, 46+ 





8[(0F.,. OF дЕ а A > 
aes (5500+ аһ Ве Ати + P" > ( Стад 














+85 Жа im Ana m n А aez (25 AG+ 
pe AC + a Абу + —— = (бло + В AG 
dis + d (13-48) 


This equation is rearranged following the same procedure as for the two-dimensional 


| eae ЈА АНИЈЕ 


» 
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problem. Therefore, 
OEp 8 (ӘРЕ 0E 8 [0G | 0G,» A 
[ad * ^t [a ааа [n3 - 96|) 9 = mH 
The remaining terms of Equation (13-48) are included in the RHS, which is modified 
using approximation (13-19). Hence, 


RHS = -ae Ree деб. 3; - P2- лє «(С - Ger) 





Ер де, Ер Ot, „Ср де, 
EET qw E 


„(ле S] (Е Еди (Е Еу дъ 
eR) + (2-2) а: 
с G,\ дп, 2 (5 E) Әс, 
+(7-7)3 ry (49 x ( 27% 
Е ЕЛ, „уда 
Ж G- 3x De t (5 -3) де ) 
Note that Ше last two brackets аге second-order іп the streamwise direction С. 


Since a first-order method has been employed, these terms are dropped. 
Finally, the delta formulation of the PNS equation is written as 











дЕр д [дЕ де |, де = 
(8458-54 ға [ag - 38 |) 6 - 
Е 
-agt Srt АРА Rel- А60 – Gurl - A6 (52 а) (13-49) 


where - 
(%),- Ер д6. | Ер 06, Ср де, 
дЕ J д J 0t J д 

Direct approximation of Equation (13-49) by a second-order central difference 
expression for the 7 and ¢ derivatives will result in a block pentadiagonal system. As 
mentioned previously, numerical solution of such a system is very time consuming. 
То overcome this deficiency, approximate factorization is used. 

In order to write Equation (13-49) in a factored form, a second-order term, i.e., 
О(АЕ), is added to this equation. The addition of this term does not affect the 
order of accuracy of the method, because the scheme is first order. Subsequently, 
Equation (13-49) is factored as 


дЕр д (0G де. 1 (дЕру ' 
(52) асас (50—58 (52) 
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дЕр 9 (OF ӘһҺьр Ая 2 
(оо) "ага (ара )А0 - m аз) 


Now this equation is split as 


E à aes. (%- 2:3] AQ* — RHS (13-512) 
PR 
E + Де 2(%- Ша )| Аб = AQ" (13-51b) 
sus 
AQ" = (2) АФ (13-51c) 


The solution proceeds as follows: 


1. The RHS in Equation (13-51а) is computed. Note that all of the terms on the 
RHS are at the “i” location, where all the dependent variables are known. 


2. Equation (13-51а) is solved for the unknown vectors ДО“. Note that this 
system of equations is block tridiagonal. This system is solved along each 
constant “т” line from j = 1 to JM, progressing from k = 1 to KM. This 
step is referred to as the ¢ sweep. 


3. Equation (13-51с) is used to evaluate ДО“. 


4. Equation (13-51b) is used to solve for the unknown vectors AQ. This system 
of equations is also tridiagonal, and is solved along the constant “С? line from 
k = 1 to KM, progressing from j = 1 to JM. This step is referred to as the 
7 Sweep. 


5. The unknown flux vector Qia is evaluated from its known value at “i” and 
the incremental change AQ, which was computed in step 4. Thus, 


Оа-фа Ад 


6. The five steps just outlined аге repeated from one streamwise surface to an- 
other until the entire domain has been evaluated. 
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13.7 Numerical Damping Terms 


Previously in Chapter 6, it was illustrated that the second-order central differ- 
ence scheme inherently introduces dispersion errors into the solution. These high 
frequency oscillations may produce unacceptable results and are highly visible in 
regions where natural viscosity is absent. For example, these oscillations appear 
in the vicinity of shock waves in the inviscid regions. Note that in the viscous re- 
gions, the oscillations are usually damped out by natural viscosity. To eliminate or 
reduce the oscillations in the inviscid regime, numerical viscosity, herein defined as 
damping terms, are added to the governing equations. The addition of such terms 
should be such that the order of accuracy of the scheme is not altered. Usually a 
fourth-order damping term will satisfy this condition. However, when a damping 
term is included implicitly, second-order terms are usually employed. The follow- 
ing operators are commonly introduced to represent the difference approximation 
within the damping terms. For a second-order term in 7 


(VA) 7 = fini — 2 + Ал 
and for a fourth-order term 
(VoAS)! = Бе — Аја + 6f; – 43-1 t fi- 


The damping terms may be added implicitly or explicitly. When the inclusion is 
implicit, і.е., the damping term is added to the left-hand side, a second-order term 
is used. That is done to preserve the tridiagonal nature of the system. For explicit 
addition, fourth-order damping is used. 

For the PNS formulation just prescribed, the modification to include damping 
terms is as follows: 


LE лєр; x (50- э) +( ода Ад = RHS + Пер 


90 207 90 
=e dip „9 (ӘР 8E i 
[a3 + ^t; (20 - эй) “09-42-24 
where 
(Одшр = -—(e)mpA£J (УСАОЈ 
(Dy)imp = -(в)арАФ 7 (У. А )Ј 
and 


ар = «ДЕЈ (cA! + (УпА ) ] 79" 


In the damping terms above, (€¢)imp and (€n)imp are the implicit damping coefficients 
and e, is the explicit damping coefficient. The values of these coefficients are input. 
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Obviously they are problem-dependent and must equal less than one. They should 
be selected as small as possible, since the addition of too much damping clearly 
will overwhelm the solution, i.e., flows in the high gradient regions, such as shock, 
are destroyed. Generally speaking, the implicit damping coefficients are specified 
as twice the explicit damping coefficient. 


13.8 Shock Fitting Procedure 


The bow shock generated by an object in a supersonic/hypersonic flowfield 
may be selected as the outer boundary of the domain and determined as a part of 
the overall solution. Obviously this procedure has some advantages compared to 
an outer boundary set at the freestream where the bow shock must be captured. 
First, the number of grid points in the domain may be decreased. That is due 
to the fact that additional grid points must be located in the freestream if the 
bow shock is to be captured. Second, shock smearing (of the bow shock), which 
is a consequence of shock capturing, will not appear in the solution when shock 
fitting is used. Of course, these advantages are accompanied by some disadvantages. 
Most shock fitting procedures are explicit and, therefore, some additional stability 
requirement is imposed. Furthermore, additional sets of equations must be used 
to determine the shock location. Usually Rankine-Hugoniot relations are used for 
this purpose. In this section, the shock fitting procedure and the derivations of the 
pertinent equations are explored. 

The initial conditions at “i = 1” provide all the required data including the shock 
slope. To generate the grid at the next station, i.e., “i = 2”, the shock is linearly 
extrapolated. Therefore, the grid system at “i = 2” is generated and the PNS 
equations are solved for 7 = 1 (at the surface) to j = JM (at the shock, i.e., JM is 
the grid point just behind the shock). Note that the finite difference equations of the 
PNS equations must be modified and a one-sided difference approximation employed 
at the shock. Once the PNS equations at “i = 2” are solved, all the flow properties 
including the pressure are known. However, recall that the shock location at “i = 2" 
was extrapolated from the previous station. Therefore, an updating procedure must 
be used to modify the shock properties and compute a new shock slope at “i = 2”. 
The procedure is described in two steps. First, an equation for the shock slope 
is derived, and subsequently Rankine-Hugoniot equations are introduced. In the 
following, the subscripts n and t denote the normal and tangential directions to the 
shock wave. The detailed derivations are given for 2-D problems with extension to 
3-D to follow. 

The normal component of the freestream velocity is 


Va, = (Vio fu)fu 
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where ft, is a unit vector normal to the shock and is oriented outward. The nomen- 
clature is shown in Figure 13-5. 
The unit normal is expressed as 


2 Vn Net + у 


Й, = -= = SOOO 

* Vn (т + D 
Те freestream velocity vector is 

Vay = и? + Vood 
Thus, the normal component of the freestream velocity is expressed as 
Ӯ, - (шоты + Vooty) (Net + N3) 
2 [Vn]? 
whereas its magnitude is 
__ Чо”: + Voofly 


Vaa = пи (13-52) 


Body 





Figure 13-5. Nomenclature used for the shock fitting procedure. 


The tangential component may now be expressed as 


~ 


Ӯ, = v= Ў, = (ис! + 0602) — (иот: + Уоту) (Nat + 78) 


|Ул? 
The normal component of the velocity behind the oblique shock is 
п: nj 

[Val 


The tangential component of the momentum equation requires that 


E 
5 
Vasu = – Мама = —Vam 


and Equation (13-53) becomes 


or 


Vou =й 
Thus, 


3 ~ > i+ тј 
Vim = Ум + Им = — V, Net T 7) 


NIM 


2 à Uol + V. 5 К 
[Vn] + ио + vj — (ше + ғылы (nii + т) 
From which 











22 Vagus Шот + Чот 
EE 7 
у, Шоо? + Vo 
These equations аге modified by using Equation (13-52) to provide 
Vasu Пе Vico Mz Vireo А ( тым) 
и = Us — === — =a + 1- 13-53 
mS лит Wal “зен лит (1 vu) (55) 
Ули ћу Vireo My Vaco My ( al 
џ = бо— == — НЕ = у 0-0 |] — 13-54 
mM = Wal Туђе Toa vu) 03-60) 


Recall that the conservation of mass across an oblique shock is written as 


Poo Virgo = PJM Vasu 


Ул, 


м _ Ро 


Мы рум 





(13-55) 
Before proceeding further, the required equations are nondimensionalized. Equa- 
tion (13-55) is nondimensionalized as 


or 











Vam Po 
Vo оо. 
Vao 22м 
Vo Pæ 
Vam _ 1 
V Рум 


(13-56) 


UJM _ 
Уә 











Ете Bos 
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+ * * Те МА 
= у“ ——[1-— JM 
Шум Ugg + ^» Vl ( Ve ) 


Substitution of Equation (13-56) into the equation above yields: 





Nz 1 
ut. = шу + у; ( = x) 13-57 
d "=|Vn] PIM ( 
Similarly, Equation (13-54) is expressed as 
1 
би = tV 00-5) 13-58 
Шы ме Ут] V рм (839 
Next, consider the computation of т and ny. Recall that 
п. = — Jug 
and 
ny = Јте 
The coordinates of the grid points at constant £ locations may be expressed as 
г = г, +68п1 (13-59) 
у = + 65; (13-60) 
where | 
п = е ща 
по = е е 3 


апа ё, is defined as a unit vector along 1, 6 is the shock standoff distance, and 5 is 
a grid clustering function. 

Now Equations (13-59) and (13-60) are differentiated with respect to € to pro- 
vide: 


те zy + S(ni6 + табе) = (zw + 811,5) + Snide 


и уь, + S(na,6 + тәбе) = (ум + 8по,б) + табе 


In order to write these equations іп a compact form, the following definitions are 


used: 


од = Tb. + Sm, (13-61) 
а» = yw + Sny (13-62) 
В = Sm (13-63) 


б = Sn (13-64) 


2: = о + 816; 
Ye = оо + Bade 


These equations are substituted into the metrics 7, and 7, to provide: 


|| 


т = -J (a 8,8, (13-65) 
Пу = Хол + 8,6) (13-66) 


Now, return back to the normal component of the freestream velocity given by 
Equation (13-52) 


_ Чоо: + Vooy 
T en 
This equation is rearranged by squaring the terms; hence, 
Ves (nz + пр) = n2u2, + 202, + 2us uten, (13-67) 
Now, substitute Equations (13-65) and (13-66) into the equation above to get 
Ve (BE + 828g + 2(8, + 8.)б + (o + олу] = 
(Buz, + 8202 + 281 uso vas )62 
+128и2, + 28172, + 2(аоб, + 011 92) theo Yoo] be 
«Қойш + 0392, + 201 055) 
This equation is written іп а compact form as 
(ALL)& + (A2L) 5 + (A3L) = (А18)6 + (A2R)6; + (A3R) (13-68) 
where 
АШ = (03+ 82V2. 
421 = 2(6, + B) VÈ, 
АЗГ = (ой-ойу2 
AIR = (ди + Во) 
A2R = 2002, + 8,12, + (os + 04192) ис о] 
АЗЕ = (ojus + ow)? 


i 
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Now, Equation (13-68) is expressed as 


Ајбр + Ande + Аз = 0 (13-69) 
where 

A, = AIL—AIR 

А; = A2L- A2R 

Аз = A3L—A3R 


Equation (13-69) is solved for бе, where the positive root is selected; hence, 


—A + А ААА 
б = дейды. ae Ба та иа (13-70) 


2A 


In order to determine the parameters A; through Аҙ, Equations (13-61) through 
(13-64) are employed. These equations require data about the body configuration, 
grid system, and shock standoff distance. Of course, the body configuration is 
known, the grid system with a specified clustering has been selected, and 6 has 
been extrapolated from the known station “i”. Thus, Equation (13-70) provides a 
new shock slope at the new location “i + 1”. 

The Rankine-Hugoniot relations are now used to update the flow properties 
behind the shock. These newly computed values will replace the values of the 
flow properties behind the shock at “JM”. Note that these values were initially 
computed by the PNS equations. A brief review of the Rankine-Hugoniot equations 
to be employed here is provided next. 

Conservation of mass, normal component of momentum, and energy across an 
oblique shock are: 


ры = рум (13-71) 
pV +р = ӘУ + р (13-72) 
1 1 
ћ + Vn = het ЗА (13-73) 


where the subscripts 1 and 2 denote the flow properties ahead and behind the shock. 
When Equations (13-71) and (13-72) are combined to eliminate Vm, the result is 


2. р-р 1 
w= |А oo 
pa 


Continuity is combined with the energy equation to provide 
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This equation is rearranged as 


1 2 
инат - (2) 
2 02 


Now, Equation (13-74) is substituted into the equation above to provide 


-pn th (АУ => 1. 
нар) (ау) 2 "RE: - 


which is rearranged as 


Vin 





ho = hy + a ( + г.) (13-75) 
1 
Recall that by definition 


р = pe(y — 1) 
Тћив, Рутери В 
7–12 





Ү-10% (у–—а 2р 
which may be rearranged as 


їр тт р-р (1+2) 


YP (pı + ра) + 11 — P | р-р 
Е +27 13-76 
G-Üm 2а– 0 2; xdi) 
The nondimensional form of this equation is 
"p Хр + р5) +рі — ps, pi pi 
са a та ва Ві 13-77 
(lpi 2(1-1) 2% са 
When this equation is solved for p3, the following is obtained: 


С (y+ а! + (у – Dp} 





ў 
‹ 
kt 
ў 
d 
{ 
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This equation is the one which is used to update the density behind the shock at 
“JM”. 

The normal component of the velocity V,, given by Equation (13-74) in nondi- 
mensional form may be expressed as: 





42 р A Pi 
а ез (13-79) 
p 


Now, the continuity may be used to compute Уу. Since У; = Ур, the total 
velocity at “JM”, and as a result its components и“ and v*, may be computed. 
These values replace the previously computed values at ЈМ. The energy term, e, 
is then updated according to 


е = 0 
“ (у 1)0$ 
Once this updating procedure has been completed, Ше procedure is repeated at the 
next streamwise station and proceeds forward throughout the domain. 


+ 5(uf + 


13.8.1 Extension to Three Dimensions 


The shock fitting procedure just described for a two-dimensional problem will 
now be extended to three-dimensional problems. Since detailed mathematical ma- 
nipulation has been explored, only a summary of results is given in the section. 

The unit normal (to the shock) is given by: 
А Vn = tat + ту + т 
* |Уп] (++)! 


The normal and tangential components of the freestream velocity аге: 


V (иот: + Vooy + Чота) (1$ + 12 F nk) 
T [Vn]? 


E 


Ue = (ар ај (ucoz + оту + Шота) (Net + туй + Nek) 


Ivo? 
The velocity component behind the shock at 7 = JM is 


^ 


п: + 3 + пак pi 


Viu = —Vam Ут + чої + UooJ + Wook 


Бе (шо: + Vo), + Хот) (Net + 73 + nk) 
IVa? 














= Спарег 13 
from which: 
UJM = Чо- Tuc = чн төл а 
UM = то - m 2 о i 
WIM = Wo — E T - СНИ й, 


These equations are now modified by using continuity and are subsequently 
nondimensionalized to provide: 


* - Й 1 
№ = №, ral- z) с 
. . h 1 
— У. и 
Mc vot ze (2 5.) ще 





1 
ФУ == у“ 1— 
ш ws, + т ( я.) (13-82) 


As described previously, the coordinates of the grid points may be written as 





т = 4+6Sn, (13-83) 
у = + 65то (13-84) 
2 = % + 65пз (13-85) 


where 


3 
1 
A» 
e 


3 
“ 

|| 
5% 
e» 


When Equations (13-83) through (13-85) are differentiated with respect to €, 
the following are obtained: 


їр = (zy + 5п,6) + Snió; 
Y = (ук + Sn3,6) + Snobe 
ж = (ж + 5пз,б) + бтізбе 
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These equations are written in a compact form by using the following definitions: 


о = ту + 5т,6 
с = Yy + 5п2,6 


аз = % + 5п,д 

В = Sn 

В = Sn 

Ёз = та 

Therefore, 

те = о + 06 (13-86) 
Ye = с» + б; (13-87) 
zę = оз + збе (13-88) 


Recall that the metrics nz, ny, and 7, are given by: 
т = –Ј руж — жа) 
Ty = (ж — mx) 
т —J(zeyc — то) 


Substitution of Equations (13-86) through (13-88) into the metrics given above 
yields: 


т = Л(оз + бабеју — (a2 + 826) zel (13-89) 
т = (өл + 8,6) — (оз + збдгі (13-90) 
7" = Ј (ог + В.б)гс – (ал + Arde) yc] (13-91) 


The normal component of the freestream velocity may be squared to provide 
Vas (nz + у т) = приб + про + пеш, + 2л,тушы0 
F2); Nz Uoo Шо + 2, Vos Woo (13-92) 
To determine 12, Equation (13-89) is squared and rearranged as 
® = (Bax — Bsyc) + azze — asw) (Baze — Batic) be 


+(ооҗ - озу)? 
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This equation may Бе expressed as 


Similarly, 
"y 
т 
They 
"+": 


Пућх 


па = (є + 61266): 


(ег + езбе) 
(езі + езоб)? 
6126062 + (€11€22 + взбо)де + елегі 


€12€326¢ + (€11€32 + €12€31)5¢ + €11€31 


= €2€s26g + (€21€32 + ЄзүЄзә)бе + єлє 


where the following definitions are incorporated: 


€i = (azz — озу) 
єг = (г — Ву) 
са = (01% — Оз) 
ез = (812 - Вуке) 
єзї = (о - оох) 
єз = (Әу = Boxe) 
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(13-93) 


(13-94) 
(13-95) 
(13-96) 
(13-97) 
(13-98) 


(13-99) 
(13-100) 
(13-101) 
(13-102) 
(13-103) 
(13-104) 


Substitution of Equations (13-93) through (13-98) into Equation (13-92) yields: 


where 


and 


ALL 


А + Ande + Аз = 0 


А = AlL- АВ 
А; = А2Г- АФК 
Аз = АЗГ – АЗЕ 


(eia + € + 632) ур 


A2L = 2(€11€12 + €21€22 + €31632) V2. 


(13-105) 
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АЗ, = (dit d + в) У2, 

ALR = (eios + бо о) + взош? + 2€12€32U0oWo — 262263200 Woo 

A2R = 21661242; + €z2€2 v2, + езгезгші, + (€11€22 + €21€12) osos 
+(€11€32 + €31€12) too Woo + (€21€32 + 631622) Vo Wo0] 

АЗЕ = (6! у иоо + вто)” + єзүшї, + децезиооШоо - 2621631 Voo Woo 


Now Equation (13-105) is solved for the shock slope to provide 


-А + y4} — 4A, A 
бо= 2 + у А2 143 


за 2A, 


The Rankine-Hugoniot relations given previously are now used to update the flow 
properties behind the shock. 


13.9 Application 


To illustrate the solution obtained by the PNS equations, the following simple 
configuration is proposed. The configuration is a sharp cone of 10° half angle at 
an angle of attack of 24°. The freestream conditions аге Мо = 7.95, Poo = 3.984 
psi, То = 99.7°R with a wall temperature of 557.6°R. The shock fitting procedure 
described previously is used to obtain the outer shock. In addition, due to symmetry 
of the flowfield, only half of the domain is used in the computation. However, the 
grid system and the solution to be presented shortly are shown for the entire domain. 
The domain at a cross-section is shown in Figure 13-6. 

To start the PNS computations, a plane of data (for a first-order scheme) or 
two sets of data (for a second-order scheme) is required. Since the configuration 
in this example is simple, approximate methods may be used to provide the initial 
condition. Otherwise the Navier-Stokes equations must be solved to provide the 
required data. The approximate initial data set may be obtained as follows. Assume 
an initial shock shape, for example an elliptical shock. The windward shock angle 
is determined by the charts in standard text [12-7] or NACA 1135 [12-8]. For the 
leeside, the limiting Mach angle is used. Now, the Rankine-Hugoniot relations are 
employed to determine the flow properties behind the shock. A sine function is used 
to represent the velocity within the viscous region of the flowfield. The pressure 
and density are assumed constant within the interior domain as provided by their 
values obtained by the Rankine-Hugoniot relations. 


1 
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The initial data is used to march downstream using the PNS code, usually 20-30 
streamwise stations. Then, the properties within the domain are scaled back using 
conical flow assumption to provide a new starting solution. This iterative procedure 
is continued until a convergent solution is obtained. This set(s) of initial data is 
used to march the PNS over the entire domain. 








Figure 13-6. Physical domain at a cross-section where symmetry is applied 
at i = 1 and 2 and i = IM and IM M1. 
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A typical solution at a cross-section is illustrated in Figures 13-7 through 13-9. 





Figure 13-7. Pressure contours for Moo = 7.95, а = 24°. 


Figure 13-8. Contours of total Figure 13-9. Velocity vector plot for 
enthalpies for Мор = 7.95, Мо = 7.95, а = 24". 
а = 24". 
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Pressure contours аге shown іп Figure 13-7, where the expansion which occurs as 
the flow accelerates in the circumferential direction is clearly evident. Figure 13-8 
represents contours of total enthalpies. In this figure the growth of the viscous 
boundary layer in the circumferential direction and eventual separation on the lee- 
side is illustrated. Finally, in Figure 13-9, the flow separation on the leeside and 
formation of vortices are illustrated by the velocity vector plot. 

In this chapter, the fundamental aspects of the Parabolized Navier-Stokes equa- 
tions and a typical numerical scheme for its solution have been presented. Addi- 
tional consideration which requires some modification of the equation is the incor- 
poration of turbulence and equilibrium or non-equilibrium chemistry effects. These 
individual topics will be addressed briefly in Chapters 17 and 18. 


13.10 Summary Objectives 
After completing this chapter, you should be able to discuss: 
1. Mathematical assumptions introduced in the PNS equations 
2. Shock-fitting and shock-capturing procedures 
3. Various assumptions used for the streamwise pressure gradient term 
4. Numerical scheme used to solve the PNS equations 


5. Implementation of the boundary conditions 
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13.11 Problems 


13.1 You are required to solve the flowfield around a reentry vehicle at moderate 
angle of attack (~ 20°-30°). You have developed а PNS code for this purpose. А 
colleague has an NS code which he claims will solve the entire flowfield, ie., the NS 
equations are solved by marching in time until the required steady-state solution 
has been achieved. Present a convincing argument as to why your PNS code is more 
economical compared to the NS code for this application. Your discussion should 
also include the starter solution for the PNS code and how your colleague's code 


may be helpful in this regard. 


13.2 List the mathematical assumptions involved in the PNS equations and their 


physical implications. 
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Navier-Stokes Equations 





14.1 Introductory Remarks 


For complex flowfields with separations or strong viscous/inviscid interaction, 
the reduced form of the equations of fluid motion do not provide adequate solution. 
Therefore, to accurately compute the flowfield, the Navier-Stokes equations must be 
considered. On many occasions where the flow separation is not severe, Thin-Layer 
Navier-Stokes equations are used. 


The Navier-Stokes equations may be solved to either provide a steady-state so- 
lution or a time-accurate solution. For problems involving complex interactions, 
separation, and mixed flowfields composed of subsonic and supersonic regimes, the 
Navier-Stokes equations are initiated with an assumed data set within the domain 
and marched in time to steady state. As remarked previously, the intermediate solu- 
tions have no physical meaning. Hence, when a steady-state (or converged) solution 
is sought, the maximum allowable time step dictated by the stability requirement is 
used to reach the solution with the minimum number of time steps and, therefore, 
computation time. 


For time-accurate solutions, a physically correct set of data is used to initiate 
the solution. The time step must not only satisfy the stability requirements of 
the numerical scheme, but must be consistent with the physical requirement of the 
problem. 


In this chapter, selected numerical schemes to solve the Navier-Stokes equations 
are introduced. 
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14.2 Navier-Stokes Equations 


The Navier-Stokes equations in a flux-vector formulation in the computational 
space is given by Eq. (11-60) as 

29 9Е ӘР 0G _ дЕ, „дА 4 26. 

ðr 6 ду 4 д от à 








(14-1) 


This three-dimensional equation may be reduced to two-dimensional planar or ax- 
isymmetric applications as 


209 
дт 


ӘР 
де 


ӘР 4-98, „дА 
a = 9 91 


+ гт 


+ 








+ай, (14-2) 


Before proceeding with the numerical algorithms, a few guidelines established 
in the previous chapters which may be applied to the Navier-Stokes equations are 
summarized. 


1. Coordinate transformation from the physical space to computational space is 
necessary. This transformation drastically simplifies the applications of the 
boundary conditions and may include various options on grid point cluster- 
ing and orthogonality, both being extremely important for the solution of the 
Navier-Stokes equations. Obviously grid point clustering near the surface for 
viscous flows is required in order to resolve the flow gradient. The orthogo- 
nality at the surface is desirable to facilitate the computation of the normal 
gradients. Recall that the normal gradients are used to compute the heat 
transfer and skin friction. 


2. For efficiency purposes, multi-dimensional problems expressed in implicit for- 
mulations are split such that each equation has a block tridiagonal coefficient. 


3. When the convective terms are approximated by the second-order central 
difference expression, the addition of damping terms or TVD terms may be 
required to prevent oscillations in the inviscid region of the flowfield where 
strong pressure gradients may exist. 


4. The use of first-order forward or backward difference approximation for the 
convective terms, while preserving the physics of the problem, overcomes the 
difficulty associated with the central differencing. Mathematically, this leads 
to flux vector splitting. However, the first-order approximation may lead to 
excessive dissipation error, thereby destroying the solutions. For this reason, 
higher order approximations are considered. 
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5. Implicit formulations in general possess less restrictive stability requirements 
than explicit formulations. 


6. Since the Navier-Stokes equations are nonlinear, a linearization procedure 
based on Taylor series expansion is introduced. 


7. The viscous terms in the Navier-Stokes equations are almost always approx- 
imated by a second-order central difference expression. On the other hand, 
there are several algorithms for the approximation of the convective terms, as 
seen previously in Chapter 12. 


These established guidelines will be considered in the investigation of numerical 
schemes for the Navier-Stokes equations. 


14.8 Thin-Layer Navier-Stokes Equations 


For problems where the flow separation is moderate, the normal gradient of 
the stress terms are much larger than the streamwise and circumferential gradients. 
Therefore, the Navier-Stokes equations are reduced to 


90 ðE OF 9С _ OF, 

Өт + 8E ‘Oy OC а (14-3) 
Usually the mixed partial derivatives on the right-hand side of (14-3) are also 

dropped; hence the flux vector Е, is redefined as Е, which is given by (11-156). 

A factor which may dictate the selection of the Thin-Layer Navier-Stokes equa- 
tion over the full Navier-Stokes equation is the computer capability. When Navier- 
Stokes equations are used, additional grid points in the streamwise and circumfer- 
ential directions must be included. This large number of points is important to 
resolve the viscous gradients in those directions. As a result, the solution of the 
Navier-Stokes equations requires more grid points, and therefore more memory and 
storage must be available. All computers have limits; hence, computer hardware im- 
poses an upper limit on the number of grid points within the domain of interest. In 
addition, computation time will increase due to an increase in the number of nodes. 
Therefore, based on the physical considerations as well as computer limitations, 
Thin-Layer Navier-Stokes equations are used extensively. 

The numerical algorithms to be developed next are based on two-dimensional 
planar or axisymmetric Navier-Stokes equations. Reduction of the equations to 
Thin-Layer Navier-Stokes equations is obvious, and the extension to three dimen- 
sions is addressed in Sec. 14.5. 
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14.4 Numerical Algorithms 


Several numerical algorithms were presented in Chapter 6 to solve the hyperbolic 
equations, and the schemes were extended to a hyperbolic system of equations in 
Chapter 12. These equations typically include a time-dependent derivative and 
convective terms. Subsequently, in Chapter 7, a diffusion term was added to the 
equation, and several schemes were investigated. The procedure was extended to a 
system of equation in Chapter 8 where the incompressible Navier-Stokes equation 
was explored. In this chapter, the numerical schemes investigated previously are 
extended to the Navier-Stokes equation. Thus, even though the formulations appear 
to be more complex, they should be familiar to us at point. The emphasis in 
this chapter will be placed on the approximation of the right-hand side of the 
Navier-Stokes equations, since the left-hand side forms the Euler equation which 
was discussed in Chapter 12. А summary of possible approximations of terms in 
the Navier-Stokes equations is provided in Table 14.1. 






a. Forward difference in time => Explicit formulation 
Time derivative — | b. Backward difference in time => Implicit formulation 
c. Runge-Kutta (with damping terms or TVD terms) 
| a. Flux vector splitting 
Convective terms => 4 b. Total variation diminishing 
c. Central difference approximation with damping terms 


Diffusion terms >{ а. Central difference approximation 


Table 14.1: Approximation of terms in the Navier-Stokes equations. 


14.4.1 Explicit Formulations 


A first order in time, explicit formulation of the Navier-Stokes equations can 
be written as 








gr = gn – ae (FP + F) + an (FE + 55 


a Әт BE 35. – at + He) (14-4) 


At this point, several schemes are available for the convection terms which were 
explored in Chapter 12. The diffusion terms, which include the viscous and heat 
conduction terms, are typically approximated by a second-order central difference 
expression. This approximation may be at the grid points or may also include 
midpoints as well. Both methods are investigated in this section. 

The explicit schemes for the Navier-Stokes equations which are reviewed in this 
section include the MacCormack explicit, flux vector splitting, modified Runge- 
Kutta, and TVD formulations. 
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14.4.1.1 MacCormack Explicit Formulation: Тп Chapters 6 and 7, the 
MacCormack explicit scheme was introduced to solve the inviscid and viscous Burg- 
ers equations. The procedure is a multi-level (predictor/corrector) scheme which 
uses forward difference approximation in one level (predictor step) followed by back- 
ward difference approximation in the next level (corrector step). This order may 
be altered, i.e., backward followed by forward differencing. The overall accuracy of 
the scheme is second-order in time and space. The scheme is subject to stability 
requirements and, for the wave equation, leads to the requirement of c < 1. Stabil- 
ity analysis of the viscous Burgers equation does not lead to a simple expression. 
Therefore, based on numerical experimentation requirements such as 





(| фан s) <1 (14-5) 
Y м заа, (627) T 


have been reported in the literature. 
Now the scheme is applied to the two-dimensional Navier-Stokes equation given 
by Equation (14-2). For the first level, forward аса is used to provide 


Qi; - Qi Eni J - ER ij Fr ыы” Е, п _ 
+ АТ + aH}, 


Ат ДЕ 
(Eb – (Ем, (Ена – (Е), 5 
~ Ag + ОЛА — + а(Н»),; 
from which 
А An Ат г. г) 
ij 7 ij AE (Ен, т 4-2 A; Ft Fy 


+ Ar [Ges - (Ё): | + = [Gua = (Ё): ] 


- Ara [Br – (#7): 3] (147) 
For the second level (corrector step), а backward арени is used to result іп 
Am 1 An 2 Ат та 
"Ha = Al u+ Qi де [Ву - E uec An “ДЕ; Fi. ЭЛ 


+ ж КЕ (Бос + E (Еди Es] 


- Ата - 5] | (14.8) 
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A point to consider at this stage is the manner by which the gradients em- 
bedded in the viscous terms are approximated. Consider, for example, the second 
component of Е, given by Equation (11-208) as 


(Е,)» = JE [arug + аз + сүй, + єзї) 


When considering the gradient дЕ,„/дЕ, the derivatives in E, in the € direction are 
approximated in the opposite direction of that used in ӘЕ,/дЕ, i.e., since forward 
approximation was used for дЕ,/дЕ; thus a backward approximation is employed 
for the € gradients within E,. For example, 


The 7 derivatives in Е, will result in mixed partial derivatives in ДЕ, /дЕ. These 
derivatives are evaluated by central difference approximation; for example, 


ди - Wd 1 
00 2An 
The MacCormack explicit scheme is subject to stability requirements. A suggested 
(empirical) requirement is 
(Ат јао 
AT < — 9 
751 3/Re, 
where о is a safety factor (usually about 0.8), and (Ат) ал, is the time step associated 
with the inviscid Courant number such that 


(14-9) 


1 
w 1 1 1 15 
+ + а аи + (вар + worl 


Re, is the minimum of сей Reynolds numbers associated with 6, т}, or С direc- 
tions, 1.е., 


(Ar) inv < | | (14-10) 


й М 
ae + 87 


Re, = шіп(Еер, Rey, Re) 


where 
Вее 20146 
и 
УЈД 
Re, = plViAn 
и 
е, = Рас 


и 
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14.4.1.2 Flux Vector Splitting: The convective terms can be approximated 
by either a first-order or a second-order scheme, as given by Equations (12-156) or 
(12-157), respectively. The diffusion term (дЕ,/дЕ + OF,/dn) is approximated by 
a second-order central difference scheme as follows. 

The viscous flux vector Е, is given by (11-208) for which the second component 





Е, (ay tg + азе + cius + сар) 


aba Кер 7 
Consider the first term given Бу 


(Eis = ( ЊЕ уч) (ug) 


In fact, all the terms in Е, have a similar form. Thus, a general expression can be 
defined аз (L) (Ме), where, for the first term 


SQ _Ё = 
b= ето and M=u 


Now, recall that the objective at this point is to develop an approximation for 
OE, /d€. For the time being, consider only the £ derivatives in E,, defined by Exe. 
Thus, using the general formulation, one can write 


OE. 8 (254 Бе) = (20), Е (280) 
o£ дЕ( OE 








1 Mii; — Mi 1 Mi; — М; 
2 Беу + Li) (жы) E 24 + Lia) ди 


- АЕ 
= KZ 
- Wing + La) (Mirig – Mig) - (Lig + съ) (Мо - Ме) 
2(A6)? 
= ТАҒ SAE ана + Г) Маш – (Lia t 214; + Lizi) Mij 
+ (Lij + Log) Mias] (14-11) 
Define 
Lu = Ling + Lig (14-12) 
fig = Глаз + 2143 + Ling (14-13) 
Ер = Ligt Ling (14-14) 
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Then 
д дм 1 А А А 
зе (Fac) = пара нымны batist ума) (илә 


In the formulations to follow, all the mixed partial derivatives in бЕ,/дЕ and 
OF,/0n are omitted. Therefore, 


06 | On 2(А67 





OE, | OR Eu EM деи 
pm [дый — GEL + аё) 


1 2 A 2 ~ ^ ^ 
+ АЗ Байон - БЕК + Лава] (14-16) 


Note that 6 ала f are used to represent È, as defined in the general formulations 
given by (14-12) through (14-14), Е and Е are used for M, and Г. and Ly will be 
used for L. Now consider Ё, and Ел, that is 


0 
Е и Q Ug + ази 
m. pM А 14-17 
06 дт Бес азис + 029% ( : 
ал (и); + 2а2(0?)‹ + as(uv)e + П-а4е; 
and 
0 
ROB Буи, + bsv, 
57 Кеш] b3Uy + bou, 
201(02), + 365 (17) + bs(uv)y + бе, 


Now the corresponding terms сап be easily identified as follow 





(14-18) 


Component of 
Exe c 
Terms in each 
component — 





274 Chapter 14 

















Terms in each 


component — 





If mixed partial derivatives are included, the following general formulations can 
be used 


д OM 1 
an (58) = BAnAE (ағу + Бон) (Мән) - Мар + Мили — Mia) 
- (Lig + Lii) (Mirig — Мел + Miaja- Мч) (14-19) 
and 
д дм 1 
ЗЕ (ши) ^ 8SAEAQ (ам + цар (Мун — Mia Мила — Mia) 


- (Lig + Li-1g) (Mia — Му- + Мејн – Мч) (14-20) 


Now the first-order scheme is written as (where mixed partial derivatives are omit- 
ted). 


= = 1 б. = = А 
gv = д" – А (Et —-EhgtEu- Е) 
1 г E P- =- eS 
+ Ап (#5 3 Fa + Fijan Е) + ай.) 
Ат /, Е 75 M 
t 2(A£)? (вз баш — éj Fg + въвел) 
Ат ae ра 2 _ 
+ 2021)? (Айн = КЕ, + fig-Fis-1) + аАт (я), (14-21) 


and Ше second-order scheme is 


2 = 1 /- - " НЕ ши ЕКА zc 
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Ar г. А ME" Е ^ 
+ А8? (вы) Бөлу -е Е + & au iau) 


+ XA (Ain - АВ, + ЕТЕ + adr (&.).. (14-22) 
The inviscid fluxes E+, E^, F*, and F^ are specified for the Steger and Warming 
flux vector splitting in Section 12.9.2.1 and for the van Leer flux vector splitting in 
Section 12.9.2.2. 

These formulations are relatively simple to program; however, the schemes are 
subject to stability requirements. Determination of an expression for the stability 
requirement of Equations (14-21) or (14-22) is not easily accomplished. However, 
as a general rule, à CFL number of around one will be required. It is cautioned 
that the exact value (of the CFL number) will depend on the grid system as well as 
the particular flow conditions. For example, in regions where grid spacing is very 
small, a smaller CFL number may be required. 

One way to avoid the use of small CFL numbers is to utilize а mixed ex- 
plicit/implicit formulation. For example, if grid clustering near the surface is being 
used, i.e., in the 7 direction, an implicit formulation may be utilized in that direction 
to eliminate the severe stability requirements of the explicit formulation. If the grid 
spacing in the streamwise direction Е is not severe, then the explicit formulation 
may be employed along that direction. 


14.4.1.3 Modified Runge-Kutta Scheme: The modified Runge-Kutta 
scheme introduced in Section 12.8.2.3 for the Euler equation can be used to develop a 
fourth-order Runge-Kutta scheme for the Navier-Stokes equation. The formulations 
following (12-167) through (12-171) are 


Qi = Qt, (14-23) 
ВО) yapi = \ (1) РАО) 
AQ) _ бр, _ Ат | (OF ок) _ (од) (дЕ, m. gm 
Qi = ij 4 (5). (9 " де © дї ы «(Ну Низ) 
(14-24) 
NO гу (2) BG pO 
of) = an, 22 ((25)"^ (ор)? (АР. (98), (ад num 
С) У А9), дп, 
(14-25) 


au) _ on Ат |(8EY9  (aFY? (aEN? (ВАР a) 5 
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(14-26) 
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р - дАФ (aF\® (GEN? (ORNA? w = 
ЕТЕ дЕ де (8E, де @ guo 
eke (GE) * (и), (%) (5) «et Td 


"ie 
(14-27) 


The convective terms are approximated by a second-order central difference 
expression as 


дЕ OF = Ем) = Ё; Еда ҖЕ Esa 
(|. у. (5), 2ДЕ й 247 559 
and the diffusion terms are approximated according to the formulation of (14-16). 
To reduce computational efforts, the diffusion term may be evaluated only at the 


first stage, that is, 
(88 ) (% ЈЕ 
0. + | -- 
дЕ Jij дп ) 55 


and used subsequently at the next three successive stages. Ав discussed іп бес- 
tion 12.9.2.3, the addition of damping terms or TVD may be required to reduce 
any oscillations which may develop in the vicinity of sharp flow gradients due to 
dispersion errors. 


14.4.2 Boundary Conditions 


The boundary conditions described in Section 12.9.3 for the Euler equation are 
extended to the Navier-Stokes equation, with the modification of velocity at the 
surface. Recall that the slip condition was imposed for the velocity at the surface 
for inviscid flow. The no-slip condition is specified at the surface (nonporous) for the 
Navier-Stokes equations, namely, the velocity, and therefore velocity components are 
zero at the surface. Typically, zero-order extrapolation is used to obtain pressure 
at the surface. Thus, the boundary conditions at the surface are specified as 


ша = 0 
Wi = 0 
Ра = Во 


Furthermore, note that at the surface the total energy e, is reduced to the internal 
energy, that is, 


1 
& — et (0 +10) =e 
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If the wall temperature distribution is specified, then 
e= T, 
за – 1M 


where Т, is the nondimensional wall temperature. If the wall is specified as adia- 
batic, then 


(14-29) 


aT 
эп“ 0 
and therefore 
Tii = Ti 
and furthermore 
Ёл = Pi 


Now the total energy е, can be determined as follows 


1 
e =е+ 24 + 95) 
ог i 
pe = ре + 224 tv) 
Since for a perfect gas p = ре(у — 1), 


=P 1,72. 2 
fer Тори + v^) 
and at the wall (и = v = 0); therefore, pe, = p/(y — 1), or 
(14-30) 


When a boundary is located at the freestream where the flow can be described 
as inviscid, the inviscid boundary conditions described in Section 12.9.3 are used. 

Implementation of the boundary conditions and modification of equations at the 
boundaries for implict formulations will be further deliberated in Section 14.4.3. 


14.4.3 Implicit Formulations 


A first-order backward approximation in time provides the general implicit 
formulation for the Navier-Stokes equations as follow 


qui _ О" ðE n+l oF nil дЕ, n+l дЕ, ntl B cali 2. 
Ar + де + дт 8€ = d» +a(H Н.) = (0) 
(14-31) 
Equation (14-31) is nonlinear and, therefore, a linearization procedure must ђе 


employed. Previously a linearization scheme based on a Taylor series expansion was 
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introduced and used in the linearization of the incompressible Navier-Stokes, Euler, 
and PNS equations. Similar approximations are used here for the Navier-Stokes 
equations providing the following relations: 


= дЕ 


ғн-ғ- 2049 = Е" + АЛО (14-32) 
pnl р OF 2 р 5 

PU = Fh + SAG = + BAQ (14-33) 
pnt ry ӘН 2 rn 5 

Е = H+ 5490 = Н" + 049 (14-34) 
Ен = ER Ad = Е + ЉАО (14-35) 
pnt on, OF, 

Ен = маза 3549 = е + B,AQ (14-36) 

AM = Н? + ад = Ht + САФ (14-37) 


The Jacobian matrices А, В, С, А,, By, and С, are given by Equations (11-213) 
through (11-218). 

The linearized expressions (14-32) through (14-37) are substituted into Equation 
(14-31) to i-e 


By 
бе д (an + ААд) + 5 do > (Р + BAQ) – ЗЕ д (Бр + А,Ад) 


Е 2. (е + В,Аб) + «|Н" + CAQ- (8; +0,AQ)|=0 (14-38) 


This equation is rearranged as 
д д д д Y э 
(на [R0 0 - $42 - (в) «t€ - с.) јад = 


-ar OO SE у a (Bm г) (14-39) 

Based on the experience gained through the solution of the multidimensional 

problems, it is obvious that the coefficient matrix of this system will be a block 

pentadiagonal system. To increase the efficiency, the system is approximated by 
two sets of equations solved sequentially; i.e., approximate factorization is used. 

For two-dimensional problems, an approximate factorization scheme provides a 

stable solution. However, for three-dimensional problems approximate factorization 
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is unstable. To overcome the stability problem, artificial viscosity in the form of 
damping terms or TVD must be added. A scheme known as the LU decomposition 
is stable for two-dimensional problems as well as for three-dimensional problems. 
Therefore, it will be discussed in this chapter. For now, the procedure using ap- 
proximate factorization is investigated. Equation (14-39) is factored as 


|! +Ат [5:0 = жал) (+ Ат [5,0 > (в) 


+ Ara(C – c) јад а Еле. y pE 
TA TE + a (8 - 6) (14-40) 


Again, there are several methods by which the convection (inviscid) terms can 
be approximated, whereas the diffusion terms are approximated by the second-order 
central difference expression. 


14.4.3.1 Flux Vector Splitting: To retain correct differencing associated 
with signal propagation, the inviscid fluxes are split as discussed in Chapter 12. 
Thus, the inviscid Jacobian matrices A and В and flux vectors Е and F are split 
according to the sign of the eigenvalues, resulting in the following equation: 

















дА, à А 
Ата +4 ) ~ ar [r+ Ars (Bt + В ) 
an. -сдад- 
28 (Е+ + Е- )+ (Pt + Е )- = 5 -A)| (ма) 


Equation (14-41) is solved in sequential stages according to 


(r+ Ат (А + А5) 





2 = -Ar n d +E) 


tx +F- )- 








9%, _ oF, - i) (14-42) 
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(14-43) 
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At this point the finite difference approximations of the derivatives in Equa- 
tions (14-42) and (14-43) are considered. The viscous terms are approximated by a 
second-order central difference relation. Note that due to the existence of natural 
viscosity, use of central differencing for the viscous terms does not introduce oscil- 
lations into the solution. That is, any dispersion error which may cause oscillation 
is damped out by viscosity. 

The approximations of дА /дЕ and 0B,/Or are similar to that of OE, {дё and 
OF, /8n described in Section 14.4.1.2. Again, all the terms in matrices A, and B, 
are similar; therefore, a general expression is derived to represent the elements of 
these matrices. Recall that matrix A, is given by (11-216) where element (2,1) is 


85), = мо E 02,02] 
- E63, 62] 


Now consider the first term, that is, 


(525) ә (2) --(аҙ) (%) =(K)(N)e= КОЕ (1444) 


First consider the viscous terms, realizing that the viscous term that appears in 
the formulation (14-42) is of the form 


БЕ Ай = = x (ко x] 29 (14-45) 


A second-order central difference approximation at point i, j provides 





ә (кен) лај – RAe fed], 


a |\ де 2 (5) 
= ЋЕ { к.) + Кн) Бра | 
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1 
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Ако + Кел) (МА, – (МА): 13] ) 


Xa (ко + Кар) (МАД) — (Ga + 2К + Ку) (NAQ): 
+ (Ку + Кел) (AQ) 2 (14-46) 
Define 
Кај = Ко + Ким (14-47) 
Ку = Ки +2Ку + Ку (14-48) 
Кој = Kit Kij (14-49) 
Then 


д 0M x 1 ^ E 5 Е 
ЭЕ I(x x) ад = зла: | (Килу Мам) Аби – (КМ) АФ) 


+ (КМ) AQ] (14-50) 


The convective terms in Equations (14-42) and (14-43) are approximated by 
forward or backward difference expressions. The procedure is the same as the one 
introduced in Chapter 12. It has been noted that when first-order approximate 
expressions are used for the convective terms, some accuracy is lost. That is due 
to excessive dissipative error of the first-order approximation. To overcome this 
problem, second-order or third-order approximations for the convective terms can 
be used. However, a difficulty is introduced, namely, the tridiagonal system is 
distorted because new points such as i — 2 will also appear in the formulation. 

First-order approximation of the convective terms is considered first and subse- 
quently extended to higher order. Before writing the finite difference equations, one 
more point must be considered. Recall that the elements of the viscous Jacobian 
involve both gradients, i.e., derivatives with respect to 6 and 7. Therefore, when 
the gradient дА, /дЕ is considered, some mixed partial derivatives will appear, i.e., 
0^/80£0n. Inclusion of this and similar terms implicitly will distort the tridiago- 
nal nature of the coefficient matrix. To overcome this problem, the mixed partial 
derivatives are moved to the right-hand side and evaluated explicitly. As discussed 
in the previous section, some investigators suggest to drop the mixed partial deriva- 
tives completely and, indeed, inclusion of these terms does not affect the accuracy 
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for Ше majority of applications. Therefore, in the formulation to follow, the mixed 
partial derivatives are dropped. 

Now approximation (14-50) is utilized for the viscous terms. The following 
notation is used for this purpose, 





OA, ðf. ðR Тар А " 
dt С дЕ (ғ) = (Ае? [эВ — Figg + fag (14-51) 
Similarly, 
OB, д [( 25 1 А Д x 
дп = on (35) = Алу [ава — 59 + Зуби (14-52) 


where ? and В represent É and М associated with А,, and § and S represent K 
and N associated with B,. 

Observe that the mixed partial derivatives have been dropped in the approxima- 
tions above. Now, the finite difference approximation of Equation (14-42) is written 
as 


Ат - - Ат ,, 2 
|; + Де (Aij - Atis Any - Aij) – HAS? (iig Rinig — fig 
haga) |40' = Rus 
which is rearranged as 


A Ar . д. 
ат, = аа 0 AQ; 1; 


Ат A Ar . ~, 
«ü Tx АЕ (Ағ; = А“) + пару ићи Ад, 


А Ат 
+ атл данные) Ада = = RHS (14-53) 


Similarly, the finite difference equation for (14-43) is expressed as 


Ar Ar 
[ALB - 2(An y TAI S0- 195- јад. 1 


«n (Bi – Ву) + А ASY + оАт [Cy - (C. AQ, 


А Ат 
+ (A Baa - 2(Ап Fagen бин | Ада = АФ, (14-54) 
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The evaluation of the RHS of Equation (14-53) is simple and is briefly described 
as follows. The RHS is 


= ous 








RHS = -Ar ее + Е) + е 


The gradients of the viscous terms include embedded derivatives with respect to Е 
and 7. These gradients may be expressed in a general form as 


д ӘМ д дм 
& (23) е 5 x) 


where, as before, L represents some combination of the metrics, Jacobian of trans- 
formation J, Res, and и; whereas M represents flow variables. The mixed partial 
derivatives do not create any difficulty since they are evaluated explicitly, or, for 
most applications, they are omitted. The approximation given by (14-16) is used 
to evaluate the viscous terms as described in Section 14.4.1.2. 

The gradients of the inviscid terms are evaluated by forward or backward differ- 
ence approximations in the same fashion as the Euler equations. In order to write 
Equations (14-53) and (14-54) ша compact form, the coefficients are defined as 
follows: 


AT AT . | 
САМ = — ед + za ghe] (14-55) 
AT 5 
СА = | + AE (44, - А.) + "прићи (14-56) 
Ar ,_ Ar . 
CAP = ЕШ - жағалауды (14-57) 
апа 
Ат „Ат. 
Ат E 
СВ + | + An (Bi, - Bj) + A дај ива + аАт[С;; — сәла) 
Ат __ Ат . 
СВР- E Вин - паран бин (14-60) 
where 


а цака: (5 (E; – Еру + Вам – E) T а (F5 
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Бат FG) КУГАС ёва й 
- Fegan КЫС u) = Ae? баны — ва + ёт iiy) 
1 NE бе Аз d Е я 
— XA (Ааа Бан ~ fijfij + ул Вр) +а (Ais Е (На) 


Note that in the formulation of the RHS given above the mixed partial derivatives 
are excluded. 
Thus, Equations (14-53) and (14-54) become 


САМА; |; + САДА "? t САР, AQ; = RHS, ; (14-61) 
and 
CBMiAQi;A T СВА; + CBP, AQ 541 == Ад, (14-62) 


Equations (14-61) and (14-62) are solved sequentially as the € and 7 sweeps. 
First, Equation (14-61) is applied at each 7 line (ў constant) for all i from i = 2 to 
i = IM1, resulting in the following set of equations: 


і-2: САМАД; + СА) А; + CAP Ад: j = (RHS); (14-63) 
13; CAMs;AQ;; + САцАф, + САРА: = (RHS);; (14-64) 


і-ІМ2: САМін?)АФімз) + САмо Аби, 
+ САРімз5А1му = (RHS) 12, (14-65) 

i-IMl:  САМмАбма + САамъ Ом 
+ САРмъ Ом, = (RHS) my (14-66) 


If the boundary points at i 1 and i = ГМ are treated explicitly, then the system 
of Equations (14-63) through (14-66) is expressed in a matrix form as 


СА; CAP); AQ;; 
САМ;; САз; САР; А63; 
CAM m2; САјм2; СА из | | Аді; 


САМмъз СА Ад; 
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RHS,; – САМА ; 
АН8;; 
(14-67) 
КН5); мој Е 
КНбумъ - САРмъ А му 


Once а new solution is obtained, the flow variables at the boundary points аге 
updated. If the boundary conditions are to be treated implicitly, the following 
modifications are introduced. Boundary point 2 = 1, which appears in Equation 
(14-63), is repeated here as: 


For the two-dimensional problem, the grid system is selected such that grid lines 
i = 1 and + = 2 are symmetrical with respect to the body axis. Thus, 


«+ _ ж 
Pij Фа) 
t __ 

Uy = Ua 
т ЕХ * 
Vij = 003 


(eu с, (е), 
Therefore, 
(Ар), (Ар); 
Ад); = 1 (Ари), = 1 (Ари); ; 
Ju (Аро), Jaj –(Др9); ; 
(Дре); ; (Ape); 
Now, Equation (14-63) is modified as 


САМ TI + СА»; 493; + CAP, jAQ3; = RHS;; (14-68) 
where 
10 0 0 
010 0 
ae 00-1 0 
0001 
Defining 


CAM; II СА = СА, 
Then Equation (14-68) becomes 





At the outflow boundary set аб i = ГМ, extrapolation is used, і.е., 
Адм, = Ад (14-70) 

Now, Equation (14-66) is modified by using Equation (14-70) to provide 

САМмъ А О мо + (САмър + САРм ЈА и = АН5м1у (14-71) 

With the following definition, 
СА мъ = САмъ + С АР 7 мъз 
Equation (14-71) becomes 
САМім О мод + СА мъ Адм) = КНЗумъ) 


Thus, the matrix formulation is modified аз 


СА; САР; 4%; КН ,, 
САМ; СА САВ,; AQ; RHS; 
CAMiwa; CAryaj САР мъ | AQtus j КНЅ;мз; 
САМмә САму | | Аба, КН мъ 
(14-72) 


Now consider Equation (14-62). This equation is applied along each constant 6 
line for all j from j = 2 toj = ЈМЛ. Thus, 


і-2: CBM 2AQi1 + CB 2AQi2 + СВР, А О за = АФ, (14-73) 
3-38: CBMisAQis + CBisAQis + CBP, Ад д = Ад: (14-74) 


7-7М2: СВМ, мА, us + СВлм Адм» 
+ СВР, зм:А9, jui = AQ; ime (14-75) 
j-JMl: CBMywAQiwu + СВлаАдум 


+ СВРљмАФјм = АФ; м1 (14-76) 


Before these equations аге written in a matrix form, consider the equations at 
j = 2and j = JM1. Boundary conditions at 7 = 1 (wall) and 7 = JM (freestream) 
appear in these equations. At the wall, the no-slip condition requires 


u=0 , v=0 
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Thus the total energy is reduced to the internal energy, i.e., 
Spats bud 
а =е+ su +уј=е 


Therefore, Ше unknown vector AQ at the wall is 


А(р) 
А 0 
Ади = | 0 
А(ре) 
Usually, the pressure gradient normal to Ше surface is set to zero; thus, 


др _ 
Ба 79 


(14-77) 


which results іп 
Та = P 
For a constant temperature wall, the internal energy is expressed as 
є= ін ee 
vy – 1) Ма, 
where Т is Ше nondimensionalized wall temperature. 


The simplest procedure is to explicitly implement the wall boundary condition. 
Thus, Equation (14-73) at j = 2 is written as 


(14-78) 


CBi2AQi2 + CBP,2AQi3 = AQ}. – CBMisAQi 


Once the solution is obtained, p and e at the wall are updated according to the 
following 


(Ти) Di 
е; and, ii = -- 
по (y= 1)M2 Pn G- 10e 
which may be modified as 
ма Y(Yv—-1M3 түм}, 
{1 = и SS IL i, 14-79 
Oat ЛЫ Т а 


For an adiabatic wall condition 
Tii = Тр 


In addition, imposing the zero pressure gradient at the wall yields 


Dii = Pi 
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As a result, 
Pit = pia (14-80) 
and Ж 
(е) = > S (14-81) 


After the solution is obtained, Equations (14-80) and (14-81) are used to update 
the values at the wall. At j = JM, which is set at the freestream, 


Абым =0 


Thus, the equations are written in a matrix formulation as 


СВ, CBP,» Ада 
CBMis CBis СВР,з АФ 
СВМ, ум? CB; ум? СВВоа| | AQisu 


СВМ; ум СВ змі Адм 


40, - СВма ди 
Ада 
(14-82) 


AQ; эм 
AQ; ju 


14.4.3.2 Higher-Order Flux-Vector Splitting: In the previous method, 
first-order approximations for the convective terms were utilized. The dissipation 
error associated with the first-order relation may require the use of higher-order 
approximations. For this purpose, a second-order or a third-order approximation 
may be used. For example, the backward approximations which may be considered 


are as follows. 
Of _ fir-4firt3h 
дт 2Ат 


Of Ла-Ла Ла-ЗА+ЗЛА1-Ло 
ðr 2r 6Ат 
The introduction of point + — 2 causes some difficulty—namely, that it distorts 
the tridiagonal nature of the system. To overcome this difficulty, point i — 2 and 
point # + 2 which would appear in the backward and forward difference approxima- 
tions may be evaluated explicitly, thus preserving the tridiagonal formulation. The 


+ O(Az) (14-83) 
or 
+ O(Az) (14-84) 
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modifications of Equations (14-53) and (14-54) to include the higher-order approx- 
imations given by (14-83) or (14-84) are straightforward. For example, the use of 
second-order approximation yields the following FDE for Equation (14-42), 


Ar " 
! S ATE 2ДЕ (4t УД . ДАЎ |; + 3A} т ЗА; + ФА 1 VL Аа) 


EM f. Р ^ At 
= HAE (кв — f uad hagas) AQ - RHS (14-85) 
where 
+ 2Aq von AES. 1+ ЗЕ, = 35; + AE а – # 
пе ЖЕЛКЕ ЧЕ, 
= (AE (ано — &j Eg аё) 
_1_ 2 A 2 ^ 2 Y^ - A 
= 2(An)? Cmm = ЛЕ + fusi) + о(Њ = (во) | (14-86) 


To retain the tridiagonal nature of the formulation, variables at (i—2, j) and (+2, j) 
are evaluated explicitly; thus, 


oA A А а 
(аве aaepe AT 


ЗАт = 
Ire 2ДЕ (40-40) + mages јад, 
А Ат 
+ {2 Ap na - жарғы AQ; = 


AT 
Re 2AE [At Lou A Qi; – АА (14-87) 
Similarly, the finite difference equation for (14-43) becomes 


Ar Ат , 4 


+ {r+ sac (Bis - - By) + А Араби + ода (Си - €.) јади 
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AT _ AT , ^ 
+ De Bon anton Sis Ади 


ER AT 5, = д, 
= А9, - эд [Biss AQ... - BA Qt] (14-88) 


The convective terms in the Navier-Stokes equations may also be approximated 
by a second-order central difference expression. Indeed, in the PNS formulation 
of the previous chapter, the central difference approximation was utilized. The 
formulation utilizing central difference approximation of the convective terms in 
the Navier-Stokes equations is addressed in Sec. 14.5. However, note that if the 
central difference approximation is used, the addition of damping terms or TVD 
terms most likely will be required. 


14.4.3.3 Second-Order Accuracy in Time: The next issue to consider is 
the accuracy of the time derivative. Previously, a first-order accurate approximation 
for the time derivative was used. When one is interested in obtaining a steady-state 
solution, a first-order scheme will be sufficient. However, when a transient solution 
is sought, second-order approximation of the time derivative may be required. As 
a result, the following relation is incorporated into the Navier-Stokes equations 

до" О"! 6 40" + 30"! 

Lii A Ro Ms ЖИНА». ын А 2 

дт 2Ar КОА) 
_зАд" - AQ! 


DAT + O(A7) (14-89) 


where 
AQ" = Qu 22 Q^ 
AG = Q^ S а" 


It is obvious that two sets of data are required to march the solution in time. As 
expected, this formulation will increase the memory and storage requirements. The 
second-order backward finite difference approximation (14-89) is introduced into 
Equation (14-2) to yield 


3AQ"- AQ" | дЕ m oF ци 8E, г, OF, n+l 
2AT дё ôn дЕ ду 


+ а (B"H – Ht) «o (14-90) 
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Linearized expressions (14-32) through (14-37) are substituted into (14-90) to 
provide 


40 + зата (Е + AAG) + 2 р" + BAO) - (Е; + A,AQ) 
< x + B,AQ) +а|Н" + CAQ - (AT + САФ) ) - sag = 0 (14-91) 


Note that the superscript n has been dropped from AQ". Now Equation (14-91) is 
rearranged as 


2 д д д д А 
(+ Ат Ee + 5; = ac ^9 as 5; (89 + ас — с.) ) Аб = 
740" - Žar Ea + 25 - a - зе +а(Н" – а) (14-92) 


Equations (14-39) and (14-92), which are obtained by replacing the time deriva- 
tive by a first-order or a second-order backward difference approximation, may be 
expressed in a combined form as 


Ат ЕС д я 
ago. Ar СИИИ 
pra^ ТТЫ : дЕ 7 дёрт ) (14-93) 
0 = First-order 
ћ = 
ee | i => Second-order | 


The approximation of the spatial gradients іп Equation (14-92) has already been 
investigated. 


14.4.3.4 LU Decomposition: The linearized Navier-Stokes equation in two- 
spatial dimensions is given by (14-39). The flux vector splitting technique applied 
to the convective terms of Equation (14-39) yields 

дА, OB, 


(на ре + а )+ (В + в )- = a ~ On 


datis c) јад = а а 


_ 0B, ОК 


дЕ 9, +%8- В.) 


(Et + Ё-)+ (P + F) 
| (14-94) 
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At this point, define the following difference operators: 


éif- mA : First-order forward difference operator (14-95) 

ôf = боја : First-order backward difference operator (14-96) 
6,f = fifo Second-order central difference operator 

= Е +60/ (14-97) 


The procedure to follow is illustrated by using first-order approximation of the 
convective terms and second-order central difference approximation of the viscous 
terms. However, as discussed previously, the first-order approximation of the con- 
vective terms may introduce an excessive amount of numerical viscosity into the 
equation. Therefore, higher-order approximations may be required. Extension to 
higher-order schemes was illustrated previously and is therefore not repeated here. 
Returning to Equation (14-94), the finite difference formulation in terms of the 
operators defined by (14-95) through (14-97) becomes 


|, + Ат Ізі + 6; А“ + 6, BY + б} В” — ФА, — 6,В, 
+a(C – с) јад = -А ЕЕ" + ФЕ +6 Ft + 6 F- 


— &E, — 6,F, + a(H — 8) (14-98) 


Note that backward difference approximation is used for the positive values, whereas 
forward difference approximation is used for the negative values. 
Substitution of (14-97) and rearranging terms yields 


1 1 
|, + Ат A* +6, BY — zô Ay — 565 By] + Дт [ај А“ 


+ в-- gU А, Е 19; ВЈ +ол (С – c)]aQ —RHS (1499) 


Note that RHS is evaluated at the known time level. Now, Equation (14-99) is 
factored as 


LU + Ar [c + 6 B* — 56р Ay - 16, B| ) |! + Ат А- 


+ #В- – 55ГА, зи 1; В.) +aAr(C – c)]aQ = ЕН5 (14-100) 
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and is split as 
1 1 = 
(1 + Ат ға: +6, BY — 26-4. - 55 9.| јад = RHS (14-101) 
апа 
|! +Ат[ АС + ВО — 84А, — 288 +ад (С — chad = AQ* (14-102) 


Substitution of the finite difference approximation given by (14-96) yields 


А-А Ві, - Ва 1(А);-(Ады,; 
Sig Shy | ay nd _ _ Mig — е 


_ 1 (Boig - (BJua 


: AS | јад = RHS,, (14-103) 


which may be rearranged as 


A Е А 1 
Т Abas + GAD] OO y+ га [s – 5004] 


A 1 а Ат l 2 
каро ква ја а |- вы вы Јад 


This equation may be written іп а compact form as 


АРІ.;Д0; 1; + АРА, + АРВ Аба = RHS; (14-105) 
where 
Ar 1 
APL = АТ | - Atag АДЫ ] (14-106) 
= 174 ^7 [ar lan || AT [ps _ 16. 
АР-1%2 ж b Ады] ё в А ; 9] (14-107) 
AT 1 
APR = Ag | – Ву, + 508-1) (14-108) 


Similarly, the finite difference formulation of Equation (14-102) is expressed аз 


AML, Абл + АМА; + АМЕЈАФ ал = Аф; (14-109) 
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where the coefficients are defined by 


AML = " [Aas - 5(Адам) (14-110) 
АМ = (+ z|- Aj ҚА, ма] + =| Ву + (В Хо 

жалт с Е Су 1) (14-111) 

AMR = =| E (Бә (14-112) 


Once Equation (14-105) is written for each grid point, only one unknown рег 
equation appears. Therefore, Equation (14-105) is solved point by point, sweeping 
along each constant €-line, 1.е., 


Ад}, = (AB)? | — АРТАЈАО; 1; - АРАД}, + RHS; sl (14-113) 


Subsequently, Equation (14-109) is solved point by point along lines of constant 7, 
i.e., 


Ада = (ами) | - AML gAQing— АМЕ Абы + Аб] (14114) 


Specification and application of boundary conditions are similar to the ones dis- 
cussed in the previous section. 


14.5 Extension to Three Dimensions 


In the previous sections, the two-dimensional /axisymmetric Navier-Stokes equa- 
tions were investigated. A selected number of commonly used numerical schemes, 
used to solve the Navier-Stokes equation, along with the implementation of bound- 
ary conditions, were introduced. In this section, the procedures are extended to 
three dimensions. Recall that the governing equation in vector form and in the 
computational space is given by 


20 eR DI 
Ot 96 at дё д 








(14-115) 


where all the quantities are non-dimensional. The Navier-Stokes equation given by 
(14-115) can be reduced to the thin-layer Navier-Stokes equation as 


Navier-Stokes Equations 295 








8Q | OE oF 26 ӘР т 
“Ot 96 өс 0n 





(14-116) 


where the modified viscous flux vector F,, used in the thin-layer formulation, is 
redefined by F,r and given by (11-156). The numerical schemes explored in this 
section are primarily applied to the thin-layer equation. The extension to Navier- 
Stokes equations is straightforward, since the gradient of viscous terms in almost all 
schemes is approximated by second-order central difference expressions. Initially, an 
explicit finite difference formulation based on the Steger and Warming flux vector 
splitting technique is investigated. Subsequently, typical implicit formulations are 
explored. Consistent with previous chapters, the indices, i, 7, and k are used to 
denote grid points associated with z, y, and z in the physical space and with £, m, 
and С in the computational space. 


14.5.1 Explicit Flux Vector Splitting Scheme 


Application of a first-order forward difference approximation to Equation (14- 


116) provides 
Qu – Qa _ | oF Ay. " (Фа 
0n Ја 
The formulation is written іп a delta form as 
А дЕ oF де Y 
AQi је = At |— + ( 14-117 
Се | (52.95 +e) 0n Js | ( ) 


At дЕ 94 * X 

The Steger and Warming flux vector splitting scheme introduced in Chapter 12 
is utilized to approximate the convective terms. To generalize the formulation, 
both the first-order and the second-order expressions are included. The inviscid 
flux vectors are decomposed into positive and negative vectors associated with the 
corresponding eigenvalues. The mathematical procedure is similar to that of the 
two-dimensional case introduced previously. Therefore, only the details of finite 
difference approximation for the three dimensions is considered. The procedure is 
illustrated for the flux vector Е. Thus 


(E) (EE) 
дЕ Јен VE а), 


The corresponding finite difference formulations are given by 
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Е -Е+. 
ijik i-ljk First-order 
8 ЕЗ = AE 
06 | зЁ. _4Е+ + Bt. 
ik == 1—2.) Second-order 
and 
E ik Е 1 
_ i First-order 
дЕ- _ m 
ЕО ЗЕ АВ а бан ga order 


2ЛЕ 


The convective terms * and == are represented іп a similar fashion. To proceed 


with the flux vector splitting scheme, the eigenvalues and the associated eigenvectors 
of the Jacobian matrices A, B, and C must be determined. Following the procedure 
discussed in Chapter 11, the eigenvalues of A are determined to be 


Ха = Аг = Ја =&+U (14-118) 
Ава =&+U+ ау/аа (14-119) 
А = & + И — а/а (14-120) 


where the contravariant velocity U is given by (11-90а) and a, = е + & + & as 
defined by (11-101). The associated eigenvectors for the repeated eigenvalues may 
be expressed as 


o1 


= (алт - оз), + (оло — 0з), + оли, 


аз 
Xa = Ха = Ха == оз 
1 
& 


2оуиш — 205u)£, + (2a,uv - 20зи)ё, 
+ (—оуш? + 205ш – оуу? + 2030 + слађе, | 
where ол, ог, and оз are arbitrary constants. For each set of values of these con- 


stants — (0,0,1), (1,0,0), and (0,1,0) — three eigenvectors associated with each 
of the repeated eigenvalues can be obtained. The eigenvector associated with the 
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fourth eigenvalue Ag is determined to be 
1 
& 
==а + и 
Ма 
5 
0-а + у 
XA = Jas 
& 
а+ ш 
Ма 
Ua 1,3 
I poti 
TaN (d + 27е) 
Similarly, the eigenvector associated with the eigenvalue Лв is 
1 
& 
- а+и 
уш 
7 
–——=а + у 
Xu - ма 
& 
- а-ш 
Мах 
Ua 1,, 
LT о 
Ta + 2(4 + 27е) 
The eigenvector matrix associated with Jacobian matrix A is 
0 1 0 1 1 
Êy U е 5а “а 
э УЗЕ. == -7 ut и- 
& & & Ма Ма 
буа буа 
= 1 0 0 — --- 
X,= v+ Jaa v Vs (14-121) 
&a &a 
0 0 1 w+ ш-- 
ма ТЛ 
Хабл Xasay Хава)  Xaso Ха 
where 
Хабл) = pce 
& 


Хе u(&v = било) _ 5 (v? + ш? — u?) 
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ш -— Еди 
Хабвау- Erw — б 
Ez 
1 aU 
Ха = 
Аба) = үе + 24 + va 
1 aU 
Xi = di -2 
А(5,5) те + 3 Jaa 
and the inverse X! is 
EU га ош && а оти &6 
а4 2ye ye а4 ye Q4 уе а4 
1-2 ч y w 
2ye ye ye ye 
ха-| #0 та ww && ow && w Gte 
Я a 2ye ye а, ye а ye а 
ge эс ER ONE ES ты SA 
га /a4 aye! 24/4 2ye  гаџа 2ye  гаџа 2ye 
Пр Е DENEN SEU ER IEEE E S 
2а,//4 Aye За уаа 2ye Заџал  ?we да /а4 2ye 2Be 


(14-122) 


Now that the eigenvalues, eigenvectors, and the associated eigenvector matrix 
have been identified, one may proceed with the flux splitting. For this purpose, the 


following combinations of the eigenvalues are investigated: 


(a) If Ха > 0, then obviously Ло and Ag are positive due to (14-118). Further- 
more, Ла will be positive as well, while Ag; could be either positive ог negative. 


Thus the following two categories must be considered. 


(i) If Ags > 0, then all the eigenvalues of A are positive and 


At=A , ЁЁ 
A = , E -0 
(ii) If Ags « 0, then 
0 0 
0 0 
A =[X,] 0 [X7] = Ags [X4] 
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and 
А? = А- А 


Subsequently, the flux vector Е- is determined as follows 


























+ 
27 
1 и. ak, 
4 2y 2уџаа 
CK ее Ту o, p| 2 ау 
& = [4710 =[АЛ[ | E = 7 | 277 ysa 
+ Ја ш а, 
ёт 2y  2y./à, 
2ye+q? a 
4у 27/04 
or 
1 
EL 
Мод 
аё 
p = As- py 
E = №57 Ма (14-123) 
_ 46 
уда 
Ф а? а0 
— + Hec 
2 (1-1) Уш 
and 
E'—-E-E- 


(b) If Ag, Ae, Ags < 0, then, Ags is also negative. However, the fourth eigenvalue 
Ха could be either positive or negative. Thus, consider the following two 
cases. 


(i) If Ag < 0, then all the eigenvalues are negative and 
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(ii) If Ад > 0, At is evaluated as follows. 
0 0 

At = [X4] 0 [X4] = Ан [X4] 0 Рош 

P» 1 

0 0 
and 
А = А— Аї 

Subsequently, the flux vectors E+ and Е- аге determined by 


1 
abs 





ut 


р 7+ —= 


Е* = [410 = Му Уш (14-124) 





бат. ай 
2 (1-1) ум 
and 
Е--Е-Е" 


The flux vectors F+, F-, G+, and G- have similar forms to those defined for 
E* and Е-. Simply replace £ by т, the contravariant velocity U by V, and a4 by 
b4, i.e., (11-108). Thus, the eigenvalues (А, Мо, Ха, Ам, and Ass), the eigenvector 
matrix and its inverse (Хр and X;!), Ше decomposed matrices (В+ and B^), and 
the flux vectors (+ and Р-) are known. Similarly, the eigenvalues (Ха, Хо, Ха, 
Aca, and Ас), the eigenvector matrix and its inverse (Хо and X;'), the decomposed 
matrices (С+ and C^), and the flux vectors (G+ and G^) are obtained by replacing 
the following: 6 by С, the contravariant velocity U by W, and a4 by са, as given Бу 
(11-115). At this point, the splitting of the convective terms is completed. Next, 
the appropriate forward or backward finite difference approximations are used, thus 
providing the left-hand side of the finite difference equation. The right-hand side of 
the Navier-Stokes equation includes the viscous terms which are approximated by 
the second-order central difference expression applied at rid point. This procedure 
was introduced previously. However, due to its importance, it is repeated here and 
applied to the viscous term F,r. As discussed earlier, the elements of flux vector 


Fyr сап be written in a generalized form as 


O LA 
a MD (14-125) 
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For example, the first element of the second component of viscous flux vector F,r 
biu, and its gradient is 


5; (Resa) = б Gn) би 


According to the generalized relation (14-125), one has 





S Ке» J 


= #7 b and М=и 


To simplify the mathematics, rewrite the viscous flux vector Ёт given by (11-156) 
in a generalized form in terms of the parameters L and М. Thus, 


0 
> (L" M7) 


m=1 
6 


Ёт = 220 Му) (14-126) 


where 








Now the viscous gradient т appearing оп Ше right-hand side of the thin- 


Fy 
дп 


layer Navier-Stokes equation is approximated by a second-order central difference 
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expression applied at Ше mid point. Thus, the general expression becomes 


UP Mp SLT Му Ju-i Lk 


Ak An 
:(7) 
Mn м”, м" 
Мон, k ЈЕ ү i,k &j-lk 
gU Hu ag int eu gp 


Ал 


("муу 


1 


= 2(An)? | Па + ше ijti, )(М +, Ә- (155 Lk + 215% + Lj, XX мим) 


TN. LS -1,)(M; ij- 2-49] 


Consistent with the previous notation, define 


Ена = Lise + Тајна (14-127) 
Lg. = Lijakct2LgkctLugas (14-128) 
Голак Бок + Dua (14-129) 


Therefore, 


мг 


ag Мык” NA к; +1, «Мона, Kk i. Sk * PS Mau (14-130) 


Thus, the viscous gradient is expressed by 


7 Гт 
Li, «Мо igtlk — ЇМ, + Г-М, k ij- lk 


6 
(57) __ 1 У. (Ера, «Мона — М", + US Мо- ч») 
к 
а тк Мк + in. Мұ а) 
(£r igt e Mije ДМ. t іу алма) 
(14-131) 
Now, either first-order ог second-order finite difference approximations Юг the con- 


vective terms, along with the approximation of the viscous term given by (14-131), 
are substituted into Equation (14-117) and solved for the unknown AQ. 


m=10 
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14.5.2 Implicit Formulation 
Consider again the Thin-Layer Navier-Stokes equation given by (14-3), i.e., 
99 дЕ ӘР 0G дА 
Ot д ду OQ On 





Following the procedure described in Chapter 3, a combined formulation of first- 
order in time (ie., Euler) and second-order in time (і.е., Crank-Nicolson) is ех- 
pressed by 








AQ OE OF 0G OR, 
28 eo (529 Op ӨС дп ) | 
OE | OF 96 дЕту]_ 
MEDICAE EE a) |56 ове 
where 
В-0 ; the formulation is FTCS explicit 
B= 1 ; the formulation is Crank-Nicolson implicit 
and 
B-1 ; the formulation is Euler implicit 


The linearization of the nonlinear terms as introduced previously provides the 
following equation 


Ад rg [Zaa + $,(BAQ) + Z(CAQ) – (BAD) 





_ -(% де 96 A) 


ar вс ри (14-133) 


where B, = OF ur 





. Note that B, can easily be obtained from (11-217) where only 


the terms involving 7 derivatives are retained. 
Approximate factorization applied to (14-133) yields 


(1 + Ate ге) {1 + АВ ЕБ = вә] |, + Atp lac] ) А 


дЕ OF 8G OF 
AE PE s 
(== + On Фе дп 





ji = RHS (14-134) 
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Тһе formulation is solved sequentially in three steps as follows: 


t + АВ Fe + Рај ) AQ’ = RHS + Dap (14-135) 
|! + AtB БЕ - В,) + Dron ) AQ" = AQ’ (14-136) 


ü + Atp Ес) + Desc] ) AQ = AQ" (14-137) 


where second-order implicit and fourth-order explicit damping terms have been 
added. The fourth-order damping is generally given by 


D, = =e At} [VA (9А) + (740: JO” 
and the second-order damping is given by 
Diss = -&At (VeA) 
Digi -At ући) 
Diss = —чА (УА) 


The difference operators used in the equations above are associated with the central 
difference approximations of second- and fourth-order derivatives. For example, 


(VeAQQ = дил – 20; + Qi 


and 
(VeAg)?Q = Qus – 401 + 60; – 4Qi-1 + Фо 


To maintain stability, in general e; > 2e,. Typically є; would be set to about 3e,. 
The specified values of e, must be as small as possible such that a stable solution 
can be obtained. 

Typical central difference approximation of second order is applied to Equa- 
tion (14-135) through (14-137), providing block tridiagonal systems which are solved 
sequentially. 


14.6 Concluding Remarks 


Ап attempt is made in this chapter to introduce the readers to selected finite 
difference equations to solve the Navier-Stokes equations. Some of the discussions 
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were restricted primarily to Thin-Layer Navier-Stokes equations; however, extension 
to Navier-Stokes equations is straightforward. It is hoped that the various aspects 
of the numerical schemes discussed in this chapter will facilitate the understanding 
of other algorithms presented elsewhere. 
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14.7 Problems 


14.1 Select a recently published journal article of your interest where the Navier- 
Stokes equations (or the Thin-Layer Navier-Stokes equations) are solved by a finite 
difference scheme. After careful review, relate the following topics in the article 
to the discussions of this chapter. Your discussion should address the following 
topics: (a) coordinate transformation, (b) grid system used, (c) linearization pro- 
cedures, (d) numerical scheme, (e) boundary conditions, (f) stability requirements, 


and (g) specific application. 
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Boundary Conditions 





15.1 Introductory Remarks 


A unique and accurate solution for a given system of pdes within a domain 
can be obtained only when proper boundary conditions are specified. Depending 
on the particular application, some of the boundary conditions are provided from 
the physics of the problem, however, in general not all the boundary conditions 
are known apriori. Therefore, not only the flow properties are unknown within the 
domain of solution, some of the flow properties may be unknown on the boundaries 
of the domain as well. The values of the unknowns on the boundaries can not be 
arbitrarily specified. These values depend on the solution of the interior domain as 
well as information provided from the exterior. The boundaries of any domain may 
be composed of (1) solid surface, (2) free stream boundary or far field boundary 
composed of inflow and/or outflow, (3) symmetric boundary, (4) branch cut, or (5) 
periodic boundary. 

Any given problem may be considered either as an internal flow problem or an 
external flow problem. Тһе selection of computational domain for internal flows is 
relatively simple, because the domain of solution can be uniquely identified based on 
the well defined physical domain. On the other hand, the selection of computational 
domain for external flows is not as simple. The boundaries of such domains will 
include artificial boundaries set in the free stream (far fields) which could be either 
inflow or outflow. The difficulty is primarily associated with the specifications of 
farfield boundary associated with external flow. Ideally, the location of farfield 
boundary should be set as far away as possible. However, from the practical point 
of view, this is not а viable option. Since one is limited in the number of grid 
points and since one ideally would like to maximize the grid points density to 
increase accuracy, a finite computational domain must be selected. Therefore, from 
efficiency and accuracy points of view, the farfield boundary is set such as to reduce 
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the size of the computational domain. 

Once an appropriate computational domain is selected, a set of boundary con- 
ditions must be specified along the boundaries of this domain. Specifications of the 
boundary conditions representing the physics of a problem in general is a difficult 
task. This difficulty is manifested when one uses a finite domain where boundaries 
at the free stream is arbitrarily set in the case of external flow or open boundaries 
for internal flows. Flow must be allowed to move across these boundaries, with 
the flow properties typically unknown. Furthermore, recall that applications in- 
volving hyperbolic equations represent wave propagation within the domain. The 
proper representation of the boundary conditions should allow propagation of waves 
across the free stream (inflow/outflow). If specification of the boundary conditions 
is not addressed carefully, the wave reflection from the boundaries will eventually 
contaminate the solution within the domain. 

From the discussions above and based on a large number of studies conducted by 
numerous investigators, it is concluded that: (1) The freestream boundary should 
be set such as to reduce the size of the computational domain and thereby allowing 
sufficient number of grid points within the domain to provide adequate solution, 
and (2) the boundary conditions have profound effect on the stability and accuracy 
of the solutions and must be properly specified. 

The objectives of this chapter is to review the development of several schemes 
which can be used as a guide for specification of boundary conditions and compu- 
tation of the unknowns at the boundaries of the domain. 


15.2 Classification of Schemes for Specification of 
Boundary Conditions 


Just as there are several numerical schemes by which a pde (or a system of 
pdes) can be approximated, several schemes have been developed to approximate 
the boundary conditions. These schemes vary widely in degree of sophistication, 
accuracy, and implementation. Various schemes will be grouped into three cate- 
gories. 

Category one includes specification of boundary conditions by simple extrapola- 
tion. The concept is equivalent to the requirement that the normal gradient at the 
boundary to vanish. The schemes in the second category are based on the theory 
of characteristics, where a set of equations are solved to provide the required un- 
knowns data on the boundary. Finally the third category includes schemes where 
additional layers of grid points are imposed at the boundary, and within this layer 
or zone procedures are introduced to dissipate or absorb disturbances and prevent 
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wave reflections from the boundary. Simple extrapolation schemes were discussed 
and used in previous chapters. The emphasis in this chapter is to explore charac- 
teristics based equations and category three type of boundary treatments. 

It is noted that some basic concepts and appropriate equations related to theory 
of characteristics are provided in appendices A and G. In fact the description of 
schemes in category two will begin by considering some of the materials presented 
in Appendix G. 


15.3 Category Two Boundary Conditions: Character- 
istics Based Boundary Conditions 


A system of equations is classified as hyperbolic if its eigenvalues А are real. A 
hyperbolic system of equations can be written in various forms including in terms of 
characteristic variables as shown in Appendix G. The resulting characteristic equa- 
tions represent a set of wave equations where the characteristic quantities propagate 
along the characteristic line with characteristic velocity of А. In category one bound- 
ary conditions, the sign of A's are used to identify as how many boundary conditions 
have to be specified at the boundaries and how many boundary values have to be 
determined from the interior domain typically by extrapolation. In category two, a 
set of equations are derived which is used to solve for the unknowns at the bound- 
aries. The procedure for the development of the required equations is illustrated 
for the two-dimensional Euler equations in generalized coordinate system. 

Depending on a particular application, different forms of the equations will be 
required. Therefore, as a first step, a set of general equations based on charac- 
teristics are derived and provided in several different forms. Subsequently these 
equations are modified for specific boundary requirements. 

Two types of boundaries which are typically encountered in most applications 
will be addressed. These are boundaries at the inflow/outflow and at surfaces with 
slip or non-slip conditions. 


15.3.1 Mathematical Developments 


Recall the governing equations for an inviscid flow in the computational space 
given by Equation (12-126), where for a planar two-dimensional flow it is reduced 
to 

90 OE OF 
э? Dt Ө? (15-1) 


Linearization with the help of expressions (12, 132a) and (12-132b), provides 
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29 + 29, „од 
нА + BG = 0 (15-2) 


where the matrices А and В are given by (12-134) and (12-135) respectively. Now 
consider the similarity transformation 


8080 9089 9090 
а Бо Р на в =0 15-3 
во ôt + ag 8€ 90 Әп SEES) 


whereQ represents the vector of primitive variables as given by 


i P 
> и 
се по 
p 
and, as previously defined, 
99 =М (15-4) 
90 
Therefore, Equation (15-3) is written as 
n? + ame 5 + ВМ 59 - 
ог 
— Pu 3 
99 малм92 килин E – 
эү + M АМ + М \ВМ-у-=0 (15-5) 
Rewrite Equation (15-5) as 
80 90 90 
ва on (15-6) 
where 
А = M'AM (15-7) 
В = МТВМ (15-8) 


ала 
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Е 1 оо 0 
м= ы u E A (15-9) 
90 v Ж. СИ 
iQ) + 1?) ри pv vh 
and 
д9 " : 0 x 
= = E 2 15-1 
NOT S -i 0 1 0 (15-10) 
107-1) (2+0) -i-u -(1-) (0-1) 
Performing multiplications іп (15-7) and (15-8), опе obtains 
zu + бу Ezp Eyp 0 
(Д 0 &u + Е v 0 &/p 
А = қ 15-11 
0 0 — &uc£&v &/p (15-11) 
0 &a?p буадр &u + &v 
and 
Пеи Пу) Пр "р у 
4 0 ти + ту) 0 [р 
В = * 15-12 
0 0 ти + ту” n/p (15:12) 
0 nza°p тар ти+ ту 
The eigenvalues of A'and B'are determined to be 
А = № = Eru + yu (15-13) 
Ag = &u + 6,0 + a J£ + € (15-14) 
Aga = zu + &yv ~ ay «а + © (15-15) 
апа 
Ani = А = Net + ту) (15-16) 
na = Neu + тї + a [ni + т (15-17) 


Ха = ћи + туи — ay n+ т (15-18) 
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which are identical to the eigenvalues of A given by relations (12-136) through (12- 
139), and the eigenvalues of B given by Equations (12-144) and through (12-147). 
Define by De, a diagonal matrix whose elements аге the eigenvalues of А (ог А) and 
similarly D,, a diagonal matrix whose elements are the eigenvalues of В” (ог В), 
then 


(15-19) 


and 


T (15-20) 


А 
Associated with the eigenvalues defined by (15-13) through (15-15) and (15-16) 
through (15-18), there exists a complete set of both left and right eigenvectors. If 
lg is used to denote a left eigenvector, then the following requirements must be 
satisfied 


lg A’ = Ale, (15-21) 


The left eigenvectors expressed as row vectors are determined to be as follows 


ly = [100 -1/а) (15-22) 

lg = [0 Ky - Ка 0] (15-23) 

lg = [0 Ка/У2 Ка/М2 1 (Ура) (15-24) 
lg = [0 -Ке/М2 — Ка/М2 1/ (Мдра)| (15-25) 


The left eigenvector matrix associated with А which is also the inverse of the right 
eigenvector is 


ооо + 
-s- 
$ 


1 1 
Te 55 


3m 
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where 
Ke = E (15-27) 
273 
(а-а) 
Ros — (15-28) 
(e+e) 
The right eigenvectors expressed as column vectors are 
1 
0 
Теа = 0 (15-29) 
0 
0 
Тез = 2. (15-30) 
0 
ГА 
ШЕ 
ет 
та = —= 15-31 
У М2 Ка ( ) 
pa 
2 
m ES. 
moe kem i 
ra= 7| ке (15-32) 
pa 
where the following relation is satisfied 
Ате = Ата (15-33) 
The right eigenvector matrix is now 
0 К, I EE т 
He ку Кқ (15-34) 
е Му y бу 
5 Ра удра 


The matrices R, and Ну have similar forms as Rg and Re", except Ко and Ку, 
are replaced by Ky: and Ky defined by 


Ky = — = (15-35) 
ЖЕТІ 
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апа 


Ky = —h (15-36) 
(rà + 72) 


Now, recall that a similarity transformation exists such that 


А = нова (15-37) 
or 
= ВЛАЕ; (15-38) 
and 
В = R,D,R;' (15-39) 
ог 
D, = FBR, (15-40) 


Since the concept of characteristics is used assuming local one-dimensionality, 
the governing two-dimensional equations is written accordingly. Therefore, when 
the required equation at the boundaries i = 1 and/or i = IM is used, characteristics 
in the € direction are employed and, similarly. at the boundaries set at j= 1 and 
j = JM, characteristics in the ņ direction are incorporated in the equation. Thus, 
consider Equation (15-6) to be used at i = 1 and/or i == IM, repeated here for 
convenience 


0 (15-41) 


This equation is written with the substitution of (15-37) as 


80 199 Le 
Fy нн SE + BI (15-42) 
Multiply by ЕР, one has 
199 199 A 
а -1 i 


This equation is called the characteristic equation Th to Equation (15- 
41). More specifically, Equation (15-43) can be written in terms of the characteristic 
variables Q. as defined in Appendix G by 


Воипаағу Сопашопз 315 
ала Шы _________________ 818 


Q = | вгад (15-44) 
and the resulting characteristic Equation as given by (G-30) is written as 
OQ. p e „69 _ 
ТЫ + безе + Rz B On =0 (15-45) 


The characteristic equation written either as Equation (15-43) or Equation (15- 
45) represents a set of wave equations where each wave moves with characteristic 
velocity of Ag. Each wave propagates along the characteristic line with a constant 
amplitude. This physical understanding of wave propagation is important in spec- 
ification of boundary conditions. It is also convenient to define 


Те = D, nid (15-46) 
е Ette де 
and thus 
09 90 
-19% -p9?Ww _ 3 
R; ap E (15-47) 
A vector component of Equation (15-47) can be written as 
99 
lea T Lg lg 29 = 0 (15-48) 


where 


s 


Before proceeding further with the mathematical developments, let’s pause a 
moment and consider as how the boundary conditions must be specified to be 
consistent with physics of the problem. In general, at any point within the domain 
and at any point at the boundaries, some of the eigenvalues will be positive and 
some will be negative. This indicates that waves are propagating both into the 
domain and out of the domain. Waves that leave the domain, that is outgoing, 
carry information from the interior of the domain to the boundaries. The incoming 
waves carry information from the exterior domain to the boundaries. Unfortunately, 
in most applications, the data exterior of the domain is not known. In some external 
flow applications the data due to the exterior, may be approximated. For example, 
the free stream flow properties at the far field may be imposed. Another scheme to 
specify the boundary condition associated with the incoming waves is the so called 
nonreflecting boundary conditions. This definition is based on the requirement of 


(15-49) 
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minimizing the reflection of outgoing waves. An equivalent попгейес те boundary 
conditions introduced by Hedstrom requires that the amplitude of the incoming 
waves must be constant at the boundaries. Mathematically, it requires that Le = 0. 
Therefore, the nonreflecting boundary conditions can be imposed by specifying the 
following requirements. 


—/ 
pos м, for the outgoing waves (15-50a) 
0 for the incoming waves (15-50b) 


Now, the appropriate equations to be used at the boundaries are the character- 
istic equations for the outgoing waves, i.e., Equation (15-48), and the nonreflecting 
requirement of L& = 0 for the incoming waves. These relations will be developed 
for specific types of boundaries shortly. However, before proceeding with imple- 
mentation of specific boundary conditions, observe that the characteristic Equation 
(15-48) is expressed in terms of the primitive variable vector Q . Similar equations 
can be written in terms of the conservative variables resulting in: 


20 +M (доме x ii a (15-51) 
ог 
59 + M (В) + a =0 (15-52) 


Either one of the Equations es 1) or (15-52) can be written as 


29 OF 
3 + ма + 515 0 (15-53) 
where 
400 
de - RDR; E = Веће (15-54) 


Note that with the definition given by (15-54), Equation (15-42) can be written as 


20 
7 


E "Hub Ra Dt 


-0 (15-55) 


This completes the mathematical development of the required relations to be 
used at the boundaries where Е = constant, typically set at i = 1 and/or i = IM. 
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The required equations to be used at the boundaries set at j = 1 and/or j = JM 
are established in similar manner. The results are 


a FA ~ + қарына % ма (15-56) 
ог 
98 1/22 420 
Qr + Ry A ар РОВ др =0 (15-57) 
ог 
= 90 90 
1 1 Е 
R, p + Ry "EE +L, = 0 (15-58) 
where 
190 
Ту = D,R; Эт (15-59) 
In terms of the conservative variables, 
92,5 + 2d +M (қом Z) =о (15-60) 
or 
90 дЕ 
а + дє + М Rly) =0 (15-61) 
ог 
29 | дЕ 
а + Be + May =0 (15-62) 
where 
196 | 
d, = R,D,R; E e. (15-63) 
and for Equation (15-56) is 
80 58 а 
> +A де +d, =0 (15-64) 


Proceeding with the mathematical operations, de defined by (15-54) is deter- 
mined as follow 
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г. 0 vis үн Га 

4; = R L 0 Kg Ка Ке Le 5: 
77667 0 -Ke КЫ Ке La 
0 0 Am Ура || Га 


Lea + ole + зе 
Кайе + T Kula = ЖКеГе (15-65) 
Kale + Ка іа — Кайе 
ўзра + ура ща 
Now Equation (15-55) is 


р/Ј Га + vis в Газ + ае 
9 | u/J P Ка іе + Кейв — Кыа 
at | v/J — Кеа Пра + Кера — Кайе 
p/ J арага + ура а 
пи + уо пр тур | А d J 
0 ти + Nyv 0 n./p 9 |ш/Ј | у 
0 0 ти + тур т/р An | v/J | 0 (15-60) 
0 пъа?р тар три + пут p/J 


from which the following equations are obtained. 


2 (6) + tot е бал (8) v) 


(и + пр) 2 (5) =0 авт) 


и 1 „д P) 
(5) + Кафе + беја - Kele pE on (5 + 


glo 


(neu + тул) Ls (5) =0 (15-68) 


v 1 , 9 7) 
(5) = Kez 2 + gete- ete +% 2 ðn (5 + 


(nut туда. (5) =0 ase» 


ФФ 


+ 


(E) «daro dte nti (3) + nang (2) 


(neu + туо) а (2) -0 (15-70) 


glo 


Р 
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Similar equations can be developed for the boundaries at j = 1 and j = JM. 
For this purpose, consider Equation (15-64). Once the mathematical details are 
completed, the following equations (similar to that of Equation (15-67) through 
(15-70) are obtained. 


a (5) Таи + е La enge (5 У без (5) 


(Си + &v) ЂЕ = (5) =0 (15-71) 


и 1 ae : 
(5) + Ку! + pirim- A WU p де G ) р 


(и + СА (5) =0 (15-72) 


Фе 


Фо 


(5) Вейи: bm - ки ы 5.2. (5) 4 


(и + бө (5) =0 (15-73) 


9 (р 5) 2:05 (5) 
5 (5 )+ + раса ойы өсе (5 uL. 7 + 
д (р 
(Си + 6) 8E (5) = () (15-74) 
When the conservative variables аге considered, the Equation (15-53) is used 


at i = 1 and/or i = ГМ. Once the mathematical operations are completed, the 
following equations are obtained. 


д 1 
ЕУ (5) ЕУ „лаге * Via Viale + 80 an =G (лери + тури) | = O (15-75) 


02) 75 s + Кир) La + (08-ке) 
-- Г Кар! — + К, L —i—- 
8t ( + ШШ + Кері + va ü + Кар | Les + JB а Кер) Lea 


+ 5 | (ри? +p) + "У (gus) = 0 (15-76) 


д e 1 (Е pv 1 уро 
= Та — Kez DE 
дї ( Tv £1 Е ple T—z v2 2 + Кор) Газ + V2 ( @ Кор) Га 


+ 3s s [E (иш) + 7% jo + р) =0 (15-77) 
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д /ре 1 
5; (=) + 5(u? + 09) La + (Key pu — Keeps) Пе + 


ІР (2,02 ра 
A £o +) + 1 + Кери + Коро Lg + 


и FG + 12) + CEST — Кари -- Кол Га + 


A [m (реш + pu) + В (peru + ро) = 0 (15-78) 


The equations at boundaries j = 1 and j = JM are obtained from Equations 
(15-62) and are given by 


д 1 1 
at (5) + Lyn + NE + дан ат де s (ели + бл) = 0 (15-79) 


x ) ba + (ко) 
5 (77 ) шы + Kmpl + 5 (E + Кир Lat a Кт? Lg + 


xls (pu? +p) + Бра) = 0 (15-80) 


д (ру 1 v 1 
5 (Beste sath) (EH 


x | (ou) + 5 3 (00? + 2 ie (15-81) 
% (=) а z (u? +1?) Lm + (Кри — Кро) Гар + = v2 5 | (2 + +0") + TEE Dt 
Кори + к, Із + > 8 (u? +v B + ^c - Кори — Къри 


Ly à E (peru + ри) + 5 (peru + го) =0 (15-82) 


Recall that Ге апа L, are defined by (15-46) and (15-59) respectively. At this 
point the mathematical operations are carried out and the results are provided as 
follows. 


R= 20 


ли 
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or 
" био - (8) + # (9) 
E Gut 6) [Kak (3) + кый (9) 
(би нв taya TE) (а (8) + ri (3) + 
ia|" % | (15-83) 
“92 (5) 
(neo ay EE) Га (8) - 5 (9) - 
5; He (3) 
and 
Та = Dn 
or 
(mu + ny») -ah (3) + & (5) 
Ба (и + тър) |-Ко 2 (3) + Ки: (3) 
Ба | _| бензина? [жав (6) + 28 (+ | ад 


Іт 5%) 
ње] | (ant ye oye) [дай (9) 518 )- 
а (5) 
15.3.2 Slip Wall Boundary Condition 


The slip wall boundary condition is specified by setting the normal component of 
velocity equal to zero while allowing tangential component of the velocity. Relations 
to be applied at the slip wall boundary are developed for a boundary at i = 1. 
Similar relations can be derived for boundaries at j=1. 

The normal component of the velocity at i = 1 is 


U = Gut &v 


which is set equal to zero. As a subsequence, the characteristic velocities given by 
(15-13) through (15-15) become 
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Л = Ag = 0, Ха > 0, and Ag < 0 


The required relations are developed first for the nonconservative variables, and 
subsequently the relations for the conservative variables are developed. 


15.3.2.1 Nonconservative (Primitive) Variables. 


Since Ag < 0, (that is, outflow) Lg,is computed based on characteristics according 
to (15-83) with би + бу = 0. Note that the relation for Lg involves only £- 
derivatives which can be computed at i = 1 using one-sided (forward difference) 
approximations. Therefore, Lg, is computed based on the information provided 
from the interior of the domain. 

Since Аз > 0, it represents an incoming wave, and therefore we must specify 
Lgs according to nonreflection boundary condition. Since the boundary condition is 
specified as slip, and U is zero at the initial time level, it must be zero at subsequent 
time levels to satisfy the imposed slip condition. Therefore, 


2. (£u + £v) = 0 (15-85) 
for a time independent grid, Equation (15-85) is written as 


es (5 )* &x (3 Z) =0 (15-86) 
Now, relations (15-68) and (15-69) are substituted into (15-86) and rearranged ав 


19 
Le — Leg + V2 (Кет + Keyny) 091 (5) + 


we lex (5 )+ +65 (1 ) x VER 


from which 


1 д 
Lg = Leg — V2 (Кель F Көл)” a (5) = 


tata АС) ш 


With the characteristic velocities Ад and Ag being zero, specification of Га- 
and Ге become ambiguous. However, setting Гг = Le = 0 is reasonable. These 
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specifications imposed on (15-67) and (15-68) indicate that the changes in flow 
properties are in tangential direction (r—direction) only which is consistent with 
the imposed no-slip wall condition. 


15.3.2.2 Conservative Variables 


Similar procedure as described in the previous section is used to developed the 
required relations at the no-slip boundary at i = 1, except Equations (15-76) and 
(15-77) are substituted in 


TEE osm 
resulting in 
| ee ee ike 5 (5 [п (pu? + р) + n, (еш))) + 
Уы д, ошақ (p 9)]] =0 (15:90) 


15.3.3 No-Slip Wall Boundary Condition 


The no-slip boundary condition at a nonporous surface is specified by imposing the 
velocity, and therefore, each component of the velocity to be zero. The procedure 
for the determination of 1/8 will be illustrated for the boundary at + = 1 in terms 
of the primitive variable formulations and subsequently extended to conservative 
variable formulation. 


15.3.3.1 Non-Conservative (Primitive) Variables 


The no-slip wall boundary requires that the velocity must be zero along the 
surface at the initial time level and subsequent time levels, therefore 


and 
ди ðv 
за“ 0 (15-92) 


Imposing the requirements (15-91) and (15-92) into Equations (15-68) and (15- 
69), one has 
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1 1 7. Ӧ үр 
Кыа + кей — Kelat Bs (5) =0 (15-93) 
1 1 тд [р 
- KaLg + Кота - ifle + aa (5) -0 (15-94) 
from which 
lg = Lat МЗ (Кылы + К 12 (2) =о (15-95) 
єз “ а г ИЛ pon J) 7 - 


Now, since Газ is positive, and therefore it represents an incoming wave, Equa- 
tion (15-95) is used to specify Па. Thus, from Equation (15-95) 


19 үр 
Lg = Lg — М2(Кет + Кул) РГА (5) (15-96) 
With Де being negative, that is outflow, Lg, must be computed from the definition 


of (15-83), therefore, 
110 үр Ker д fu Ky д fv 
ta Coi) ара (5) За (5) За 3) шыт 


Again, observe that the data from the interior domain is used to compute La 
utilizing one-sided difference approximations. 

Finally, Ха and Ag: are zero. We may select Lẹ to be zero and calculate Le as 
follows. From Equation (15-69), with 2 (3) = 0, one can solve for Lg to obtain 





= бу Les _ Ey Lea ny 1 д (5) (15-98) 


Ед & V2 J 


Le = + --- 
и & V2 & v2 Ка p 0n 


By the substitution of Дз and La given by Equations (15-96) and (15-97) into 
Equation (15-98), one obtains 


18 /р 
Lg = (Кет — Кет) pon (5) (15-99) 


This completes the specification of 125. 
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15.3.3.2 Conservative Variables 


The no-slip boundary condition requires that 


u=v=0 (15-100) 
and 
д (ри д (ру 
at (5)- at (Е )- Б: oy 
Now, Equations (15-76) and (15-77) are reduced to 
1 1 д (т. 
Киро + Kepa- Кери + 5 (=>) = (15-102) 
Sd labo qe a pa (%) E (15-103) 
ЕеРІ 2 V2 eyP £3 V2 Ey € ду Ј 


Equations (15-102) and (15-103) аге rearranged as 


„д үр 219 
Как кара +" (% )+ 8 „)=0 (15-104 
[е ке в- ке “ 2n 2794 СЕ) ( ) 


and 


1 1 д /р 19 
с Кайо + Keule- Еа Tx (5) + 27 73g 5, (my) =0 (15-105) 


Observe that Equations (15-104) and (15-105) are identical to Equation (15- 
93) and (15-94) except the appearance of the last term in Equations (15-104) and 
(15-105). 

Equations (15-102) and (15-103) are combined to provide 


fase A ees Z (=) + Код (58) -0 (15-106) 


Following the same oe of the previous section, the values of L;'s are 
determined. 


15.3.4 Inflow/Outflow Boundary Conditions 


The inflow boundary condition is considered at i = 1 for both the subsonic and 
supersonic flows in terms of either primitive or conservative variables. The inflow 
boundary conditions at boundaries at i= IM, j = 1, and 7 = JM can be specified 
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similarly. Subsequently, the development of boundary conditions Юг the outflow is 
considered. 

First, a set of nondimensional velocity parameters similar to the Mach number 
is defined for computational domain based on the contravarient velocities as follows 


U _ Си+ Gv 


NCC a eae (15-107) 
and 
gs E TU (15-108) 


TR Саут ri 


The flow will be defined as supersonic in the computational domain (associated 
with the £-direction) if M; > 0, that is, all the eigenvalues A, are positive. This 
definition and its interpretation is based on mathematical ground and it is not asso- 
ciated with the physical concept of supersonic flow. Nonetheless, the interpretation 
will be used because specifications of boundary conditions is based on M; and My. 

А similar discussion about the relation between eigenvalues of the Euler equation 
and their relation to the physical supersonics or subsonic flow was presented in 
Section 12.9.1. 

Now, for a supersonic flow, where М > 0, all the eigenvalues, Ас, are positive. 
That is, information is entering the domain of solution, and therefore all boundary 
conditions are specified. This is accomplished by specifying all the flow variables at 
the inflow. 

For a subsonic inflow, require a constant mass flow in £ direction and set 


д 
& (&ри + бури) = 
ог for a time independent grid 
д д 
bea (pu) + ET (pv) = 0 


2 
Substitute Equation (15-76) and (15-77) into equation above and divide by (е + е) М 
to obtain 


1 
(Кеи + Као) Га + ЕС (= + Kep) + ке (= + кар) | Lud 


E Ке (а - Kep) + ake (2 = Kop) Lac 


де, ӘР, 
Kee + Ке =0 (15-109) 
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Select Lg, = Бе; to enforce them to be nonreflecting, Equation (15-109) is reduced 
to 


OF: OF; 


1 
--- P (Кем + Kev + a) Га + = P (Кем + Као — а) La + Ke, —— бл 2% Ке 97 = 0 


v2a As 


which can be solved for Газ to provide 


v2 a 


lasse ee 
в (Ки + Kev +a) p 


OF OF; 
К рака ЗК 
lz (Kerzu + Ка? — a) Lg + Ке дп = + Ка ШЫ 


or іп terms of the eigenvalues, 


i дЕ дЕ 
dM о) 


Summarizing the results, one has, 


i = езі (ага + „22 (6.22 + EI) 
га | (оооу) рай (8) SER (9) 
- #8 (3)] 


15.4 Category Three Boundary Conditions: Addition 
of Buffer Layer 


In these schemes, an additional layer of several grid points is added to the 
computational domain. The governing equations are modified or amended in the 
buffer layer such as to absorb or dissipate the waves so as to prevent wave reflection 
back to the domain of solution. 

Within this category of boundary treatment, there are two schemes. The first 
scheme introduced by Berenger [15.1, 15.2] is known as Perfectly Matched Layer 
(PML). In this scheme, the governing equation is split according to the spatial 
derivatives. Furthermore, the dependent variables are also split into subcompo- 
nents. An absorption coefficient is also introduced into these equations. The result- 
ing PML equations are solved within the PML domain with specified absorption 
coefficient. The procedure originally developed by Berenger with applications to 
electromagnetic waves, have been extended to Linearized Euler equations [15.3, 
15.4] and Euler equations [15.5]. 
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The second scheme includes the introduction of a so-called sponge layer, where 
a source term is added to the governing equation. The objective here is to dissipate 
the wave within the sponge layer and thus prevent any possibility of wave reflection. 
The source term w to be added to the right hand side of the governing equation is 


= —e(z)Q (15-110) 
where 


пер ae ie ME els E 


This expression is used for the sponge layer at the boundary perpendicular to 
the x-axis. Similar expression is written for the boundary perependicular to the 
y-axis. тр and те in Equation (15-111), denotes the г coordinates of the beginning 
and the end of the sponge layer respectively. The constants a and n are specified 
to control the amplitude and distribution of the damping coefficient с. 

Ап expression for the source term, similar to that of (15-110) which includes an 
additional term, has also been used. Now the source term is written as 


w = —о(т) (Q EZ д.) 


where Q, is ап approximate solution. For example, a mean flow solution can be 
used for this purpose. The implementation of sponge layer concept is simple and 
straighforward without any major modification of the governing equations. In the 
example to follow, this approach is used. 


15.5 Applications 


Two example problems are proposed in this section, and solutions are obtained 
with the implementation of several boundary treatments disscussed in the previous 
sections. The solutions are compared to each other in order to determine the effect 
of boundary treatments on the solution. 


15.5.1 Application 1: Moving Shock Wave 


Consider an oblique shockwave moving through a rectangular domain with open 
boundaries. Тће upstream Mach number is 1.25 and the shock wave is at 45? with 
respect to the z-axis. Time accurate solution of the Euler equation is required 
up to a time level where the shock exits the domain. Ideally, no wave reflection 
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should be detected within the domain. The initial pressure distribution is shown in 
Figure 15.1. The number of grid points are 100 and 50 in the г- and y-directions 
respectively. 

To investigate category three-boundary treatment, sponge layers to the right 
and top boundaries have been added with 20 and 10 grid points, respectively. The 
values of constants a and N, appearing in relation (15-111), are set to 0.05 and 
4.0, respectively. A discussion on the selection of these constants is provided in 
the next section. The solutions at time levels of 0.25 ms, 0.50 ms, and 0.75 ms 
are shown in Figures 15.2 through 15.4 for the three categories of boundary treat- 
ments. Figure 15.2 illustrate the solution with category one boundary conditions, 
that is, extrapolation. Figure 15.3 shows the solution with category two boundary 
treatment and finally Figure 15.4 shows the sponge layer approach. It is seen that 
the sponge layer approach provides the cleanest solution with no reflected waves 
observed. However, note that this increase is accuracy requires additional compu- 
tations, namely solution of the equation in the sponge layer. Nonetheless, for DNS, 
LES, aerocoustics and several other applications, accurate treatment of boundary 
conditions are required. 


15.5.2 Application 2: Flow Over a Compression Corner 


As a second example, consider the computation of an inviscid, supersonic flow 
over a compression corner. In this problem, the Euler equation in generalized coor- 
dinates, given by (12-126), is solved by the modified Runge-Kutta scheme described 
in Section 12.9.2.5 with the TVD scheme of Section 12.9.2.4.3. 

Typically, the domain of solution for this type of problem is selected such as 
the shock wave to impinge on the far right boundary. Since the flow at the outflow 
at the far right boundary would be supersonic in most cases, extrapolation works 
very well. A typical domain is shown in Figure 15-5. However, depending on the 
application, it is not always convenient, nor computationally efficient to select such 
a domain, especially if the shock angle is large. 

A second option on the selection of the domain of solution is illustrated in Fig- 
ure 15-6, for which the shock wave will impinge on the upper boundary. It is 
obvious that such a domain can be selected to be much smaller than the domain 
of Figure 15-5, and therefore, fewer grid points are required for the solution and 
the computation time is consequently reduced. This advantage, however, is chal- 
lenged by the treatment of the boundary condition at the upper boundary. That is, 
because the simple extrapolation scheme does not work well, a more sophisticated 
boundary treatment must be implemented. The objective of this example problem 
is to illustrate the effect of boundary treatment for these types of domains. 
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Figure 15.1. Initial pressure distribution for the moving shock wave. 

















Figure 15.3. Solution with category two boundary condition 
(Characteristics Based Boundary Condition). 

















Figure 15.4. Solution with category three boundary condition 
(Addition of a Buffer Layer). 


Pressure contours at (a)t=0.25ms (b)t=0.50ms (с)і- 0.75 ms 
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Figure 15-5. Domain of solution for the compression corner where the 
shock wave impinges on the right boundary. 





A supersonic flow of Mach 2.95 over a compression corner of 16 degrees is con- 
sidered in this problem. The computational domain includes 120 grid points in the 
streamwise direction, that is, in the x-direction, and 90 grid points in the y-direction. 
The solutions obtained with the implementation of three types of boundary treat- 
ments are illustrated in Figures 15-7 through 15-9. Observe that when the simple 
extrapolation scheme is used at the upper boundary a nonphysical shock reflection . 
occurs. An improvement is seen as one uses the nonreflecting boundary condition. 
There is no shock reflection; however, some small disturbances are generated up- 
stream of the shock impingement at the upper boundary, as observed in Figure 15-8. 
Finally, the solution with the sponge layer scheme is shown in Figure 15-9, where 
a layer of 10 grid points has been added to the upper boundary. The constants in 
the damping terms a and N аге set to 0.05 and 4.0, respectively. As seen in Figure 
15-9, a clean solution with no shock reflection has been obtained. That is, all the 
waves have been dissipated within the sponge layer, and, therefore, any possibility 
of a nonphysical shock reflection has been eliminated. 

One point which warrants further elaboration is the selection of the constants 
а and N which appear in the damping term. When the sponge layer scheme was 
implemented in the previous test case, the values for а and N were respectively 
0.05 and 4.0. Тһе coefficient a controls the quantity of damping term added to 
the right-hand side of Equation (12-126), whereas the exponent N determines the 
distribution of the damping terms inside the sponge layer. А parametric study on 
these two constants has been performed to highlight their effects on the solution 
[15.6]. 
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Figure 15-6. Domain of solution for the compression corner where the 
Shock wave impinges on the upper boundary. 
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Figure 15-7. Solution by implementation of ext 
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Figure 15 


-8. Solution by implementation of nonreflecting boundary 
condition. 
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Figure 15-10. The effect of a onthe Figure 15-11. Details of Figure 15.10 
solution. downstream of shock. 





To investigate the effect of a on the solution, the values of N and the number of 
grid points in the sponge layer are kept constant at 4.0 and 18 points, respectively. 
The corresponding pressure distribution on the physical upper boundary (that is 
just below the sponge layer) is shown on Figures 15-10 and 15-11. Figure 15-10 
shows that, up to the shock impingement location on the upper boundary, the 
coefficient a does not effect the solution. This was expected because, in this region 
(upstream of the shock), there is no need to damp out any reflection. It also means 
that the damping term stays neutral when it is not needed. On the other hand, the 
magnitude of the reflected wave is sensitive to the coefficient a, as seen in Figure 
15-11. For a — 0 (i.e., no damping term is added), a large reflected wave can be 
seen downstream of the shock wave. Аз the value of a is increased, the smaller the 
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undesired reflections become, until the value of a = 0.05 is reached. At this value, 
the solution is considered to be reflection-free. For high values of a, no change has 
been observed, and the solution remains clean (it shows good agreement with the 
analytical solution). 

To investigate the effect of exponent N on the solution, the value of a is set to 
0.05, and the number of grid points in the sponge layer is set to 18 points. The 
pressure at the upper boundary is shown in Figure 15-12. Negligible changes in the 
solution have been detected for values of N varying from 1 to 6. It suggests that, 
for a proper amount of damping within the sponge layer, the distribution of this 
damping does not affect the solution. 
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Figure 15-12. Effect of the exponent N on the solution. 





Finally, to investigate the effect of the number of grid points within the sponge 
layer, the thickness of the layer is kept constant at 20 percent of the vertical grid 
size. The values of a and N are, respectively, 0.05 and 4, and are kept constant. 

Results are shown in Figures 15-13 and 15-14. When the number of grid points 
is sufficiently large (10 or 18 points), no reflection occurs. When the number of grid 
points is reduced to 5, the sponge layer does not absorb all of the reflected wave, 
and the solution is contaminated. 


15.6 Concluding Remarks 


The specification and treatment of boundary conditions have a profound effect 
on the accuracy of numerical solutions. Depending on the application and domain 
of solution, the values of some variables on the boundaries may be knwon from 
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the physics of the problem, and, therefore, they can be easily specified. However, 
difficulty arises in situations where some or all of the variables at the boundary are 
unknown, and, therefore, they must be computed as a part of the solution. Several 
simple schemes have been introduced throughout the text for the treatment of 
boundary conditions. Some more sophisticated treatments of boundary conditions 
have been reviewed in this chapter. Research in the development of efficient and 
accurate treatments of boundary conditions continues. 
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Chapter 16 


An Introduction to 
High Temperature Gases 






16.1 Introductory Remarks 


For high speed flows, particularly those in the hypersonic regime, the assump- 
tion of calorically perfect gas imposed in the previous equations is no longer valid. 
That is due to the high temperatures associated with such flow fields. As a conse- 
quence of high temperatures, molecules will dissociate and may ionize. Therefore, 
the effect of chemistry must be accounted for if a reasonable computation is to be 
carried out. To address numerous issues related to chemically reacting gases, the 
fundamental concepts are initially explored. Subsequently, a procedure to include 
the chemistry effect in the equations of motion is introduced. In this regard, only 
inviscid equations of fluid motion are considered to illustrate the procedure. 


16.2 Fundamental Concepts 


The underlying assumption of calorically perfect gas results in constant specific 
heats and, hence, a constant ratio of specific heats, y. For example, a value of 
y = 1.4 is used for air. In addition, the internal energy of the system is expressed 
solely as a function of temperature. Indeed, it is assumed that the internal energy 
is composed of translational and rotational modes of energies only. It is based 
on these assumptions that the previous set of equations was developed. For a 
chemically reacting flow, the energy may be a function of temperature as well as 
pressure. The ratio of specific heats, -y, is no longer constant and, in general, a new 
definition for y in the form of the ratio of enthalpy to internal energy is introduced. 
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In the next few subsections, various definitions from physical as well as mathe- 
matical points of view are explored. 


16.2.1 Real Gas and Perfect Gas 


A molecule possesses a force field due to the electromagnetic actions of electrons 
and the nuclei. When a domain composed of many molecules is considered, the force 
field associated with each molecule affects other molecules in that it may act as a 
repulsive force if molecules are very close to each other or as an attractive force if 
they are relatively far apart. Under normal conditions, such as atmospheric, the 
average distance between molecules of air is about 10 molecular diameters, resulting 
in weak attraction force. Now consider a fixed region and introduce more and more 
molecules into this fixed region. As a result, the molecules are more compact. This 
translates into conditions where the pressure is extremely high and/or temperature 
is very low. Under this condition the intermolecular forces become important and 
the gas is defined as a real gas. On the other hand, when the intermolecular forces 
are negligible, the gas is defined as a perfect gas. For the majority of problems in 
aerodynamics, the assumption of perfect gas is a valid one and is utilized extensively. 
From an application point of view, the major difference between a real gas and a 
perfect gas is the use of the equation of state. For a perfect gas, the equation of 
state p = pRT is employed, whereas for a real gas, the van der Waals equation of 
state expressed as | 


(p + ap?) G- =RT 


is usually employed. Note that in the equation above a and b are gas-dependent 
constants. An important point to clarify at this time is the consideration of chem- 
istry. Whether the flow under study is chemically reacting or not has nothing to 
do with the assumption of perfect gas or real gas. Indeed, the equation of state for 
a perfect gas is used extensively for chemically reacting gases. Such a chemically 
reacting flow is considered a mixture of perfect gases. In this regard, the following 
equation of state for a species s holds 


Ds = „ЕТ (16-1) 


where p, is the partial pressure contributed by species s; p, is the partial density 
contributed by species s; and Б, is the gas constant for species s defined as R, = & 
where Ж. is the universal gas constant; MW, is the molecular weight of species 8; 
and T is the temperature. Modification to Equation (16-1) to include real gas 
consideration may be accomplished by introduction of a so-called compressibility 
factor Z, such that 


Ps = Zp,R,T (16-2) 
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where the compressibility factor 2 is usually given as a function of reduced pressure 
and temperature, e.g., see Reference [16-1]. Thus, when the compressibility factor 
is about one, the perfect gas equation of state may be employed. 


16.2.2 Partial Pressure 


Consider а gas mixture composed of various species. For simplicity, assume 
air composed of 8090 nitrogen and 2090 oxygen within a fixed region at a pressure 
of 10 atm. Now consider the region with exactly the same number of nitrogen 
molecules, i.e., the oxygen molecules have been extracted. The measured pressure 
is now 8.0 atm. Similarly, when the domain includes the original number of oxygen 
molecules, the measured pressure is at 2.0 atm. By definition, these pressures are 
called partial pressures. Thus, partial pressure of a species is formally defined as 
the pressure within a domain if the species s is the only matter within the region. 
Mathematically, the pressure of a mixture within a domain is written as the sum of 
the partial pressures, i.e., 


р- Y» (16-3) 


This relation is known as the Dalton's law of partial pressures. In terms of Equa- 
tion (16-1), it may be written that 





n n R 
P=} PRT = У р Т (16-4) 
2 „В, >, "MW, 
Now, define the mass fraction of species s as 
с, = ё 
p 
Substitution into (16-4) yields 
п R Ш R 
p= 2 Corgi? = > (Сър) = pRT (16-5) 


Note that the gas constant for the mixture, R, is defined as 


n 
в-Уо,в, 


8-1 


16.2.3 Frozen Flow 


When the chemical reaction rates within the flow field are extremely slow, 
such that fluid particles moving within the domain do not experience any change 
in the chemical composition, it is referred to as a frozen flow. In order to better 
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understand various categories of chemically reacting flows, define two time scales: 
one associated with the fluid motion and one associated with the chemical reactions. 
Assume ty seconds are required for a fluid particle to travel the length of a domain 
designated by some characteristic length L with a velocity и. Hence, t; ~ L/u. 
Now denote the time required for chemical reactions to take place by te. Then, for 
a flow field where t, > іу, the flow is assumed to be frozen. 

From a physical point of view, recall that the chemical reactions occur due to 
molecular collisions. Relating the number of molecular collisions to the chemical 
time scales, it is apparent that for a frozen flow the molecular collisions are suffi- 
ciently few such that no chemical processes take place. 


16.2.4 Equilibrium Flow 


For flow fields where the chemical reaction rates are extremely high, the reac- 
tions take place instantaneously. Thus, reactions are completed before the fluid has 
a chance to move downstream. Such a flow is called equilibrium or, more precisely, 
chemical equilibrium. Therefore, for an equilibrium flow, t; > te- For a flow in an 
equilibrium state, the specific heats are functions of both pressure and temperature. 
Therefore, the ratio of specific heats is no longer constant and becomes a function 
of temperature and pressure as well. The gas constant is also a variable due to 
changes in the molecular weight of the mixture. 


16.2.5 Nonequilibrium Flow 


The frozen and equilibrium flows just defined represent two extreme condi- 
tions. In reality, chemical reactions occur as particles are moving within the do- 
main. Therefore, in situations where the flow cannot be classified as either frozen 
or equilibrium, it is referred to as nonequilibrium. For nonequilibrium flows, the 
perfect gas equation of state still holds, except the gas constant is now a variable 
because the molecular weight of the mixture is changing. 

It is important to realize that, within a flow domain, equilibrium flow may be 
established in a certain region while in some other region, flow is in а nonequilibrium 
state. A computer code which incorporates a nonequilibrium model should be able 
to compute the equilibrium state as well. This point will be illustrated shortly. 


16.2.6 Various Modes of Energy 


In order to describe the various forms of energy, consider a diatomic molecule 
in motion within a domain. The energy associated with the translational motion 
of its center of gravity is called the translational energy. Since the molecules may 
also rotate about orthogonal axes in space, it also possesses rotational energy. In 
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addition, the atoms forming the molecule аге vibrating. The associated energy is 
known as the vibrational energy. Other modes, such as bending and twisting, may 
be activated but are usually assumed negligible. Finally the electrons are in motion; 
therefore, they possess kinetic energy due to orbital motion about the nucleus, and 
a potential energy, established by an electromagnetic field. 

From a computational point of view, what is essential is the change in the value of 
energy rather than its absolute value. Thus, various modes of energy are measured 
with respect to a reference datum, usually selected as the lowest allowable energy, 
theoretically at a temperature of zero degrees absolute. This reference datum is 
known as the zero point energy level. Now, the internal energy for a molecule may 
be written based on the classification of various forms of energies as 


= €t + Er + Ey + Ee + Eo 


where €t, Er, Ev, бе, and e, represent translational, rotational, vibrational, electronic, 
and zero point energies, respectively. Note that the energy for an atom is composed 
of translational, electronic, and zero point energies only. 

The various energies defined above are now expressed mathematically for a di- 
atomic molecule in thermal equilibrium flow 


3 R 
ба = 5 МУЎ; (16-6) 
2 R 
Ers = 2 uw (16-7) 
R 6, 


where 0, is the characteristic temperature. 

A closed form relation such as (16-6) does not exist for electronic energy. For 
problems where the temperature is less than 8000 K, the electronic energy can be 
ignored. That may effect at most about 1% of the total energy. Finally, the values 
of zero point energies are given in tables for various gases. For example, Reference 
[16-2] provides such tables for air. The zero point energy, ол, is usually expressed in 
terms of Во, called the heat of formation. The heat of formation, in general, is given 
as a relative value, whereas ео, is an absolute value. Note that for flows within the 
subsonic and supersonic range, the vibrational energy within the internal energy of 
the system is small and is usually ignored. A benchmark value at which to include 
the vibrational energy of air for a pressure of one atmosphere is at temperatures of 
about 800 K and above. 

Examination of Equations (16-6) through (16-8) reveals that one temperature is 
used for various modes of energies, in which case it is referred to as a one tempera- 
ture model. Sophisticated models based on multi-temperature models are currently 
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under investigation. One such model is a two temperature model in which a trans- 
lational/rotational temperature T is used in relations (16-6) and (16-7) for the 
translational and rotational energies, and a vibrational temperature T, is used in 
(16-8), where Т  T,,. 

Finally, incorporating relations (16-6) through (16-8), the internal energy of a 
species s may be expressed for an atom as 


3/ R 
Са = 2 (мъ) Т + hos (16-9) 
and for а molecule as 
Бу R R 
Es = 2 (xr) Т-- Mw, |ехр(0,/Т) - 1 + hos (16-10) 


16.2.7 Reaction Rates 


Consider a domain composed of molecules at standard atmospheric conditions. 
When the temperature of the domain is increased, it is accompanied by an increase 
in various energy modes. As a result, the collision rate between molecules is in- 
creased as well. Now, some of the increased energy is absorbed into breaking the 
atomic bonds between molecules. This breakdown of molecules to atoms is known 
as dissociation. Next, consider the reverse situation where the energy of atoms 
is released to bond atoms into the formation of molecules. This process is called 
recombination. For simplicity, consider a diatomic molecule such as oxygen. The 
definitions above may be expressed mathematically as 


О; + absorbed energy — 20 for dissociation 


20 — released energy — О» for recombination 


Note that the energy provided for the reactions above is related to the collision 
between molecules and atoms. With this physical concept in mind, it is customary 
to express the relations above as 
f 
О + M = 20 + М (16-11) 
b 


where M is considered as а nonreacting particle. Dissociation is represented by 
forward reaction denoted in (16-11) by f, and recombination is called backward 
reaction, denoted by b. The reactions in (16-11) occur at specific rates which are 
functions of temperature and composition. 

In order to generalize relation (16-11) to n reacting species, define the concen- 
tration of species s per unit volume of the mixture as 
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Now, Equation (16-11) is generalized as 
5а) = У ЫХ] (16-12) 
з=1 1 


where а, and 6, аге the stoichiometric mole numbers of the reactants and products 
of species s, respectively. The forward reaction rate and backward reaction rate are 
represented by Ky and Ky. An empirically determined expression for the forward 
reaction rate K; may be written as 


Ky = CT" exp[-E/KT] (16-13) 


where K is the Boltzmann constant and C, n, and E are constants depending on 
each dissociating molecule. These constants are given in Appendix I for a five- 
species model. Instead of introducing a relation for the backward reaction rate 
directly, an equilibrium constant is first introduced as 


- Ky 
е- K, 
А typical relation for the equilibrium constant is expressed аз 


К, = exp(Ai + А12 + AsZ + А422 + А523) (16-14) 


where Z = 10000/T, and the coefficients А; through As are provided in Appendix I. 
Now, the backward reaction rate may be determined as 


At this point, consider the net rate of formation of [X,]. From Equation (16-12), 
one may write 

d[X.] 

dt 


_ dX] 
| dt 


d[X.] 
dt 





(16-15) 











net b 


f 
where the forward rate of formation of X, is 


aX] 
d 





E (b, d а.) K (1I, Ка“ 
f 


and the backward rate of formation of X, is 


4х) 


dt = —(b, - as) КЫП, [Хх] 
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The symbol II is used to represent the product. Note that, by definition, when 
a chemical equilibrium state exists, the rate of formation of each species is zero; 
mathematically, 
ах.) 
е => 
dt 


net 


Obviously, for chemically nonequilibrium flows the net rate of formation is not zero, 
and relations such as (16-15) will form a set of equations which have to be solved 
for the concentrations of each species. 

In order to establish a benchmark value with regard to molecular dissociation, 
consider air at atmospheric conditions. The onset of dissociation and ionization is 
shown in Figure 16-1. This figure illustrates the range of dissociation of Хо, О» and 
the onset temperature for ionization. 


Dissociation begins «> lonization begins 


for N, 


Almost all of О, 
has been dissociated 


Almost all of М, 
has been dissociated 


Dissociation 
begins for О, ар. 


OK 2500K 4000 K 


Figure 16-1. Temperature range for molecular dissociation and ionization 
of air at atmospheric pressure. 





It is emphasized that these values correspond to a pressure of one atmosphere and 
that an increase in pressure will increase the onset temperatures for dissociations 
and ionizations. 


16.2.8 Five-Species Model 


In order to illustrate the nonequilibrium effect, a five-species model for air is 
considered. In this case, the chemical reactions of interest would be 


О +M = 20+M 
М+М =2N+M 


NO+M=_N+0+M 
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О+М№, =N+NO 


where M represents а попгеас пе particle and сап be any one of the five reactants, 
i.e., Os, №, NO, О, ог М. The selection of this simple model limits the range of 
applicability to 8000 K. Recall that for temperatures above 8000 K, ionization must 
be considered as well; for example, 


М+О = КО? е 


For the application to follow, the five-species model is used. 


16.3 Quasi One-Dimensional Flow/Equilibrium 
Chemistry 


For a wide range of applications, the utilization of an equilibrium chemistry 
model will provide an accurate solution. That is particularly true for high density 
flows where a sufficient number of molecular collisions take place and the reaction 
rates are high. For example, a flight regime below 50 km can be adequately modeled 
by an equilibrium model. In general, specification of two thermodynamic state 
variables will provide the remaining thermodynamic properties. 

The general approach to include an equilibrium chemistry effect is to consider 
the governing equations for partial pressures of the species. The relevant equations 
form a system of nonlinear algebraic equations. A typical system is composed of the 
Dalton’s law of partial pressures, equilibrium constants (provided by statistical me- 
chanics as a function of temperature), and equations for conservation of each nuclei. 
To solve this system of equations, two thermodynamic states, namely pressure and 
temperature, are required. Once the partial pressures of species are determined, 
the mass fraction of species may be evaluated. Subsequently, the density, enthalpy, 
and internal energy of the mixture are computed. 

Since many applications in gas dynamics involve air, various sets of tables or 
graphical plots have been generated by the system of equations just described. 
Therefore, they may be used to facilitate the computation of equilibrium air. In this 
regard, two procedures are available. In one procedure, the tabular values are input 
to a program, along with an interpolation routine. With any two thermodynamic 
states specified, the remaining variables can be determined by interpolation. In a 
second approach, the tabular data are curve fit using polynomials. A commonly 
used scheme in this category is given in Reference [16-3]. This approach is adapted 
for the example to follow and, therefore, a brief explanation is provided. 


An Introduction to High Temperature Gases 345 





As stated earlier, two thermodynamic variables are required to compute the 
remaining variables. Recall that the equation of fluid motion considered in previous 
chapters provides velocity, p and е;, from which internal energy can be determined 
ш 1 

е-е- giv t v + ш?) 
Hence, for the time being, consider the two given thermodynamic variables to be the 
density and internal energy. First, an effective y denoted herein by ¥ is computed 
from the following relation 


4 = а+ой + 032 + 4712, + asY? + 0621 + а 21 + agZ} 
+ ш + аю + 41121 + аз 21 
1 + exp[(ais + ам”) (Zi + ais¥i + 016)] 
where Y, = log(p/1.292) and 2, = log(e/78408.4). The corresponding units for the 
variables in the relations above are: (N/m?) for pressure, (Kg/m?) for the density, 


апа (m?/sec?) for the internal energy. Once 4 has been determined, the equation 
of state is used to compute the pressure, i.e., 


(16-16) 


р = ре(4 — 1) 


Now, the temperature (in units of Kelvin) is evaluated from the following relation 
T 
log (ти a) = by ЊУ, + 62; + b. Yi Za + bs + 5625 + ИТ) Zo + зҮ»; 


by + бру; + bn Z2 + 512 + 5,322 
1 + exp[(b14Y2 + bis)( Za + bis)] 


where Ү = log(p/1.225), X; = log(p/1.0314 x 10), and 2, = X; — У; The 
coefficients appearing in relations (16-16) and (16-17) аге provided in Reference |16- 
3], which should be consulted for an in-depth explanation. 

Implementation of the equilibrium model into the equation of fluid motion is 
simple and straightforward. The computation of the flow field at the first time step 
uses a specified у, usually 1.4. The solution of the gas dynamic equations provides 
the values of p and е. Now the equilibrium model is used to determine a new 4. 
The computation for the next time level is carried out with the newly computed 
value of ¥. The procedure continues until the solution converges. 


+ (16-17) 


16.4 Quasi One-Dimensional Flow/Nonequilibrium 
Chemistry 


At a high altitude flight regime, the nonequilibrium chemistry model must 
be used in order to adequately simulate the high speed flow field. This is due to 
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insufficient molecular collisions and the resulting low reaction rates. Mathematical 
modeling of the nonequilibrium chemistry is similar to that of equilibrium, except 
now а set of partial differential equations must be solved to provide the necessary 
mass fractions of various species. It is therefore obvious that the solution procedure 
for nonequilibrium flows is more difficult than for equilibrium flows. Furthermore, 
since а system of PDEs is now being solved, the computation time is drastically 
higher, typically by a factor of about three. In order to illustrate the effects of 
chemical nonequilibrium, the simple quasi one-dimensional Euler equation is used 
in the following discussion. 


16.4.1 Species Continuity Equation 


In conjunction with the quasi one-dimensional Euler equation introduced in 
Chapter 12, the nonequilibrium species continuity equation is written as 
0SQ. дЕ, 
ôte x дг 
where, ав before, S = S(x) is the cross-sectional area, and the vectors Ос, Е, and 
W are defined as 








+ SW = 0 (16-18) 


pC; рис wr 
РС» рис; th 
©, = | рСз Е. = 5 | риса W = — | из 
pC, pu, [A 
РС; puCs Ws 


The subscript number used in the mass fraction, C, and mass production rate, t, 
represent reactants as 
1 for О; 


2 for No 
3 for NO 
4 for O 
5 for N 


The components of vector W represent the mass production rate of each species 
where 





(16-19) 


The rate of formation for the five-species are provided in Appendix I. 

The conservation of mass requires that 375. 10, = 0, i.e., total mass of the system 
is conserved. Therefore, the five-species continuity equations must sum to the global 
continuity equation. 
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16.4.2 Coupling Schemes 


There are two schemes upon which the Euler equation given by (12-11) and 
the species continuity equation (16-18) are related. One scheme is the so-called 
fully coupled approach where the three gas dynamic equations and four-species 
continuity equations are expressed as one vector equation. Note that only four- 
species continuity equations are used since a global continuity equation is included 
in the gas dynamic equation. Hence, the coupled system is expressed as 


2.59) + дЕ +H=0 (16-20) 
where 
р ри 0 
ри ри? +р - Вр 
ре: (ре, + p)u 0 
Q= poi Е=5 puCi 1 Н-- Su 
РС: puC, би» 
рСз риСз Әлін 
pC, риса SA, 


Equation (16-20) may be solved by the flux-vector splitting scheme described in 
Chapter 12. Obviously, some additional mathematical manipulation is required. 
For example, now the Jacobian matrices for this system must be derived. А second 
scheme is known as the loosely coupled method. In this approach, the communication 
between the gas dynamic equation and the species continuity equation is performed 
by defining a thermodynamic property ¥ such that 


Note that ^y is а variable which depends on temperature and species mass fraction. 

Each approach has its own merit. For the loosely coupled system, previously de- 
veloped computer programs for ideal gas can be easily modified to include chemistry 
effects. In addition, the Jacobian matrices are 3 x 3 and 5 x 5 for the gas dynamic 
and species continuity equations, respectively. À disadvantage of the scheme is sta- 
bility requirement in that it is more restrictive than the fully coupled scheme. For 
illustrative purposes, the loosely coupled approach is adapted. 


16.4.3 Numerical Procedure for the Loosely Coupled Scheme 


The quasi one-dimensional Euler equation and the numerical scheme introduced 
previously in Chapter 12 are used in conjunction with the five-species continuity 
equation in a loosely coupled fashion. The numerical scheme proceeds along the 
following steps: 
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(1) Euler equations are solved for the unknown AQs based on the original for- 


(2) 


(3 


— 


mulation described in Chapter 12. This solution is designated by an asterisk 
to distinguish it from the solution obtained after the chemistry adjustment. 
Hence, the solution of Euler equations yields: 


р‘ = р®*+ Ар 
(ри) = (ри)" + A(pu) 
(ре;)* = (рег)" + А(рег) 


Once Ше three primary unknowns р", и“, and е; are computed, the remaining 
variables such as Г“, р“, etc. can be determined. Note that the mass fractions 
(C,)", 4", and the gas constant of the mixture R^ are held constant during 
this step. 


With the values of p*, 7", and С? known, the mass production rate of each 
species №, is determined from Equation (16-19). Subsequently, the unknowns 
А(рС.) in the species continuity equations are computed. Now the interme- 
diate partial densities are evaluated by 


(pC,)' = p'C? + A(pC,) 


Subsequently, the species mass fraction and the gas constant of the mixture 
are updated according to 


ntl - (eC,)* 
er id (pC;)* 


5 n+l 
n C; R 
В Ll ЗЕ MW, 


з=1 





The pressure p*, flux (ри)“, and total enthalpy hj are considered as invariant 
variables during the chemistry step (2). Therefore p* = p"*!, (pu)* = (pu)"*?, 
and №; = МН. Now, an equation for temperature is developed in order to 
evaluate its value at the п + 1 time level. For this purpose, recall that 


Ant! = ені > [(u*?] + (gTy (16-21) 


Furthermore 
5 


ен «S ere, (16-22) 


з=1 


An Introduction to High Temperature Gases 349 





and 


on (рш! (шу (рајвту““ прай 
- pnt! ga уе /(втуен = p г: 
Note that e, is a function of ТҮН and is defined by Equations (16-9) and 
(16-10) for atoms and molecules, respectively. Now, Equations (16-22) and 
(16-23) are substituted into Equation (16-21) to yield 





„12 
need = усте, + H Е | | [ту] + (RT = КО (16-24) 
з=1 


Equation (16-24) is solved by the Newton-Raphson method for the unknown 








T". 
(4) At this step, the updated value of T+! is used to recompute all other prop- 
erties according to 
+ 
ntl. р 
0 (RT) 
ntl __ (ои)* 
Bi p 
p 
e - hi I prt 
1 
ен = ept! == "iD a 
and 
antl __ x 
7 pn*lentl 
(5) Once all the flow properties at n -- 1 time level are updated, the solution is 


ready to proceed to the next time level, ie., п+ 2. Thus, steps (1) through 
(4) are repeated for each time step until a converged solution is reached. А 
typical convergence criterion may be specified as 


IM пп 

CONV = У, тт 

4-1 "i 

where r is a property, such as temperature. Once CONV is less than CONVMAX, 
& prescribed value, the solution has converged. 
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165 АррПсайопв 


In order to illustrate the effect of chemistry on the flow field, two examples 
are presented. As a first problem, the quasi one-dimensional nozzle flow intro- 
duced in Chapter 12 is considered. Subsequently, a two-dimensional axisymmetric 
configuration is used to demonstrate the differences in the flow fields due to the 
implementation of different chemistry models. 


16.5.1 Quasi One-Dimensional Flow 


The diverging nozzle with cross-sectional area given by Equation (12-90) is used 
to define the domain of interest. For the current application, the nozzle entrance 
is located at т = 1.2 cm, whereas the nozzle exit is at 8.0 cm, providing an exit 
to inlet area ratio of 1.65. Twenty-one equally spaced grid points are distributed 
along the nozzle. The inflow boundary conditions are set by specification of the 
inlet Mach number, temperature, and pressure. The outflow boundary condition is 
set by specification of pressure so as to position a normal shock at z = 4.0 cm. In 
order to demonstrate the differences in the computed flow fields by equilibrium and 
nonequilibrium models, inlet pressures of 26500 N/m? and 79.8 N/m? (correspond- 
ing to altitudes of 10 km and 50 km) are used. The inlet temperature is set to a 
fixed value of 230.44 K, which is about the average value of temperatures at the two 
altitudes. In addition, to evaluate the effect of the inlet velocities, two conditions 
are specified. In one case the inlet flow is supersonic with a Mach number of 4, 
whereas in the second case the inlet flow is hypersonic with a Mach number of 20. 
Computations based on the ideal gas model are performed as well, for comparison 
purposes. 

In Figures 16-2a and 16-2b, the temperature distributions for the inlet Mach 
number of 4 for altitudes of 10 and 50 km are presented. Since the post-shock 
temperature rise is still relatively low, i.e., below 1000 K, the chemistry effect is 
minimal. Indeed, all three models provide results within a few percent. 

For the second case, the inlet Mach number is 20. Now the post-shock temper- 
ature, computed by the ideal gas model, is about 18500 K. Obviously, before the 
temperature of the flow reaches such a high value, chemical reactions will occur, thus 
absorbing some of the energy and consequently reducing the temperature. Indeed, 
the actual post-shock temperature for an altitude of 10 km is about 8200 K. At this 
low altitude, the density is relatively high and, therefore, the chemically-reacting 
flow is in equilibrium. As demonstrated in Figure 16-3a, the solution obtained by 
the nonequilibrium model is shown to be identical to that of the equilibrium model. 
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Figure 16-2. Temperature distributions for the condition at altitudes 
of 10 and 50 km and inlet Mach number of 4. 
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Figure 16-3. Temperature distributions for conditions at altitudes of 
10 and 50 km and inlet Mach number of 20. 
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At higher altitudes, the density is low and, therefore, nonequilibrium effects ђе- 
come important. The temperature distributions at an altitude of 50 km, with an 
inlet Mach number of 20, are shown in Figure 16-3b. In contrast to Figure 16-2b, 
now a remarkable difference between the solutions obtained by the equilibrium and 
nonequilibrium models exists. In particular, there is a temperature peak just down- 
stream of the shock. This phenomenon indicates that nonequilibrium conditions 
exist in that region and, in fact, chemical equilibrium has not been achieved. When 
the altitude is increased further, the peak’s wave length will increase, indicating a 
larger region of nonequilibrium flow. This behavior is shown in Figure 16-4. 
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Figure 16-4. Comparison of the temperature distributions for conditions at 
various altitudes and inlet Mach number of 20. 





16.5.2 Two-Dimensional Axisymmetric Flow 


In this example, an axisymmetric blunt body at zero degree angle of attack 
is considered. The governing equations of gas dynamics given by Equation (12- 
124), along with an ideal gas, equilibrium chemistry model, and nonequilibrium 
chemistry model are solved within the domain of interest. The freestream Mach 
number, pressure, and temperature are specified as 18, 1197 N/m?, and 226.5 K, 
respectively. Contours of constant temperature obtained by the ideal gas model, 
equilibrium, and nonequilibrium chemistry models are shown in Figures 16-5, 16- 
6, and 16-7, respectively. Note the remarkable difference in the shock stand-off 
distances. 
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Figure 16-5. Temperature contours Figure 16-6. Temperature contours for 


for the ideal gas model. the equilibrium chemistry model. 





Figure 16-7. Temperature contours for the nonequilibrium chemistry 
model. 
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Figure 16-8. Temperature distributions along the stagnation streamline 
by various models. 





Since the post-shock density values obtained by utilizing chemistry models are 
higher than the values predicted by the ideal gas model, the shock stand-off dis- 
tance is smaller for chemically reacting flows. The temperature distribution along 
the stagnation streamline is illustrated in Figure 16-8. Three facts which have al- 
ready been discussed are notable in this figure. First, the shock stand-of distance 
obtained by chemistry models is about 2/3 of that obtained from the ideal gas 
model. Second, the peak in temperature illustrates the nonequilibrium flow region. 
Third, the stagnation temperature obtained by chemistry models is less than half 
of the value obtained by the ideal gas model. 


16.6 Concluding Remarks 


In this chapter, some fundamental concepts and definitions of high temperature 
gases were introduced. The majority of equations used in high temperature gases 
are provided by statistical mechanics. No attempt has been made to explore the 
origin or details of the equations utilized in this chapter. Instead, the primary 
objective was to show how to implement chemistry models into the gas dynamics 
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equations and observe the differences іп the solutions. For in-depth discussions of 
chemically reacting flows, the classical text of Vincenti and Kruger [16-4] and texts 
by Anderson [16-5] and Bertin [16-6] are strongly recommended. 
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Grid Generation — Unstructured Grids 





17.1 Introductory Remarks 


Discretization of a domain can be accomplished either directly in the physical 
space or on the transformed computational space. The choice will primarily depend 
on the numerical scheme to be utilized as well as the domains of solution. As 
seen previously, the finite difference equations approximating the partial differential 
equations are solved within a rectangular, equally spaced grid system. For non- 
rectangular physical domain, a coordinate transformation to computational space is 
required. The grid points are defined at the intersection of equally distanced parallel 
lines within the rectangular (2-D) or cubical (3-D) computational domain. There 
are corresponding grid points within the physical space established by algebraic 
relations or differential equations. The grid points can be easily identified and 
are usually designated by the indices, i, 7, and k in an orderly manner along the 
grid lines. This type of grid is known as structured grid, which was the subject of 
Chapter 9. 

In addition to finite difference schemes, two other numerical schemes are avail- 
able for the solution of the conservation laws. These schemes are finite volume 
schemes, to be introduced in Chapter 16, and finite element schemes. Both of these 
schemes are integral methods, that is, the original differential equations are inte- 
grated on the physical domain and, subsequently, are solved numerically. Therefore, 
the grid system for the finite volume or finite element schemes are usually gener- 
ated directly within the physical space. There exist various choices in the selection 
of the volumes or elements. Thus, the domain of solution is usually divided into 
triangles or quadrilaterals (or any other kind of polygon) in 2-D, whereas pyramids 
or tetrahedrals are used in 3-D. It is obvious that the grid. points, in general, can- 
not be associated with grid lines. Therefore, the identification of the grid points 
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must be individually specified. Such a grid system is known as an unstructured grid 
system. The main advantage of the unstructured grid is that it can be used easily 
to fit irregular, singly-connected domains, as well as multiply-connected domains. 
The unstructured grid also can be coupled with grid refinement techniques for the 
adaptive methods. However, unstructured grid generation is more difficult to pro- 
gram, that is, the programmer needs a sound background in the data structure 
arrangement and experience in the data book-keeping skills. 

The objective of this chapter is to introduce the unstructured grid systems and 
the schemes by which they are generated. The discussion will be limited to the two- 
dimensional triangulation techniques, i.e., the physical domain is to be discretized 
with triangles. This selection is due to the fact that triangular elements are generally 
the most flexible shape to fit any type of boundary. The particular methods utilized 
to generate such a grid are the “Advancing Front” and the “Delaunay” methods. 
Both of these schemes can be extended to three-dimensional domains and are the 
most popular methods used today. 


17.2 Domain Nodalization 


The first step in triangulation of a physical domain is to distribute grid points 
within the interior domain, as well as the boundaries of the domain which will 
be referred to as nodalization. Subsequently, the interior and boundary nodes are 
connected to each other, forming the required elements. The detailed description 
of element formulation will be presented in the next section. As for nodalization, 
it is emphasized that it is currently an art rather than science, i.e., there is no 
“best” scheme for generating the required nodes. Nevertheless, the simple and di- 
rect method introduced in Ref. [17-1] will be employed to describe the fundamental 
concept of nodalization. It is also obvious that any scheme employed to distribute 
grid points within а domain by the algebraic or differential methods described in 
Chapter 9 can be used for this purpose. The procedure described in this section is, 
however, more or less an automated scheme with the least amount of user interfer- 
ence. 

Consider an irregular domain shown in Figure 17-1 which is defined by the outer 
boundary nodes 1, 2, 3, ... 14 [observe that they are numbered in counterclockwise 
(cew) order] and the inner boundary nodes 15, 16, 17, ...20 [observe that they are 
arranged in clockwise (cw) order]. Now, define a line segment formed by connecting 
the two successive nodes as "edge." Thus an edge can be defined by its two end 
nodes such as (i, k), where i and k represent the end points. One may also represent 
the edge by designating an edge number such as j, where j can be related to either 
one of the end points. 
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Figure 17-1. Illustration of Steps 1 through 3 of domain подаПга оп. 





Now, using the domain shown in Figure 17-1, the details of procedure for nodal- 
ization are as follows. 


1. The minimum and maximum у locations of the domain, i.e., ymin апа Ymax, are 
determined as shown in Figure 17-1. 


2. An average edge length is calculated, for example Lavg = Xa ИМ), where Г; 
is the j-th edge length and N is the total number of edges. 


3. А set of imaginary horizontal lines at different levels between ymin and Ymax 
across the domain is created. The spacing between two successive horizontal 
lines can be set equal to Layg (or any other suitable value). Thus, there аге NL 
imaginary lines, where NL = (ymin — Упах)/ Гаме. 


4. Determine the intersection points of a horizontal line (say line у = D) and the 
boundaries. For this purpose one must check to see whether intersection points 
exist. For an edge (i,k), there would be an intersection point if 
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(a) (v — D)(y — D) «0 
Or 
(b) (y; — Ру – D) 2 0 and D» y; or D» 


The z coordinate of the intersection point is determined according to 
ж ==, + (D—y)(re — 2i)/(ye — и) 


The y coordinate is obviously equal to D. 


Lines which cut the boundaries with an even number of points will be referred 
to as qualified useful lines. А second category of horizontal lines could be en- 
countered where an edge does not satisfy either one of the conditions (a) or (b), 
i.e., the edge is located along the horizontal line. In the same category one may 
include а horizontal line where the number of intersection points is odd. This 
category of lines which includes either one of the situations described above, 
will be referred to as unqualified lines. An example of each type is shown in 
Figure 17-2, where the edge (7,8) is coincident with the horizontal line у = M, 


Figure 17-2. Illustration of Steps 4 through 8 of domain nodalization. 





such that neither of the conditions described by (a) or (b) can be satisfied. A 
second situation is shown by the horizontal line y = L, where the number of 
intersection points is three. Once unqualified lines have been identified, they 
should be removed from the list of horizontal lines. However, simply removing 
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the unqualified lines may distort the uniformity of node distribution. To over- 
come this problem, the unqualified lines are adjusted by a fraction of Тама Such 
that even intersection points are produced. For this purpose the line у = М 
is replaced by y = М + оГ, where а is a small number on the order of few 
percent of Lag. The procedure is illustrated Schernatically in Figure 17-2. A 
similar procedure is used for horizontal lines with odd intersection points. Thus, 
Step 4 provides a set of qualified horizontal lines distributed in а near uniform 
fashion with a distance of about Lavg from each other. 


5. Once the intersection points of all the qualified lines have been determined, they 
are rearranged according to the increasing magnitude of their z-coordinate. For 
example, the horizontal line y — H has 4 intersection points, with the boundaries 
identified by points a, b, c, d. The order of these points is rearranged to be b, 
d, c, and a, i.e., according to increasing z-coordinates. 


6. The interior nodes are now distributed along the horizontal lines between every 
two successive intersection points within the domain. This distribution may 
be accomplished by a pre-selected distance, i.e., BLavg, where 8 = 0.5. For 
illustration purposes, consider line y — H in Figure 17-2 where the set of points 
(Pi, Pa) and (P, P4, Ps) have been generated between points b, d, and c, a, 
respectively. 


T. It is possible and, indeed, more likely that some of the nodes to be located would 
be too close to the boundaries. Such points will distort the near uniformity of 
node distribution and may be removed. А simple check may be devised to 
identify such points. If p denotes an interior node and г, k denotes the nodes of 
edge j, then one may use the following criterion to remove undesirable interior 
points, 

(ла) > (Lip)? + (1)? (17-1) 


where L designates the length, e.g., Li is the length of edge (i, k). Points which 
satisfy the condition set by (17-1) are removed from the domain. 


This description completes the node distribution within the domain. Again, note 
that the procedure described above is only one technique among many by which 
node points can be distributed within the domain. 


17.8 Domain Triangulation 


Among various schemes available for domain triangulation, two techniques are 
introduced in this section. These schemes are selected because of their relative 
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simplicity. Each scheme has its own advantages and disadvantages, which will be 
identified as each is introduced. 


17.3.1 The Advancing Front Method 


Domain triangulation by the Advancing Front Method developed in Ref. |17- 
1] possesses some important features which include (1) the scheme is simple and 
straightforward, (2) it is relatively easy to implement for numerical applications, 
and (3) it can triangularize concave domains without any difficulty or additional 
effort. It should be noted that many triangulation schemes can only handle convex 
domains. If a domain is concave, some means must be taken to subdivide the domain 
into a number of convex regions and subsequently proceed with the triangulation. 
The advantages of the Advancing Front scheme are, however, accompanied by the 
following shortcomings of the scheme: (1) the scheme is not as efficient as some 
of the other triangulation schemes, and (2) control over grid quality is limited. 
Among factors contributing to grid quality, perhaps the most important is element 
skewness. For example, in the formation of triangular elements, two possibilities 
exist which are shown schematically in Figures 17-3a and 17-3b. It is obvious that 
the elements in Figure 17-3b are of superior quality to that of elements formed in 
Figure 17-3a, due to their skewness. At this point, the procedure for triangulation by 


Figure 17-3. Formation of triangular elements. 





the Advancing Front Method, as applied to simply-connected domains, is outlined. 
Subsequently the procedure is extended to multiply-connected domains. 


17.3.1.1 Simply-Connected Domain 


A simply-connected domain which was defined in Section 9.7.1 is perhaps the 
simplest domain to discretize. However, it should be noted that when the boundaries 
of such a domain are highly irregular, discretization will be a challenging task indeed. 
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In order to describe the triangulation procedure Бу the Advancing Front Method, 
it is best to accompany it with a simple example. Thus, consider the simple square 
domain shown in Figure 17-4, which is defined by the boundary points a, d, g, and 
j. 


Figure 17-4. Schematic of Step 3 for the simply-connected domain by 
the Advancing Front Method. 





It was previously stated that, before triangulation begins, one must devise а 
procedure by which the interior domain is nodalized. А scheme to do so was in- 
troduced in the previous section. For illustrative purposes, assume three interior 
points 7n, n, and o in Figure 17-4 are points which have been distributed within the 
domain. Recall that these points are referred to as "interior nodes" to distinguish 
them from the edge nodes, e.g., points a, b, c, ... k, 1, which are located on the 
boundaries of the domain. The Advancing Front Method proceeds sequentially by 
the following steps. 


1. АП the edges along the initial boundary of the domain are numerated in ccw 
order and saved in an array as E. Recall that an edge is defined as a line segment 
between two edge nodes. Therefore, the array E is composed of edges 1(a, b), 
2(b,c), 3(c, d), 4(d,e), ...12(1,а) as shown in Figure 17-4. Edges defined in 
array E will be used to construct the advancing (or generation) front. 


2. All the interior nodes are saved in an array I. Thus for the problem shown in 
Figure 17-4, array I includes three points m, n, and o. 


3. Beginning with the last element in array E which represents the last edge in 
the boundary, а search is conducted to locate nodes which are on Ше left- 
hand side of the edge. This search includes both interior nodes as well as edge 
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nodes. These nodes will be referred to as qualified nodes. Among the qualified 
nodes one needs to select a particular node which will be referred to as the 
most suitable node. Generally, the most suitable node is one which has the 
minimum norm distance to the two edge nodes among all the qualified nodes. 
To illustrate this step, recall that the last edge was defined by 12(l,a). If the 
most suitable node is called z, then the criterion for its selection is rewritten as 
(Га)? + (Lra)? = minimum, where Г is the length. 


Now, three nodes, 1, a, and т, which are ordered іп cew fashion are used to form 
a triangle. Referring to Figure 17-5, node m is selected as the most suitable 
node and, subsequently, the triangle (1, a, m) is formed. 


b 2 c d 


Figure 17-5. Schematic of Step 4 for the simply-connected domain by 
the Advancing Front Method. 





An issue which still needs to be resolved is the procedure for identification of 
qualified nodes, i.e., how does one judge if a node is located on the left-hand 
side of a particular edge? Consider, for example, edge 12 in Figure 17-4, and 
the node m. Define a position vector а from point | to point а, and similarly 
a position vector b from point | to point m. If the cross product of vectors а 
and b is positive, one concludes that node m is located on the left-hand side of 
vector d which represents edge 12. 


. Now one needs to update the advancing front array E which represents new 
boundaries as well as the list of interior nodes in array Г. It is quite obvious 
that the edge (l,a) in Figure 17-5 is no longer a part of the advancing front. 
Therefore, edge 12(1, а) must be removed from E, thus reducing the array E to 
include 11 edges. However, the newly formed edges (I,m) and (m,a) must now 
be used as a part of the new advancing front and, therefore, they are added to 
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Figure 17-7. Schematic of Step 6 for the simply-connected domain by 
the Advancing Front Method. 





...10(п,е). Since the edge 10(n, е) is now the last edge, it is therefore the edge 
which is used to continue the triangulation process. 


7. The procedures described in the previous steps are continued until all the edges 
in the list of array Е have been removed. As a consequence, the triangulation 
of the entire domain is completed. 


17.3.1.2 Multiply-Connected Domain 


For doubly-connected or multiply-connected domains, one or more objects are 
located within the domain. The advancing front algorithm described in the previous 
section can be easily extended to multiply-connected domains. However, a point to 
recognize is that now the advancing front array Е is composed of both the outer 
boundary E, and the inner boundary Е, What is important is the organization of 
the edges in array E. The arrangement of the outer edges must be in ccw order (as 
for the simply-connected domains), whereas the edges of the inner boundary(ies) 
should be listed in cw order. In order to clarify this important point, consider 
the doubly-connected domain shown in Figure 17-8. Тһе advancing front array 
E is composed of edges of the inner boundary arranged as 1(15,16), 2(16,17), 
...6(20, 15) and edges of the outer boundary arranged as 7(1, 7), 8(7, 10), 9(10, 11), 
...16(6, 1). Note that the identification of nodes along the boundaries as well as 
those within the interior of the domain is random. However, it is emphasized again 
that the arrangement of edges within the advancing front array E must follow the 
guideline specified above. Now assume a set of points have been distributed within 
the interior of the domain identified by nodes 8, 9, 13, and 14. 
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Е and registered as edge 12 and edge 13. The list of array Е is now arranged 
ав: Ц(а,ђ), 2(b,c), 3(c,d), 4(d, e), ...12(!, m), 13(m,a). Meanwhile node m is 
removed from the list of interior nodes I, because it was changed from an interior 
node to an edge node. 


5. Now Steps 3 and 4 as described above are repeated, and the procedure is applied 
to the last edge in the list of E which, for the example considered, is edge 13. 
The most suitable node is selected to be point b, and subsequently the triangle 
(m, a, b) is formed, as shown in Figure 17-6. The list of E is updated by the 


Figure 17-6. Schematic of Step 5 for the simply-connected domain by 
the Advancing Front Method. 





removal the edges (т, а) and (a,b) and the addition of edge (m, b). Therefore, 
the list of E will be shifted as 1(b, c), 2(c, d), 3(d, e), ... 11(l, m), 12(m, b). Note 
that, at this instance, no interior point was used and, therefore, no changes in 
the list of I will occur. 


The following conclusions may be stated at this point, based on Steps 4 and 5. 
(i) The edge(s) which is/are used in the newly formed triangles that belong to 
array E is/are removed. (ii) The order of edges in the list of E is reorganized 
and, subsequently, newly formed edge(s) is/are added. 


6. The procedure described in Steps 2 through 5 is repeated until triangle (e, c, d) 
is formed, as shown in Figure 17-7. This may be considered as а "dead-end" 
situation for the advancing front, because all three edges 13(e, c), 1(с, d), and 
2(d,e), which belonged to E before triangulation must be removed from E. 
Subsequently, the edge (e, f) is now edge 1, and edge (n, е) is the last edge іп 
E. Thus, the updated “advancing front" array Е is: l(e, f), 2(f,g), 3(g, h), 
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• Едде Моде 


о Interior Node 


Figure 17-8. A doubly-connected domain to be triangulated by the 
Advancing Front Method. 





The advancing front algorithm will proceed, as described in the previous section, 
from the last element of array E, i.e., 16(6, 1). The result of triangulation is shown 
in Figure 17-9. А total of 24 triangles is generated. The order of formation of 
triangles is illustrated by а number within each triangle. Observe that the first 
dead end situation occurs after triangle 21 is formed. Subsequently, triangulation 
proceeds from edge (17,18) toward the left. 

The application of the scheme to a multiply-connected domain is illustrated 
in Figure 17-10, which includes two openings within the domain. The domain is 
first nodalized by the scheme described in Section 17.2 where a total of 35 interior 
nodes have been generated. Subsequently, the advancing front scheme is used to 
triangulate the domain. For the example shown, 116 triangles have been formed. 
For the purpose of clarity, the order of formation of triangles is shown in Figure 17- 
11. 


17.3.2 The Delaunay Method 


This scheme is designed to provide an efficient procedure for connecting a given 
set of points into an optimum unstructured triangular mesh. The most important 
aspect of this scheme is its efficiency [17-2], as well as the quality of the generated 
grid. The disadvantage of the scheme is associated with triangulations of concave 
domains. For such domains, which occur frequently in practice, triangular elements 
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Advancing Front Method. 
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Figure 17-12. A schematic illustration of a false triangle formed па 
concave domain by the Delaunay scheme. 
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are generated outside the domain, therefore, violating the boundary faces. To clearly 
point out this fact, consider the domain shown in Figure 17-12, where a false triangle 
(6,5, 4) has been generated. To overcome this difficulty, extra effort is required to 
identify and subsequently remove those triangles which are generated outside the 
domain. Various procedures may be used to resolve the difficulty associated with 
non-convex domains. Further discussions may be found in Reference [17-2]. 


Figure 17-13. Dirichlet tessellation and Delaunay triangulation. 





17.3.2.1 Geometrical Description 


In order to understand why the Delaunay method generates an optimized tri- 
angular grid, some geometric basis of the scheme needs to be explored. In 1850, 
Dirichlet proposed а method whereby a domain can be decomposed into a set of 
convex polygons. Each polygon is defined as a "tile" and is associated with a single 
“generating point." Any point inside a tile is closer to its own generating point 
than to any other tile's generating point. The tile defined above is also referred to 
as “Dirichlet tessellation,” “Voronoi tessellation," or “Theissen tessellation,” [17-3]. 
The polygon shown in Figure 17-13 defined by points а, b, с, d, e, f, and g is de 
fined as tile A, and the generating point is point 8. The boundaries of the tile are 
perpendicular bisectors of the lines joining the neighboring generating points. The 
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Delaunay triangulation that corresponds to the Dirichlet tessellation is constructed 
by connecting generating points of all neighboring tiles. To relate this discussion 
to Figure 17-13, observe that any point inside tile A should be closer to point 8 
(which is the generating point of tile A) than to any of the points 1, 2, 3, 4, 5, 6, 
or 7 (which are the generating points of the neighboring tiles of A). Furthermore, 
note that boundary ab of tile A bisects the distance between generating points 1 
and 8 and is also perpendicular to line 1-8. Triangles are formed by connecting the 
generating points. 

Before proceeding further, let’s explore the concept of locally equiangular. This 
concept states that for every convex quadrilateral formed by two adjacent triangles, 
the minimum of the six angles in the two triangles is greater than it would have been 
if the alternative diagonal had been drawn and the other pair of triangles selected. 
Schematically, consider points 8, 3, 4, and 5 in Figure 17-13 which needs to be 
triangularized. Note that if no requirement is imposed, two sets of triangles may be 
generated. One set includes triangles formed with points (8, 4,5) and (8,3, 4). The 
second set is composed of triangles (8,3,5) and (5,3,4). However, imposing the 
concept of locally equiangular, the first set of triangles, namely (8, 4,5) and (8, 3, 4) 
is generated. That is because the minimum angle in triangles (8, 4,5) and (8, 3, 4) 
will be greater than the minimum angle in triangles (8,3,5) and (5,3,4). The 
algorithm used to generate the locally equiangular triangles is known as swapping 
and will be described in the next section. 


17.3.2.2 Outline of the Algorithm 


There are a number of algorithms which have been proposed (17-2, 17-4] for 
the construction of planar Delaunay triangulation. One of the simplest schemes, 
suggested by Sloan [17-4], is an efficient method for both small and large sets of 
points and will be explored in this section. Àn average run time of the algorithm 
for а domain with N randomly distributed points is O(N*), where a = 1.06 for 
N « 10,000. 

The details of the scheme are described in this section in several steps followed 
by an example of a four point triangulation. 


1. а. The z- and y-coordinates of all the N points are normalized with respect to 
the largest length in the domain such that their values are within the range 
of 0 to 1, i.e., all the points are in a unit domain. Note that if the coordinate 
system is originally set such that there are negative z- and/or y-coordinates, 
it should be shifted so that negative coordinates are replaced. 


b. Three points are added to form a supertriangle which completely encom- 
passes all of the N points to be triangulated. The coordinates of the three 
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vertices of the supertriangle can be chosen arbitrarily; however, the vertices 
of the supertriangle should not be very close to the window enclosing the N 
points. For example, the values of the vertices [points N + 1, N + 2, and 
М + 3] can be assigned as (—100, ~100), (100, —100) and (0, 100). 


c. Create a triangle list array T, where the supertriangle is listed as the first 
triangle. 


2. Partition the domain to be triangulated into approximately №5 bins. Assign 
a bin number to each of the N points in the unit domain. Subsequently, all the 
points are sorted in ascending sequence of bin numbers. The points are now 
ordered such that consecutive points are in close proximity of each other. This 
step is optional. It can increase the efficiency of the algorithm, but is not a 
necessary requirement. 


3. Introduce the first point (from the list of N points) into the supertriangle and 
generate three triangles by connecting the three vertices of the supertriangle 
to this point. At the same time, delete the supertriangle from the triangle list 
T and subsequently add the 3 newly formed triangles into the list of T. The 
triangles are always defined by their vertices in a ccw order. Note that, at this 
вер, the net increase of triangles in array T' is 2. 


4. Now the next point (call it point p) is introduced for triangulation. First, one 
needs to locate an existing triangle (call it triangle г) which encloses point p, 
and subsequently 3 new triangles can be formed by connecting point p to the 
vertices of triangle т. Now the original triangle т is deleted from array Т and 
newly formed triangles are added. Thus, the net gain in the total number is 
2, ie., а total of 5 triangles have been formed. In order to accomplish the 
procedure above, one needs to know a scheme for searching for triangle z. The 
search begins with the most recently created triangle, i.e., the last triangle in 
the list of array T. Subsequently, a check is made to see if point p is to the 
left of all the edges of this triangle. A procedure to do so was described in 
Step 3 of Section 17.3.1.1. If point p is located to the left of all the three edges, 
then point p is enclosed by the triangle. However, if point p is located to the 
right of any edge of the triangle, then the search shifts to the triangle which is 
adjacent to that edge. The process is repeated until triangle r is found. With 
this search algorithm, one can avoid the need to search all the triangles in the 
list of array T. То complement the discussion above, consider the following 
example. Assume that the last triangle formed is triangle 14(m, n, o) shown in 
Figure 17-14a. Point p is found to be on Ше RHS edge mn. Recall the cew 
ordering of the triangle, and therefore edge mn (not nm) is used for triangle 
14. Now the search moves to the next triangle, that is triangle 13, which shares 
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the same edge with triangle 14. Note that now the edge is nm for triangle 13 in 
order to satisfy the ccw ordering. A check is made, and it is found that point p 
is on the RHS of edge mk. Therefore, the search 





= Search Direction 


Figure 17-14a. The search path for point p Юг the Delaunay scheme. 





moves to triangle 12(m, f, k). At this point, we reach a crossroad in our search. 
That is point p is located on the RHS of edge mf as well as fk. The issue 
now is in which direction does one proceed, i.e., triangle 9(k, f, b) or triangle 
11(7, т, 1)? It turns out that either one will work. For example, if triangle 9 is 
selected, the search path will be triangles 14, 13, 12, 9, 4, and 1. If triangle 11 
is chosen, the search path will be triangles 14, 13, 12, 11, 10, 4, and 1. In either 
case, the total number of triangles searched would be less than the total number 
of triangles, which for the example shown is 14. Thus, point p is found to be 
located within triangle 1. Now, three new triangles are formed and added to the 
list of array Т as 1(a, b, p), 15(p, b, c), and 16(a, p, c), as shown in Figure 17-14b. 
Observe that the original triangle 1(a, b, с) is replaced by triangle 1(a, b, p), and 
the net increase of triangles in list T' is 2. 


| 
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Figure 17-14c. Swapping procedure applied to triangles 2(a, c, d) and 16(a, p, c). 





5. The swapping algorithm is now used to update the existing triangulation to а, 
Delaunay triangulation, i.e., optimization of the grid. All triangles which are 
adjacent to the edges of the triangle enclosing point p are placed on a last in, 
first out stack S (a maximum of three triangles are placed on the stack initially, 
i.e., triangles 2, 3, and 4, as shown in Figure 17-14b). Each triangle is checked, 
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one at a time starting from the last one in the stack, to determine if point p is 
located within its circumcircle. If that is the case, then the triangle containing 
point p as a vertex and the adjacent triangle from the convex quadrilateral with 
its diagonal drawn in the opposite direction must be replaced by the alternative 
diagonal to preserve the structure of the Delaunay triangulation. 

Once the swap is completed, triangles which are now located to the opposite of 
point p are added to the stack S. Subsequently, the next triangle is unstacked 
and the entire process is repeated until the stack is empty. To illustrate the 
procedure above, consider Figure 17-14c, where the triangles adjacent to the 
edges opposite to p are triangles 2(a, c,d), 3(a,e,b) and 4(b, f,c). Thus, the 
list of S includes the triangles 2, 3, and 4. The circumcircle of triangles 2, 
3, and 4 are used to determine whether the swapping is necessary. For the 
example shown in Figure 17-14, more specifically Figures 17-14с through 17- 
14е, it is concluded that point p is enclosed only by the circumcircle of triangle 
2. Therefore, triangles 3 and 4 are removed from list 5. Now, triangles 2 and 16 
are updated from 2(a,c,d) and 16(а, р, с) to triangles 2(a,p,d) and 16(d, p, c), 
as shown in Figure 17-14d. Subsequent to the swap, triangles 5(d,c,g) and 
6(a, d, h), which are adjacent to the edges opposite to p, are created and added 
to the list of S. The scheme now proceeds to determine whether a swap between 
triangles 2, 6 and 16, 5 is necessary. By inspection of Figures 17-14f and 17- 
14g, it is concluded that no swap is necessary since point p is outside both 
circumcircles of triangles 5 and 6. Observe that the total number of triangles 
during the swapping process does not change. That is, the two old triangles are 
replaced by two new triangles with no net gain. 
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Figure 17-14d. Illustration of swapping procedure for triangles 1(a, b, p) 
and 3(a,e, b), which is not required. 


Figure 17-14e. Illustration of swapping procedure for triangles 4(b, f, c) 
and 15(6, с, p), which is not required. 
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Figure 17-14f. Illustration of swapping procedure for triangles 5(d, c, g) 
and 16(d, p, c), which is not required. 





Figure 17-14g. Illustration of swapping procedure for triangles 6(a, d, h) 
and 2(a, p, d), which is not required. 





At this point, a scheme will be introduced which can be used to determine 
whether point p is located inside the circumcircle of а triangle. The procedure 
is described with reference to Figure 17-15. It can be simply stated that if 
at > т, then the point p is located inside the circumcircle of triangle abc, and 
therefore, à swap is necessary. Ап equivalent statement to satisfy the criterion 
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above is 
sin(a+ 0) < 0 


which can be expanded as 
sin(a + B) = sinacos 8 + сововіп B < 0 
and subsequently written in terms of the length of the edges involved as 
(Lackre + YacYbe) (opYap Е хару) < (Yack be = LacYoe) (ТірТар + Yap Yop) (17-2) 
Thus, when the criterion previously set by (17-2) is satisfied, it is concluded 
that point p is located within the circumcircle of triangle abc. Note that the 
required lengths used in (17-2) are determined by 


Imn = In — Im 


and 
Ymn = Yn — Ym 


c 
Figure 17-15. 





6. Next, a new point is introduced into triangulation process. Therefore, Steps 4 
and 5 are repeated. The process continues until all N points are consumed. 


7. Finally, all triangles which contain one or more of the vertices of the supertri- 
angle are removed. At the same time, note that any vertex which appears in 
the deleted triangles, but is not a vertex of a supertriangle, must be on the 
boundary of the domain. 


The various steps outlined above can be reinforced by a simple example proposed 
in the next section. 


378 Chapter 17 
uL RR 7 e 4 


17.3.2.3 An Illustrative Example 


Consider a domain with four points numbered as points 1, 2, 3, and 4 shown in 


Figure 17-16a. It is required to triangulate the domain by the Delaunay method. 
Following the steps outlined in the previous section, the procedure is implemented 
as follows. 


1. 


Three points identified as points 5, 6, and 7 are added to form the “Supertri- 
angle.” Note that, for clarity of the figure, the coordinate of the points are not 
normalized. In either case, the total number of triangles on the list T is one, 
i.e., the supertriangle (5,6,7). 


. Since the number of points involved in this example is only four, the sorting of 


points into bins is not necessary and is Skipped. 


. The first point, i.e., point 1, is introduced to form three triangles, which are 


a(1, 7,5), 6(1,5,6), and c(1,6, 7), shown in Figure 17-16a. The original super- 
triangle (5,6, 7) in the list of T is replaced by a(1,7,5), and the number of 
triangles is three. 


Figure 17-16a. Triangulation of a four-point domain by the Delaunay scheme. 





4. Search begins for a triangle that encloses point 2. Recall that the search always 


starts from the last triangle formed or, equivalently, the last triangle on the list 
of Т. Thus, search begins from triangle c. It happens that, in this example, 
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point 2 is found to be within this triangle, i.e., it is found in the first try! Now, 
three new triangles are formed by using point 2 and the vertices of triangle 
с(1,6,7). The result is shown in Figure 17-16b. Observe that the number of 
triangles in the list Т is now 5. 


5. A check is now required to see whether swapping is necessary between triangle 
pair 5,4 and a,c. The result indicates that no swapping is required. 


6. The search moves now to identify the triangle that encloses point 3. Again, 
note that since the search always begins from the last triangle formed, the 
search will start from triangle e(2,6,7). The search path will be triangles е and 
c, as shown in Figure 17-16b. After point 3 is found to be inside triangle c, three 
new triangles are formed. The newly formed triangles are с(3,1,2), f(3, 2,7) 
and 9(3, 7, 1), which are shown in Figure 17-16c. 





5 


Figure 17-16b. Triangulation using point 2 with search path to point 3. 





7. Again, a check is made to see if swapping is necessary between triangle pairs 
a,g, c,d, and f,e. The results indicate that no swapping is required. 


8. The search moves to locate a triangle that encloses point 4. The search starts 
with the last triangle found, i.e., 9(3,7,1). The search path is g, c, f, and 
e (note that it is also possible to take the path of g, f, and e) as shown in 
Figure 17-16c. It is found that point 4 is inside the triangle е. Now, three new 


380 


10. 






Chapter 17 
— —— enapter 17 





triangles are formed as triangles €(4, 6, 7), h(4, 2,6), and 1(4, 7, 2), as shown 
in Figure 17-164. 


. А check is made to see whether swapping is necessary between triangle pairs 


i,f and h,d. The result shows that point 4 will be enclosed by the circumcircle 
of triangle f and, therefore, swapping is necessary. The two newly formed 
triangles after swapping are triangles f. (3,4,7) and i(2, 4,3), which are shown 
in Figure 17-16e. 


At this point all four points have been used. Thus, the last step to complete 
the triangulation is to remove all the triangles that contain the vertices of the 
supertriangle. Therefore, all triangles which contain any of the points 5, 6, 
or 7 must be removed. The specific triangles which are removed are triangles 
а, b, d, e, f, 9, and h. Therefore, the result of the triangulation for the four 
points are two triangles: (1,2,3) and (3,2, 4) shown in Figure 17-16f. 
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Figure 17-16c. Triangulation using point 3 with search path to point 4. 
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Figure 17-16d. Triangulation using point 4. 


6 


Figure 17-16e. Swapping of triangles f and i. 
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Figure 17-16f. Removal of triangles containing the vertices of the supertriangle. 





17.4 Concluding Remarks 


Unstructured grids which are used in conjunction with finite volume and finite 
element schemes were discussed in this chapter at the introductory level. The 
objectives were accomplished by considering a limited number of methods applied 
to two-dimensional problems. The specific schemes reviewed are Advancing Front 
and Delaunay methods. It is hoped that a detailed description of each scheme will 
facilitate the understanding of other schemes presented in various publications as 
well as the extension of the schemes to three-dimensions. The procedures introduced 
in this chapter wili be utilized to generate the required grids for the applications of 
finite volume schemes in the following chapter. 
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17.5 Problems 


17.1 Describe the advantages and disadvantages of unstructured grids. Also pro- 
pose a scheme whereby a combination of structured and unstructured grids may 
be used to increase accuracy and efficiency of flowfield computations. For exam- 
ple, such a grid may be used to accurately compute the normal gradients of flow 
property such as velocity and temperature at the surface. 


17.2 Consider a rectangular domain with dimensions of L and H, as shown in Fig- 
ure P17.2. A circular half-cylinder is placed on the lower boundary at the midpoint. 
The following geometrical data is provided: L1 = 2, R = 1, H = 4, and L = 6. 
Use incremental distances of AL — 0.2, AH — 0.4, and an angular increment of 
де = 18^, to distribute grid points on the boundaries. (a) Generate the interior 
nodes by the scheme described in Section 17.2 and (b) triangularize the domain by 
using the Advancing Front method. 


Figure P17.2. Domain of solution and the nomenclature for Problem 17.2. 
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17.3 Use the ана method to triangularize the following specified nodes. 
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Finite Volume Method 








18.1 Introductory Remarks 


The conservation laws of fluid motion may be expressed mathematically in 
either differential form or integral form. When a numerical scheme is applied to 
the differential equation, the domain of solution is divided into discrete points, 
upon which the finite difference equations are solved. On the other hand, when the 
integral form of the equations is utilized, the domain of solution is divided into small 
volumes (or areas for a two-dimensional case). Subsequently, the conservation laws 
in integral form are applied to these elementary volumes. The integral methods 
include finite volume and finite element methods. In this chapter, the finite volume 
schemes are introduced. 

Before proceeding to the details of the finite volume schemes, it is important 
to state the differences between the differential and integral methods so that the 
advantages and disadvantages of each method can be identified. The discussion will 
be limited to two dimensions, although the conclusions are valid for three dimensions 
as well. 

Recall that the finite difference equations which approximate the partial differen- 
tial equations are solved within a rectangular domain at equally distanced discrete 
points. Since the majority of physical domains are irregular in shape, a coordi- 
nate transformation from a physical space to a computational space is performed 
where the computational domain is rectangular. The procedure was described in 
Chapters 9 and 11, whereas the applications were shown in Chapters 12, 13, and 
14. However, even with the coordinate transformation available, domains which 
are highly irregular would create serious difficulties in accuracy and convergence of 
the solution. The reason is that the metrics and Jacobian of transformation and 
the corresponding gradients which are used in the governing equations may include 
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numerical discontinuities if the grid system is not relatively smooth. To overcome 
this difficulty which is encountered when a complicated domain is involved, one 
incorporates the use of a zonal (or block) grid system. The zonal grid system dis- 
cretizes the physical domain into several overlapped subdomains and subsequently 
solves the finite difference equations on these subdomains. The overlapped regions 
serve as interfaces between subdomains. The solution of one sub-domain is commu- 
nicated with other subdomains through these overlapped regions, i.e., these regions 
are used as boundary conditions for other subdomains. An example of a zonal grid 
system is shown in Figure 18-1. It is noted that the numerical implementation of 







boundary of zone 2 





overlapped region 






Кле 








boundary of zone 1 


Figure 18-1. A typical zonal grid for finite difference computations. 





the zonal grid approach may become cumbersome if one is to develop a general 
purpose program which can be used for any arbitrary configuration. At this point, 
it may be concluded that, in general, the finite difference methods possess inherited 
weaknesses for highly complicated domains. On the other hand, finite volume (or 
finite element) schemes do not encounter such weakness. That is because the in- 
dependent variables are integrated directly on the physical domain and, therefore, 
grid smoothness is no longer an important issue. Thus, the governing equations 
can be solved if only the domain can be successfully discretized into elements. The 
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geometrical difficulty is now the concern of the grid generation routine and not 
of the finite volume solver. Furthermore, finite volume schemes do not require a 
structured grid, as is required of the finite difference schemes; therefore, for most 
applications, unstructured grids are used. It is also important to emphasize that, 
since the integral equations are applied directly on the physical domain, a coordinate 
transformation is no longer required. It is then clear that the finite volume methods 
have advantages over the finite difference method if the geometry of the domain is 
complicated. That is, finite volume schemes provide great flexibility, in that a wide 
range of choices is available for the selection of discrete volumes. However, it should 
be noted that if the domain can be discretized into a smooth structured grid, the 
finite difference method would be a better choice due to its efficiency over that of 
the finite volume or finite element methods. 


18.2 General Description of the 
Finite Volume Method 


Finite volume schemes can be generally categorized into two groups; the first 
group includes the “cell-centered” schemes, and the second group includes the 
“Nodal Point” schemes. To illustrate each approach and identify the differences 
between the two, consider the following model equation: 


009 дЕ ДЕ 


++ By 7 9 (18-1) 


Initially, Equation (18-1) is integrated over an element such as quadrilateral 
mesh abcd shown in Figure 18-2a. Thus, one has 


|, (5°) dzdy = - f. (+ E) dzdy (18-2) 


Subsequently, Green's Theorem is applied to the right-hand side of Equation (18- 
2). Recall that Green's Theorem converts area integrals to line integrals. Thus, 
Equation (18-2) is written as 


[m (%) dzdy = - ўы (Edy – Fdz) (18-3) 


Equation (18-3) is used to develop a cell-centered scheme as well as a nodal point 
scheme in the following sections. 
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Figure 18-2а. Schematic of a cell-centered scheme. 


18.2.1 Cell-Centered Scheme 


The integrals in Equation (18-3) are approximated over the element shown in 
Figure 18-2a. The dependent variable Q is to be solved for at node 5 which is 
located at the center of the element, and hence the scheme is referred to as a cell- 
centered scheme. The formulation can be expressed in either explicit or implicit 
forms, depending on how E and F are evaluated. This point is addressed shortly. 
For now, Equation (18-3) is approximated as 


81-05 
At 


4%) Aatea = — [E; Aya + Е Aye + Е.Дуга + Е,Ауш) 
+ [Fi Ata + ЕАтк + Ел Ата + Ата] (18-4) 
where Ааа is the area of the cell and points i, j, m, and n represent the midpoint 
locations of the edges ab, bc, cd, and da, respectively. Points 1, 2, 3, 4, and 5 are 


called the control points of the five quadrilaterals. The 2: and у increments of each 
edge are determined by the following relations: 


Ата = Tb — та, Ату = г - Xp , Ата — Та- Xo , Ada = Та - та (18-5а) 
Aya = у — уа, Дус=у—%, Дуа =Ya— и , Ауа = у — Ya (18-55) 


The values of functions Е and Е at the midpoints of the edges can be evaluated by 
averaging their values from the two control points located on the opposite sides of 
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the corresponding edge. That is, 


1 + ы 1 * * 
E = 5 (Bs + Е), E; = 5 (Es + Ез), 

1 1 (18-6a) 
En = (ЕЕ), Ea = Š (E; + Ei), 

1 + * 1 * “ 
д-р), | Бе +Е), 

1 2 (18-6b) 
Fn= (+F), Бе +Е) 


In the equations above, if the values of the functions designated Бу ж are evaluated 
at time level n, then the formulation is an explicit formulation. If the values at * are 
evaluated at n + 1 time level, the formulation is an implicit scheme. Furthermore, 
note that: (1) if the element abcd is rectangular in shape, then Az, = —Az, 
Ату = – Ата, AYab = Муса, Аук = —AYda. Therefore, Equation (18-4) is simply 
equivalent to a finite difference formulation where central difference approximation 
of the spatial derivatives are used. 'The proof is required in Problem 18-1. (2) The 
values of E and Е as provided by (18-62) and (18-6b) may be obtained by other 
schemes as well For example, one may use one-sided approximations (such as 
upwind schemes) to provide the values of E and Е. А description of such schemes 
is presented in Section 18.4. 


Figure 18-2b. Schematic of а, nodal point scheme. 





18.2.2 Nodal Point Scheme 


In this approach the dependent variable is evaluated at the vertices of the 
element. Thus, the approximation of the governing equation given by (18-3) over 
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the element shown in Figure 18-2b is as follows: 
(Фа + Qs + Qe + Qa"? = (Qa + Qi + Qe + Qu)” A _ 
4At 
— (Ei Aya + Е Ayte + Ем Хуса + Е,Ауа) + (БАта + Е,Ать + Ата + Ата) 
(18-7) 
where 1 1 
E; = (Е + Е), Е;= --(Е; +E’), 
2 2 
1 i (18-8a) 
Em = (Е: + Ед), En = 5 (E4 + Ea), 
1 1 
R= (+E), Е = (80+ Fe), 
(18-8Ь) 


1 + + 1 * 4 
Ра = (Е + Fi), Ру = 5 (Fi + Ед), 


Again, the values of Е and Е can be evaluated at either time levels of n or n + 1 
to provide an explicit scheme or an implicit scheme, respectively. 

Our discussion up to this point has been limited to а model equation which 
contains only time derivatives and convective derivatives, i.e., a first-order partial 
differential equation. Furthermore, the approximation of the integral equation was 
performed over a quadrilateral element. Most practical applications include a dif- 
fusion term, i.e., the governing partial differential equation is second-order. Thus, 
the schemes introduced in this section must be extended to a second-order partial 
differential equation. In addition, to illustrate the application of the scheme to a 
variety of available elements, instead of a quadrilateral element which was used in 
this section, a triangular element will be used. Thus, the reader is exposed to the 
development of the finite volume scheme applied over different types of elements. 

Ап important issue with regard to finite volume schemes, which has not been 
addressed as yet, is the implementation of the boundary conditions, which will be 
explored in the next section. 


18.3 Two-Dimensional Heat Conduction Equation 


To achieve the goals set above, the two-dimensional heat conduction equation 
is used as the model equation. The particular application is that of Section 3.7. 
Therefore, an easy comparison between the finite difference solution and the finite 
volume solution can be made. Obviously, grid generation is the first step in the 
solution procedure of any scheme. Since one of the goals is to experience the appli- 
cation of the finite volume scheme to triangular elements, the domain of solution is 
triangularized. For example, consider the domain shown in Figure 18-3, which has 
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been triangularized. The triangular elements can be divided into two groups defined 
as “boundary triangles” and “interior triangles.” A boundary triangle is defined as 
a triangle with at least two vertices on the boundary of the domain (or, equiva- 
lently, at least one edge is coincident with the boundary). The boundary triangles 
in Figure 18-3 are identified by the shaded triangles. Pre-set boundary conditions 
must be imposed for the boundary triangles when computations of the tempera- 
ture at the control points of such triangles is performed. A detailed description of 
how to impose these requirements is presented in Section 18.3.2. The remaining 
triangles within the domain belong to the “interior triangle” group. The governing 
equations can be directly applied to the interior triangles and are described in the 
next section. 









f 


A Boundary Triangle A interior Triangle 


Figure 18-3. Illustration of interior and boundary triangles. 


18.3.1 Interior Triangles 


Recall the two-dimensional heat conduction equation given by 
ёт OT 
Ot =a (s t 51) (18-9) 


where о is assumed to be a constant and hence, a linear equation. Consider now а 
triangular element such as that identified by triangle abc of Figure 18-4. Observe 
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а 


Figure 18-4. Geometric identification of triangular element abc. 


that the identification of triangles is ordered in a counter-clockwise (ccw) fashion. 
Integration of Equation (18-9) yields 


oT T OT 
L. (9) атау = «f. (5s T 51) атау (18-10) 
The approximation of the left integral is simply accomplished by the following 
expression: ЕН 
от (ТУ! m 
E (22) age ( x ја (18-11) 


where 71 is the value of temperature at the control point 4. Before proceeding with 
the evaluation of the integrals on the right-hand side of Equation (18-10), let’s pose 
the following question. Where is the exact location of control point 4 (and similarly 
the location of other control points such as 1, 2, and 3)? A simple scheme to identify 
its location is to use the centroid (average value of the vertices) of the triangle as 
the location of the control points. Thus, 


T4 = 5 (te + 25+ г.) (18-12a) 
1 
у = 3 Wa + уь + ус) (18-12b) 


and 
1 
Аве = „(таи тар Tea — LoYa — те — тау:) (18-13) 
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What about the initial value of T4? That is, given the values of temperature at grid 
points (such as Та, Th, and Те), how does one determine Tf, which is required in 
relation (18-11)? A simple and efficient scheme is to use the weighted average value 
of the temperature at the three vertices. Therefore, 


T Тр TT E Ld ^d 
те = (с +242) (++) 18-14 
f Lao La La La Las Lac ( ) 


where L4,, Lap, and Гас аге the distances between control point 4 and the vertices 
a, b, and c, respectively. The same approach is applied to all other control points 
of the interior triangles, thus providing their coordinates, the areas, and the values 
of temperatures at the required time level. 

Now return to the right-hand side of Equation (18-10). First, define 


Therefore, 
Әт OT дЕ | ac 
fa (бт + Oy? as dedy = ТА (22+ By эт) ded = ГА (Еду – Сах) (18-15) 


where Green’s Theorem has been applied іп the last step. Using the triangle abc, 
one may approximate the integral in (18-15) as 


RHS = f. (Fdy – Gdz) 
= (FAya + ЕЕДус + FiAya) – (С Ата  G;Azi + G,Az,) (18-16) 
where 
Ат = To — Xa, Атк = Xo— 2» Ато = Та — Хе (18-17а) 
Aya = Yo — Ya; Ауе = Ye — уь, Ауа = Ya — Ус (18-17b) 
For an explicit formulation, the unknown 14 is determined from 
TH = Те +a T (RES) (18-18) 


What about the computation of functions F and G at points 1, 7, and k, which are 
required in Equation (18-16)? They are evaluated by the following relations: 


таро 


= (TE + Tp) Ava + (T7 + Th) Ava + (Ту + Tr) Дум 


+ (Тр + Tr) Луца] / (24am) (18-19) 
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n (5), [lo (Ge) e] /nn- 


= [CP + TP) Agee + (Тр + T) Дуо, + (T? + TP) Дуа 





+(@{ + Тр) Aya] / 2464) (18-20) 


n= (2) ебе 


= [(12 + Tp) Aves + (Tp + T2) Aus + (Te + Th) Ayes 
*( + TE) Ау) / (2А) (18-21) 
where, in Equations (18-19) through (18-21), the Ay increments are computed by 
Аута = Yn — Ym 


The function G is evaluated in a similar fashion according to 


&- (a5), " [au (57) a] / 
= - [az + Tp) Aca + (T? + TP) Ат + (T? + TE) Are 
+ (Tf + ТР) Атаа) / (2А лы) (18-22) 
G; = (2) == n (97) 2a] / Аша 
= - [CP + Тр) Ату + (Tp + TP) Ату, + (Т? + Th) Ага 
+ (Tf + Tp) Aza] /(СА ла) (18-23) 
о (8) [a (E) e] 


- [P+ Tp) Ата + (Та + Te) Ata + (Т? + TR Ate 
+ (1 + Te) Aza] /(2Acsas) (18-24) 
Again, the Az increments are determined by 


Атал = Фа — Тт 
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With regard to expressions (18-19) through (18-24), observe the following: (1) In 
Equations (18-19) through (18-24), the nodal point scheme is used to integrate the 
expressions for F and G at the three quadrilaterals a1b4, b2c4, and c3a4. (2) The 
corresponding areas are evaluated according to 


1 
Адм = 3 ак + Aga) 


1 
Ауа = 3 (4 + Аһ) 


and 1 
Алас 3 бак + Аса) 


Substitution of Equations (18-19) through (18-24) into Equation (18-16) pro- 
vides the value of RHS which is subsequently used in Equation (18-18) to provide 
the value of 77*!. The procedure described above is applied to all of the interior 
triangles to provide the temperature values at the control points of interior triangles 
at the time level of n + 1. Subsequently, the temperature values are updated at 
the vertices. This update may be accomplished by averaging of the temperatures 
of the control points surrounding the vertex. For example, consider vertex a shown 
in Figure 18-3. Observe that point a is surrounded by control points 1, 2, 3, 4, and 
5. Thus, one may approximate 





(18-25) 


where Lma is the distance between point m and the vertex a evaluated by 


Lys = Кам — za)? + (Ua — ид 


Тһе next step is to proceed with the boundary triangles, and it is addressed in 
the following section. 


18.3.2 Boundary Triangles 


Various types of boundary conditions were defined in Chapter 1 and then imple- 
mented into numerical schemes in the subsequent chapters. À review of the physical 
boundary conditions as applied to the heat conduction equation at this point is 
helpful. For a Dirichlet-type boundary condition, simply the temperature value, or 
the temperature distribution along the boundary is specified. For а Neumann-type 
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boundary condition, the heat flux at the boundary is provided. Recall that the heat 
flux is given by 
СД 
T Bn 
where k is the thermal conductivity. The third type boundary condition is the mixed 
type, which for this problem may be expressed as CT + D(8T/8n). In this section, 
the implementation of Dirichlet and Neumann types is described. The extension to 


mixed boundary conditions is straightforward. 


18.3.2.1 Dirichlet-Type Boundary Condition 


Since the temperature distribution along the boundary is specified for a Dirichlet- 
type boundary condition, the temperature value at the control points of boundary 
triangles can be easily determined. For this purpose, the temperature value at the 
control point is updated using the weighted average scheme, i.e., Equation (18-14). 


18.3.2.2 Neumann-Type Boundary Condition 


It is apparent that the application of Neumann-type boundary conditions is 
not as simple as the Dirichlet type. The difficulty is encountered because, in most 
cases, the locations of nodes are such that normal gradients at the surface can- 
not be directly defined. Nevertheless, by incorporation of an indirect, iterative 
scheme, the flux boundary condition can be enforced. То illustrate the difficulty 
and subsequently the solution procedure, consider a heat distribution given along 
the boundary ...idabg, ...shown in Figure 18-5. As part of the overall solution, it 
is required to determine the temperature values at points ...i, d, a, b, g, ... , and 
on the control points 1, 2, 3, 4, .... The solution procedure is developed as follows. 


(i) For a typical boundary triangle such as triangle abc, define by m the midpoint 
of boundary edge ab. Thus, the coordinates of m can be determined by 


1 
Та = a. + 2) (18-262) 


and 1 
Um = 2% + yp) (18-26b) 


The value of heat flux is determined by 
1 
фа = 5 (da + Ф) (18-27) 


(ii) Generate a line perpendicular to edge ab from point m. Identify the line 
by mm'. Now, determine the intersection of line mm! with the edges of the 
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heat flux distribution (q) 


» 4 --" X" 
> 


Бірше 18-5. 


 filustration of Neumann-type boundary condition. 





triangle, i.e., either edge ac or bc. To generalize, represent either one of the 
vertices a or b by 2. Thus, the edge which intersects line mm’ is zc. Call the 
intersection point k. Define parameter R by 


where Гаус is the distance between point k and vertex c; and similarly, Lze is 
the distance between point z and vertex c. Now, the coordinates of point k 
and the temperature value at that point can be determined according to 


те = Te + R(T, — T.) (18-28a) 
Yk = Ye + Е(уг — ус) (18-28b) 
Tk = T; + R(T, - Т.) (18-28с) 


Recall that 2 is used to designate either one of the vertices а ог b. In order 
to use Equation (18-28), one needs to know which one of the points a or b 
must be utilized. The following procedure is used for this purpose. First, the 
relation between the slopes of the two perpendicular lines km and ab is written 


as -- -- 
(2 зе.) (2 “) = (18-29) 
Ek — Та) \ Tb — La 
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(iii) 
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Relations (18-28a) and (18-28b) are substituted into (18-29) and solved for R 
to provide 
в (202 gaze — Fm) + (Yo — Ya) (Ye — Ym) 
(т, = г.) (га 25 ть) + (y. е ус) (уа und Yo) 
Now the coordinate of point a is substituted into (18-30) to provide a value for 
parameter R; call it Ra. Similarly, one determines R, by substitution of the 
coordinate of point 6 into (18-30). Recall that point k must be located between 
points z and с and, therefore, R must satisfy the requirement 0 € R < 1. If 
now 0 € Ra < 1, then the point defined by z is the vertex a. Otherwise 
0 € № < 1, and point z is assigned to be vertex b. Observe that if R = 0, 
then point k is coincident with vertex c. For the example shown in Figure 18-5, 
point z would be the vertex a. 


(18-30) 


Once point z has been identified, the location of point k is determined by 
Equations (18-28а) and (18-28b). Thus, the distance between points m and 
k can be calculated as well Finally, the temperature value at point m is 
computed by 


Tm = Ty — du Ua ЈЕ (18-31) 


Note that Equation (18-31) is obtained from the heat conduction law, i.e., 


Furthermore, recall that the unit normal to the surface is usually defined as 
positive in the outward direction of a closed domain. Therefore, for qm < 0, 
the heat is flowing into the domain. Note that the temperature at point k 
cannot be treated as a fixed value and must be updated within an iterative 
loop along with temperatures on the boundaries. Thus, an iterative scheme is 
required to determine the values of the temperature Tm, Ta, Tj, and T.. The 
details of this procedure are described in the following four steps. 


1. Calculate the temperatures of all the midpoints, i.e., Tp, Ty, Tm, and Т, in 
Figure 18-5 by the method described in Steps (i) through (iii). 

2. Update the temperature at the vertex by averaging the temperatures of the 
two neighboring midpoints, e.g., 


T, = (Та + Т,)/2 E Ty = (Та + Т.)/2 , Та = (Т, + 1,)/2 


Note that this simple averaging is based on the assumption that Lig = 
Lia = Lo = Гь. 
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3. Update temperatures 7;, Tu, Tk, and T, of intersection points t, и, k, and 
v by employing the interpolation method of Equation (18-28c). Note that 
the temperatures at vertices (Т), Та, Та, Ts, and Т,) are now the updated 
values as provided from Step 2 and are not their original values. 


4. Steps 1 through 3 are repeated until the temperature distribution along the 
boundary is converged. 


(iv) Once the convergence of the temperature distribution on the boundary has 
been achieved (i.e., Ti, Та, Ta, To, and T,), the temperature of the control points 
on the boundary triangles are updated by utilizing the method described by 
Equation (18-14). 


This step completes the solution algorithm for both the interior and boundary 
elements. Now the scheme is used to solve the heat conduction equation within 
the rectangular domain described in Section 3.7. Recall that the domain is a 3.5 ft 
by 3.5 ft rectangular bar with thermal diffusivity of 0.645 ft?/hr. In addition to 
the boundary conditions specified in Section 3.7, which are of Dirichlet type and 
will be referred to as Case (a), a second set of boundary conditions is specified as 
Case (b). For this case, the boundary conditions along edges 2 = 3.5 and у = 3.5 
are specified as inflow heat flux and are given by q(3.5, у) = —10, 000 Btu/hr ft? and 
q(x, 3.5) = —10, 000 Btu/hr #2. 

Solution begins with triangulation of the domain. For this application, the 
domain is discretized into 2450 triangles, as shown in Figure 18-6. The time step 
for the explicit formulation given by (18-18) is selected as 0.01 hr. The temperature 
contours for Case (a) are shown in Figures 18-7 and 18-8, which correspond to time 
levels of 0.1 and 0.4 hrs, respectively. 

The solution is also provided in tabular form in Tables 18-1 and 18-2. These 
solutions can easily be compared to the solutions provided in Tables 3-7 and 3-8, 
obtained by a finite difference method. The temperature contours for Case (b) are 
shown in Figures 18-9 and 18-10 for the time levels of 0.1 and 0.4 hrs, respectively. 
The temperatures are listed in Tables 18-3 and 18-4 for the corresponding time 
levels. Note that the values of temperature at the two sides imposed by the heat 
flux boundary condition increase with time in order to maintain the constant heat 
flux specified. 

Ап important consideration with regard to the solutions given in Tables 18-3 
and 18-4 is as follows. If one evaluates the heat flux based on the computed values of 
temperature, a value slightly different from that imposed by the boundary condition 
is obtained! For example, heat flux at point (1.0,3.5) can be calculated according 


е 227.4 — 198.99 


e -35 ( 35-34 


) = -9,982 Btu/hr ft? 
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Figure 18-6. The domain of solution and the triangular grid system. 
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Figure 18-7. Temperature contours at time level of 0.1 hr for Case (a). 
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Figure 18-9. Temperature contours at time level 0.1 hr for Case (b). 
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Recall that the imposed value is —10, 000 Btu/hr ft?. Thus, an error in the order 
of 0.18% has been introduced. The computation of temperatures at the boundary 
nodes was performed with only 5 iterations. If the number of iterations is increased, 
then this error would be reduced. 
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Figure 18-10. Temperature contours at time level 0.4 hr for Case(b). 





18.4 Flux Vector Splitting Scheme 


Recall that the values of flux E and F used in the finite volume scheme of Sec- 
tion 18.2 were evaluated by averaging the corresponding fluxes at two neighboring 
control points. Furthermore, for a rectangular element, the resulting formulation is 
equivalent to the central difference approximation of the finite difference method. 
It was shown previously in Chapter 6 that a hyperbolic equation is unstable for a 
formulation with central difference approximation. However, the solution would be 
stable if the governing equation includes a diffusion term. Indeed, to stabilize the 
hyperbolic equation approximated by central difference formulation of the convec- 
tive term, the addition of a damping term would be required. Furthermore, the 
damping terms are used to reduce oscillations within the domain which may de- 
velop in the vicinity of sharp gradients. To avoid the addition of damping terms, 
one may use the flux vector splitting scheme to formulate the convective term. If 
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the governing equation includes diffusion terms, they are approximated by central 
difference approximation, as seen in Chapters 13 and 14. 

In this section, a flux vector splitting scheme used for a triangular element is 
explored. The formulation will be developed for the two-dimensional Euler equation 
given by (12-124), which is repeated here 


= += +Н =0 (18-32) 
where the vector О and Ше fluxes Е, Е, and Н are given Бу (12-125). 


18.4.1 Interior Triangles 


Equation (18-32) is integrated over the triangular element abc shown in Figure 


18-11 to provide 
99 E 8E ӘР 
|, (9 ) dzdy = T. (92 в + н) аху (18-33) 


f 
Figure 18-11. Triangular element, abc and its adjacent elements. 





The scheme proceeds with the application of Green's Theorem to the RHS of 
the equation and subsequently an explicit, cell-centered scheme is employed to ap- 
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proximate (18-33) Бу 


nl 


| : Ar 2) Ак = -КЕ Дуа + Еј Дуб + Ex Ayca) 





– (ЕАга + ЕАтк + ЕАга) + Н.А) (18-34) 


Recall that fluxes Е and Е at points i, 7, and k were determined previously by 
an averaging scheme. The objective now is to use a flux vector splitting scheme 
to determine these fluxes. The development of the scheme is illustrated by the 
evaluation of the fluxes Е and Е at point 2 located at the midpoint of the edge ab. 

Recall that each flux can be split into a positive part and a negative part each 
associated with the corresponding eigenvalue. Schematically, the fluxes at control 
point 4 of triangle abc are illustrated in Figure 18-12, which is used as well in 
subsequent discussions. The specific forms of the fluxes E*, E^, F*, and F- in the 





f 
Figure 18-12. Illustration of signal propagations. 


transformed computational space were given in Chapter 12. However, since in the 
finite volume scheme the formulation is applied directly on the physical space, one 
needs to obtain the associated fluxes in the physical space. The eigenvalues of the 


Jacobian matrix А = —- are easily determined to be A, = и, № = и, Аз = uta, 


90 
М = u — a, where и is the z-component of the velocity and a is the speed of sound. 
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Observe, as expected, the lack of metrics in the eigenvalues, as compared to those 
given by (12-138) through (12-141). 
The splitting of flux vector E proceeds as follows. 


(a) If и > a, then all the eigenvalues are positive and therefore, 
E*=E and Е =0 


(b) If 0 € и < а, then one of the eigenvalues, namely A, is negative, and 


i пау а 
24 ^ 4-1 
where : 
Ф = 2 + 12 
апа 
Е = Е -– E 


(c) If —a < и < 0, then one of the eigenvalues, namely Аз, is positive, whereas the 
remaining three are negative. Subsequently, 


1 
p uta 
Е! =(u+a) (£) v 
27 1 а? 
ам + zd! —— 
2 y-1 
and 
E = Е-Е" 


(d) If u < —a, then all the eigenvalues аге negative and therefore, 
Е = 0 
апа 
Е = Е 


The splitting of flux vector Е is now concluded. Following a similar procedure, 
the eigenvalues of Jacobian matrix B = 30 аге determined to be А = v, Az = v, 


As = v + a, and № = v — а, where у is the y-component of the velocity. The fluxes 
Е? and Е- associated with the four possible combinations of A's are 
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(а) Ко > a, then Ft = F and Е- = 0. 
(b) #0 € v <a, then 





1 
Р и 
Е =w-a (£) v—a | 
аб +4 porum 
and 
F'-F-F- 
(c) If —a < v < 0, then 
1 
И и 
Е* = (+) (£) у+а 
2 l, œ 
ди 2d TESI 
and 
F-F-F* 


(d) If —a € v, then F* = 0 and F- ~ Е. 


Thus, the fluxes can be decomposed into their positive and negative parts with 
the exact forms given above. Therefore, at a given point four signals emanate in 
the four directions. However, observe that only two of the four signals will cross 
any given edge. For example, only two signals represented by fluxes E? and Ff will 
reach edge ab from control point 4, which is illustrated in Figure 18-12. Similarly, 
the signals reaching edge ab from control point 1 located on the other side of edge 
ab would be Ey and ЕТ. Therefore, the combination of signals reaching point i and 
contributing to its value are written as 


E; = Е + Е 
and 
Е = Бұ + Ег 
А similar argument is extended to edges bc and ca to provide the following: 
Е = Е + E} 
Fj = Fi + 
Е, = Е + E 


Е, = Ег + Ff 
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The description of the algorithm above is simply based on graphical inspection, 
in particular, Figure 18-12. Now, the graphical conclusions are used to develop a 
numerical scheme. The procedure is described utilizing edge ab as follows. 


1. Determine a perpendicular vector from control point 4 to the edge ab and des- 
ignate it as vector P. Vector P intersects line ab at point 9 as shown in Figure 
18-12. The equation for line ab can be simply expressed as 


y=mr+n 
where 
Е Yo— Ya 
Th — Та 
and 
ES Тув — уа 
72, — 7а 


The perpendicular vector P is expressed by 
By = (2) — 2a) (Uy — va) = [Ga — n — mag) ст + 1)] (тї— = Pat РГ 
where the coordinate of the intersection point g is 
т; = (ту + z4 - тп)/(т? + 1) 


and 
yg = (my, + таа + n)/ (m? + 1) 
Note that if £a = ть, then 


Р = (za = тај; = PA Pay 


2. The fluxes E and F at the midpoints are determined by inspection of the compo- 
nents of the vector Ві, which provides the required information on the contribu- 
tion of each term. The flux vector E at the midpoint i of edge ab is determined 
as follows. 


(a) If Ра > 0, then control point 4 contributes Ej and control point 1 will 
contribute Еј. Thus, 


Е, = Е} + Ег 


(b) If Piz < 0, then Е, is contributed due to control point 4, whereas Ef is 
contributed due to control point 1. Thus, 


Е-Е + Е! 
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The procedure is extended to the flux vector Ғ as well to provide 
Е = Fi + Ег for Py > 0 


and 
R= F; + Е юг Py <0 


Similarly, the fluxes Е and Е at point 7 (midpoint of edge bc) and point k 
(midpoint of edge ca) are determined. Subsequently, Equation (18-34) is utilized to 
compute Q?*?, 


18.4.2 Boundary Triangles 


Various types of boundary conditions were identified in the previous chapters. 
Generally, they are categorized as body surface, symmetry surface, farfield, inflow, 
and outflow boundaries. To simplify the analysis and implementation of the bound- 
ary conditions, the control points of all the boundary triangles are shifted to the 
middle of the boundary edges, as illustrated in Figure 18-13. The implementation 
of various boundary conditions is illustrated for an axisymmetric domain of a blunt 
body in supersonic stream. 

1 Inflow boundary. When the inflow boundary is set far in the flowfield, the 
freestream conditions are imposed as the boundary conditions. Thus, 


перо, = Т. , uus, and v-0 


2. Symmetry line. Along Ше symmetry line, the y-component of the velocity is 
zero, whereas the remaining flow properties are approximated by an average value 
of the properties from the interior points. For example, 


1 
Ра = 5 (ps + pa) 


1 
Th = (в T4) 


1 
из = gus + ша) 


and 
те = 0 


3. Body surface. The no-slip condition for the velocity and the zero-normal 
gradient for pressure is usually used at the body surface. The temperature may be 
specified either as a Dirichlet type, where the temperature distribution is provided, 
or as a Neumann type, where the distribution of the normal gradient is specified. 
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Free Stream (inflow) 


Solid Surface 


Axis of Symmetry 


Figure 18-13. Schematic of boundary conditions. 





An easy scheme for obtaining an approximate value of the pressure at the surface 
is as follows. Assume that the midpoint of points 6 and 7 is on a line perpendicular 
to the surface at point 5. Then, since the pressure gradient at the surface is zero, 
one may write 


1 
Ps = ps = 5 (Ps + pr) 


Of course, a precise scheme would be that of Section 18.3.2.2 for the implementation 
of Neumann type boundary conditions. The velocity components are set to zero 
due to the imposed no-slip condition. Thus, us = 0 and vs = 0. The temperature 
value is that specified temperature if the boundary condition is Dirichlet type. 
However, if a Neumann-type boundary condition is imposed, then, depending on 
the specification, two situations can be identified. (a) If the surface is specified as 
adiabatic, i.e., ӘТ/дп = 0, then by the same analogy to that of pressure, one may 
approximate 


1 
Ts = 30s +T) 
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(b) If the heat flux is given, i.e., 67 /дп is specified, then the iterative procedure 
described in Section 18.3.2.2 is used. 

4. Supersonic outflow. All the properties at the outflow are determined by 
extrapolation from the interior domain. A zero-order extrapolation yields: 


1 

ps = 20» + ро) 
1 

Тв = 50% + То) 


и ET + uio) 
s = 3 (us + tio 


and 1 
Ug — 20% + tio) 


18.5 Concluding Remarks 


Fundamental topics in finite volume schemes have been introduced in this chap- 
ter. Due to its introductory nature, only a selected number of schemes in two-space 
dimensions using triangular elements were explored. It is hoped that, at this point, 
the reader has established a fundamental understanding of the topic. With this 
background, the review of other finite volume schemes presented elsewhere and 
extension of the schemes to three dimensions should be facilitated. 
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18.6 Problems 


18.1 Consider the cell-centered formulation described in Section 18.2.1 and illus- 
trated in Figure 18-2a. If the mesh abcd has a rectangular shape, where Ата = 
-Атш, Atte = - Ата = 0, Ау» = Луга = 0, and Дук = — Дува, show that the 
formulation (18-4) can be reduced to a finite difference equation with second-order 
central difference approximation of the spatial derivatives. 


18.2 In Equations (18-19) to (18-21), show that the areas of quadrilaterals are 
Алы = (Аш + Аоф), Аға = Аде + Avec), and Ала = (Aabe + Аса). 


Hint: Use Equations (18-12) and (18-13) to prove that Agu = }Aate and, similarly, 
Аль = }Aaa, and so forth. 


18.3 Consider the domain of Problem 5.1 which is repeated here for convenience 
as Figure P18.3. Use the finite volume scheme described in Section 18.3 to obtain 
the streamline patterns within the domain. The governing equation to be solved is 
given by 


әр 99 Әу 
8t да Dy) 


where the time-dependent term is added to represent the iteration, i.e., each time 
step is equivalent to an iteration step. Recall the analogy between the FTCS scheme 
applied to a time-dependent parabolic equation and the iterative schemes for the 
solution of an elliptic equation. Furthermore, note that the time-dependent term 
% will approach zero for a large time. Thus, Laplace’s equation is recovered. 


Select a time step of 0.001 and proceed to a final time of 2.0. That should 
provide the converged solution. Furthermore, set the initial values of the stream 
function within the domain to be 50. The appropriate boundary conditions are 
specified in Figure P18.3. 
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Figure P18.3. The solution domain and Ше proposed boundary conditions. 





18.4 The streamline patterns of an inviscid, incompressible flow within the domain 
shown in Figure P18.4 are required. The problem requires the solution of Laplace’s 
equation or, equivalently, 


др O'y 90% 
Ot x? Oy 
The concept of using the equation above instead of Laplace's equation is provided 


in Problem 18.3. Assuming the fiow to be uniform at both the inlet and outlet, the 
following boundary conditions are specified. 


1. At the lower surface, ф = 0.0 
2. At the inlet, i.e., z = 0.0, ф = 100y 
3. At the outlet, i.e., х = 6.0, Y = 100y 


4. At the upper surface, i.e., y = 4.0, ф = 400.0 
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Figure P18.4. The solution domain and the specified boundary 
conditions for Problem 18.4. 





Use a time step of 0.003 and proceed up to a total time of 6.0, which should 
provide the desired solution. Use the grid system generated in Problem 18.2, and 
set the initial ф distribution at 100.0. 
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Table 18-1. Temperature distribution at # = 0.1 hr. 


0.00 0.50 1.00 1.50 2.00 2.50 3.00 
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Table 18-2. Temperature distribution at # = 0.4 hr. 


0.00 0.50 1.00 1.50 2.00 2.50 3.00 3.50 
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Table 18-3. Temperature distribution at t = 0.1 hr. 


0.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 
200.00 








0.50 
200.00 
169.41 
136.62 
107.91 
84.59 
67.01 
54.69 
46.68 
41.86 
39.16 
37.76 
37.10 
36.80 
36.68 
36.64 
36.62 
36.62 
36.61 
36.61 
36.61 
36.62 
36.62 
36.63 
36.67 
36.76 
36.97 
37.45 
38.43 
40.34 
43.78 
49.60 
58.87 
72.78 
92.55 
119.05 
148.30 





1.00 








1.50 
200.00 
161.24 
121.19 
86.23 
57.92 
36.62 
21.74 
12.09 
6.29 
3.05 
1.38 
0.59 
0.23 
0.09 
0.04 
0.02 
0.01 
0.01 
0.01 
0.01 
0.01 
0.01 
0.03 
0.06 
0.15 
0.38 
0.88 
1.92 
3.93 
7.56 
13.67 
23.34 
37.69 
57.78 
84.21 
112.47 











2.00 2.50 











































86.23 86.48 
57.91 58.23 
36.62 36.97 
21.74 22.11 
12.00 12.47 
6.28 6.67 
3.05 3.43 
1.38 1.75 
0.58 0.95 
0.23 0.60 
0.08 0.45 
0.03 0.40 
0.01 0.38 
0.00 0.37 
0.00 0.37 
0.00 0.87 
0.00 0.37 
0.00 0.37 
0.01 0.38 
0.02 0.39 
0.06 0.43 
0.15 0.52 
0.37 0.75 
0.87 1.26 
1.91 2.31 
3.92 4.35 
7.54 8.02 
13.65 1421 
23.30 2400 
37.63 38.55 
57.68 58.92 
84.07 85.76 
112.30 114.25 








3.00 
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Table 18-4. Temperature distribution at # = 0.4 hr. 





0.00 0.50 1.00 1.50 2.00 2.50 3.00 3.50 









Chapter 19 
Finite Element Method 





19.1 Introductory Remarks 


Previously, three different numerical schemes for the solution of a partial dif- 
ferential equtaion or a system of partial differential equations had been identified 
as finite difference methods, finite volume methods, and finite element methods. 
Historically, the application of finite difference methods to the governing equations 
of fluid mechanics has been more common. That is primarily due to the simplicity 
of the scheme and the simplicity of the associated structured grid system used. In 
fact, in this three-volume text,that is one of the reasons why emphasis is placed on 
finite difference schemes. However, it is essential that both finite volume and finite 
element schemes be introduced and investigated. 

The finite volume (FV) method was introduced in Chapter 18, and it is the 
objective of this chapter to introduce the finite element. (FE) method. It is also 
important to realize that the numerical schemes investigated in finite difference for- 
mulations are commonly used in FV and FE formulations. Therefore, it makes com- 
mon sense to introduce and investigate the numerical schemes in FD formulations 
due to their simplicity, and subsequently to consider the FV and FE formulations. 
This is another reason why finite difference schemes are investigated in more detail. 

The finite element method, similar to the finite volume method, is а, powerful 
Scheme in that it can be used in conjunction with unstructured grids. Furthermore, 
the FE method can be used to solve not only partial differential equations, but also 
integral, integro-differential, and variational equations. In addition, various classes 
of problems, including boundary value problems, initial value problems, and eigen 
problems can be solved by the FE method. 

Historically, the finite element method was developed for applications in struc- 
tural and solid mechanics, and, in fact, prior to the 1960's and 1970's, the majority 
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of applications in the FE method was in solid mechanics. However, during the last 
two to three decades, the scheme has been extended to several other disciplines, 
including fluid mechanics, heat transfer, acoustics, and electromagnetics. Several 
commercial programs/packages are now available and are used in several industries 
for design and analysis purposes. 

As mentioned previously, an important feature of the finite element method is 
its ability to handle complex geometries/domains without any difficulty. Unlike the 
FD method which requires a structured grid system, the FE method discretizes 
the domain into small subdomains or elements which can be selected to be any 
shape, typically triangular or quadrilateral for two-dimensional applications and 
tetrahedral, pentahedral, or hexahedral for three-dimensional applications. 

The fundamental approach of the FE method is to develop local element equa- 
tions on each element, based on an optimization technique to minimize the error of 
the solution, and to subsequently patch all of the element equations together into a 
global system of equations which results in a system of linear algebraic equations. 
Several numerical schemes are available to solve a system of equations, including 
direct elimination methods such as Gauss elimination or LU decomposition and 
iterative methods such as the Gauss-Siedel iterative method. 

It is important to note that the FE formulation always leads to a system of 
equations with many unknowns, as opposed to one unknown per equation. There- 
fore, the FE method is always viewed as an implicit formulation. Recall that the 
FD method can be formulated as either explicit of implicit. This limitation on the 
FE method can be viewed as a disadvantage of the method. 


19.2 Optimization Techniques 


In general, optimiation techniques can be divided into two different categories. 
First is the method of weighted residuals, which is applied to differential equa- 
tions where different weighting functions can be used. Among the methods in this 
category, the following are commonly used: (a) the collocation method, (b) the 
subdomain method, (c) the least-squares method, and (d) the Galerkin method. 
The second category is the variational or energy method, which is applied only to 
differential equations which can be written in an energy form, that is, ones that can 
be integrated into a variational form (an integral equation). 

Historically, the fundamental energy principles were used in the development of 
the finite element method in the 1960’s for applications in structural mechanics. 
However, due to the limitation of the method to differential equations which can 
be written in variational formulation, the method of weighted residuals, such as 
the Galerkin method, which does not have such a restriction, has gained the upper 
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hand. Furthermore, development of the Galerkin method is more straightforward 
and more easily understood. F inally, for applications where both schemes can be 
used, identical solutions are obtained if the same trial functions are used. Therefore, 
due to the advantages listed, the method of weighted residuals and, in particular, 
the Galerkin method will be used here to describe the fundamental concepts, de- 
velopment, and applications of the finite element method. 

Before proceeding with mathematical development, it is beneficial to review the 
two ways by which the error of solution can be defined in finite element methods. 
One is the pointwise error, which is the sum of the difference between the exact 
solution and the numerical solution at each point. The second is the energy error, 
which is an integral over the entire domain of the pointwise error function. It can 
be shown that, if a solution converges with respect to the energy error, it will also 
converge with respect to pointwise error. Therefore, the energy error is typically 
used in most finite element schemes. 


19.3 General Description and Development of the Fi- 
nite Element Method 


The development of a typical finite element method is illustrated by the ap- 
plication of the method to the heat conduction equation. Recall that the heat 
conduction equation was used in Section 3.7 in the development of the ADI scheme 
and in Section 16.3 in the development of a finite volume scheme. The heat con- 
duction equation can be written in a vector form as 


ро Г = V (кут) (19-1) 


In comparison to the heat conduction equation given by (16-9), recall that ther- 


mal diffusivity o is defined as 
= 28: (19-2) 
PCy 
Now the heat conduction equation, given by (19-1), is multiplied by a weighting 
function w (which is also known as the test function) and integrated over a small 
domain (volume) to provide 


Lee Fe) dVol = | [V-(kVT)] оао (19-3) 


Since at this point we will limit the applications to two-dimensional problems, 
and, in order to include both the option of either a two-dimensional planar or two- 
dimensional axisymmetric application, the cylindrical coordinate system will be 
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used in the following developments. Recall that a differential volume in cylindrical 
coordinates is given by 
d Vol = r°(d6)'drdz (19-4) 

where the parameters a and В define the problem as two-dimensional or three- 
dimensional according to 

а=1, 6=1 > Three-dimensional 

а=1, 6=0 > Two-dimensional axisymmetric 

a=0, 6-0 = Two-dimensioanl planar 

The bracket term on the right-hand side of Equation (19-3) can be written as 


(V-(kVT)] w= V-(ekVT) - K(VT- Vw) (19-5) 


Furthermore, the time derivative on the left-hand side of (19-3) can be approximated 
by a forward difference formulation as follows 


от T"-T" 


oat (94) 
Finally, using relations (19-4) through (19-6), Equation (19-3) is written as 
тен — T” Я Р 
ро ( At је" (абуата 2 
- (Пу @kVT)—RIVT- Voyratraras (19-7) 


Now, rearranging Equation (19-7), where the terms involving unknown Т" are 
placed on the left-hand side of the equation, and the known terms and the boundary 
condition terms are placed on the right-hand side of the equation, one has 


| [p T^" +k (VT-Vw)|r*(d6fdrdz 


= І [V - (o kV T) + Bu T" r*(d0Y'dr d z (19-8) 
where је 
=52 (19-9) 


At this point the problem is reduced to two-dimensional applications, that is, 
6 = 0, and the volume is simply replaced by area, denoted by ©. Therefore, 


вет" ek Уо) |та" 


= [iv (ek VT) BoT')r'drdz (19-10) 
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Now, the first term on the right-hand side of Equation (19-10) can be written 
by the following, where the Gauss divergence theorem is used 


a бүй от а Ее а 
У-окУТ), drdz= ш GAL 45 = f w(-a)r dS (19-11) 


where 45 15 the line integral along the boundary 80 of the domain О. Furthermore, 
observe that Fourier’s heat conduction law is used, where (КОТ/дп) is replaced by 
the heat flux through the boundary (-Ф. Note that, if the line integration along 
OQ is carried out in counter-clockwise (cew) direction, a positive value of а would 
indicate the flow of heat to be out of the domain. Recall that the del operator in 
cylindrical coordinates is given by 


да – 1. 08. 

us cl аса 

where, for а two-dimensional application, it is reduced to 
Lc а 
дт " Oz ^ 


In order to develop a general two-dimensional formulation, replace the independent 
variables z and г by г and y, respectively. Thus, 


ð- 8 - 
7-ші 2 (19-12) 


Now, substitution of (19-11) and application of (19-12) in (19-10) yields 


дә OT | до OT 
+1 pois aic а Да рока а 
[oor +h (2227.9 АГ) | «а 


= { Сдеуа + [ Веттуғагау (19-13) 


The solution of Т and heat flux 4 is constructed by some trial functions ¢,(z, у), 
where three linear trial functions would be required for a triangular element with 
three vertices (г, у) where i = 1, 2, 3. Therefore, 


ј=3 
T(z,y) = У 1) (19-14) 
ӛзі 


ала 


3-3 
(х,у) = > a; (19-15) 
ја 
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ИЕ гете те ышы „—.————<—————-—-—-————=—_ 


where T; апа 4; are the temperature and heat flux at vertex j, and the trial functions 
are defined by the following 


фу = А (тә — тауг) + (ya — ys) + (£3 – то) y] =m —1— m — m (19-16) 
фу = zi (аул — туз) + (уз - у) z + (та - 13) y] = т (19-17) 


фз 


|| 


ЗА [(алуг — хәл) + (и — yo) + (z2 — хт) y] = тв (19-18) 


where А represents Ше area of a triangle with the vertices (zi, у), і = 1, 2, 3, and 
it is computed according to 


1 
io us = (es + site + san сын аца түл) (19-19) 
1 


It is important to note that the area А would be positive only if the vertices 1, 
2, and 3 are arranged in ccw fashion. The weighting function w employs the same 
trial function ¢; used in the solution when the Galerkin scheme is used. Therefore, 


4-3 


w= Улф (19-20) 


i=1 


Now, substitution of (19-14), (19-15) and (19-20) into Equation (9-13) yields 


Ц) (Sars) ++ (ыа) (En) 
+ (Saas) (тн) re 
-h Ee) oe) vs 


+ | B (боа) (Eze) ydzdy (19-21) 


ігі 





which is rearranged to provide the following 
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i=3 j=3 дф; 00; | дф дд, А 
Ы (ее |040, + (% Фе + oe ae) |v 7 


t=1 


t=1 


t=3 j=3 j=3 
- Ха се f, eenras + У ATS [оваа] (19-22) 
j= j= 


For each w; in Equation (19-22), one has 


25 T7" Kf, = тва (19-23) 
where ай, 8b; Bd 56 
е = б; LA Y CA UU a 
Ki / [еу ++ ($ a By Е атау (19-24) 
ала 
j-3 ј=3 
rhs; =2 Се) И NE бә 81 у ф‹фуу®йхду (19-25) 
Now, Equation (19-22) is written in a matrix form utilizing (19-23) as follows 
Ка Ко Ка Ti rhs§ 
Kj, Kj, Kj 7, | = | rhs§ (19-26) 
Ка Ка; Ку Та rhsj 


Observe that Ку = Кр as evident from Equation (19-24). Therefore, the 
[3x3] coefficient matrix in Equation (19-26) is symmetric. Furthermore, since the 
trial functions ф, are linear functions, the terms (ЗА 9% + Фа 20) are constants апа, 


therefore, are moved outside the integration such that (19-24) is written as 


Ki; = В Í bidjy"dady + k (2 50 + i 94) І y^dzdy (19-27) 
where 
дф = € (19-282) Ea - G-a) (19-28d) 
др = а) (19-285) ора - а-а) (19-28е) 
дф _ шеи) (19-28с) з = су (19-284) 


In order to carry out the integration fy y^drdy and Јо $:ó;y^dzdy appearing in 
Equation (19-27), it is much easier to use the area coordinates (т, m) instead of 
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the Cartesian coordinates (z, y). This is due to the existence of the exact form 
of integration when area coordinates are used. Therefore, the triangular element 
in the т, у space will be transformed into тр, та space, where two sides of the 
triangular element are aligned along the по and 73 axes, and each has a length of 
unity. The transformed triangle with vertex 1 at the origin, vertex 2 on the m-axis 
with coordinates (1,0), and vertex 3 on the тз-ахіѕ with coordinates (0,1), is called 
the master element. 
Now, consider the following integration 


| Ка, у) атау = ттт) J арат (19-29) 


where J is the ratio of the area of the triangle Q іп (г, y) space to Ше area of the 
master element © in (по, m) space, and it is determined from 


д Әт 


Om Ong 
fal Тег) (19-30) 


ду 9 
Om Um 
Note that when a node with the coordinates (72, ўз) is located inside the triangle 
Ô, that is, the master element, then the following relation can be established 


&-1-2à , 1-12,3 (19-31) 


where à; is the area of the subtriangle opposite to vertex i of master element , and 
А = 1/2 is the area of the master element. 

If f(m, m, пе = пети, then the integration in (19-29) may be determined 
according to 
alb!c! 


(a -- b 4- c4 2)! 999 


[im т, тв) арат = 
with 
т-і-т-т (19-33) 


If the shape functions which are used to describe the geometry of the triangle 
are selected the same as the trial functions, then 


i=3 1-3 
T= У rigi = Primi (19-34) 

i=} 1:51 

and i=3 3-3 
у= Y vidi = Dyn (19-35) 

f=1 i=1 


which are established according to (19-33). 
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Now consider the integration of the form 


J уатау 


which is determined using relations (19-35), (19-29), and (19-32), that is, 


f east = |; [mut + my? + mys] J атат 
а а Q 1 A а а а 
= J (y? +y + у2) ao 30 + yg + у) (19-36) 
Similarly, 
[,v*dbsdedy = Ј | [mag + пий ma] прања 
= уф = Ау (19-37) 
where 
Vig = (ал, Ga, Озу (їл, Ya, Уз) = (Ginn + су; + ys) (19-38) 


The values of (2, Фа, @з): are provided in Table 19-2. 

13 
(2,12)/120 
(1,2,2)/120 
(2,2,6)/120 










Table 19-2. The values (01, 02, Өз); j for various values of i and j. 


Now relations (19-28a) through (19-284), (19-36), and (19-37) are substituted 
into Equation (19-27) to obtain 


c E дф: дф; api Əb) аа КҮ; 
Ку = 28 Аў, +k (2 An + ду ду (yt + уг + уз) 3 (19-39) 








А similar procedure is applied to the (гһ82) given by relation ( 19-25), repeated here 
for convenience. 


ј=3 
те; = D(a) | Фф 45 + 3. PT) | djydedy 
Consider for now the first term >(-ф) fon bib jy°dS. Note that, when this line 


integral is applied along the edges of internal elements (triangles), it will be ignored. 
That is due to the fact that the heat transfer through the common side to two 
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neighboring triangles will have the same value of q; but with opposite sign, and 
therefore the net effect of heat transfer across the internal sides (surfaces) will be 
zero in the global matrix sysem. Thus, for the internal triangles, the right-hand 
side of Equation (19-25) can be written as 
j=3 
тва; = 20A У Тууғ;, (19-40) 
j=l 
However, it is important to note that, for the elements on the boundaries of the 
problem, there will be heat exchange between the elements and the environment 
specified by the imposed boundary condition. Of course, if the problem specifies 
adiabatic boundary condition, then 4; will be zero. Now, proceeding with the 
general nonadiabatic boundary, assume the side of the triangle identified by the 
vertices 1 and 2 is aligned along the boundary where heat transfer is taking place. 
First, let’s establish the following relation, 


f sonras = | nm (Somat) Sm (19-41) 
side 1-2 
where А 
5 = [m - m2)? + (и - w^] (19-42) 
and, furthermore, recall that | 
[ ттат = ү пат 5 (19-43) 


Now, when i = 1, then 


У (-ф) Ў ф\фуу°45 = - |а | та (пу + my? + mys) Su dm] 
д side 1-2 


1 5 
- le І mm(myt + my? + твуз) 512 іт) 


1 = 
= le | тиз ми + my? + твуз) 5.0 
ут v У % 2) | 
--le (% 4. 15) та (% +15) |а (19-42) 
Similarly, for + = 2 


Ew) f as- (рев) talit] 0948 
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and, fori = 3 
ј=з 


>: - (4) / фаф; y°dS = 0 (19-46) 
j=) 


Thus, for a triangle at the boundary 


; жом у BY] а V Fn 
ба - а ES) на (05+ ip) | Seca три, азат 
nue = - fa (H+ 80 +a (#4 4)] мА ms (19-48) 
2 12 12 12 d 
j=3 
тћа = 28A TPH; (19-49) 


19.4 Two-Dimensional Heat Conduction Equation 
For a two-dimensional problem, a = 0, and the governing relations are written 
by the following 
OT до | OT Ow 
i (29,9 ду ду Fy) + вта| drdy = fa (- -q)wds + | 87" dzdy (19-50) 


e _ у (99:96; | дф Od; di. 
Ky = ($ 9%, 56 22) [andy + p өдуігіу 


from which 
e дф: 09; , дф дд, ( 1 ) ра 
кк за “др ду А+ 15 ВА for i z j (19 — 51a) 
Or 
e дф: 00; Әф: дф, (5) РЕ = 
Ky = К (5 ӛт += ду ду А+ 6 ВА for i = j (19 — 51b) 
The right-hand side terms for the internal triangles are 
rhe? = (5) ВА (2T? + T? + T7) (19-52) 
rhs = (15) BA (17 + 27) + 17) (19-53) 


(5 15) ВА (T? + T? + 217) (19-54) 


е 
тһ85 
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and for the boundary triangles 


њи = - (за + gm) 5 + (1) РАСТ Tem — 0955 
пр = - (ба + 50) 52 + (5) ВАйт 217 + 17) (19-6) 
па (Б z) ВА(Т7 +77 + 2T7) (19-57) 


Observe that, if the material properties k, p, and ср are assumed constant and 
a constant temporal step At is selected, then the K7 terms will be only dependent 
on the geometry of the element (triangle). Furthermore, if the grid system is fixed, 
then the values of Кї, would be constants, and therefore they need to be computed 
once and used as required. Similar argument applies to the terms 


М 1 1 ut aE 
[a (+) +0 (дан 5 


of Equations (19-47), (19-48), ог (19-55), (19-56). 


19.5 Construction of the Global Matrix 


Consider a domain for which N nodes have been distributed. For such a domain, 
an N by N coefficient matrix known as the global matrix G and a global right-hand 
side vector R will be produced. The global matrix С and the vector R are composed 
of the element matriz K and the vector rhs from all the triangles within the domain. 
Element matrix K{, will contribute its value to the global matrix Сал, where m 
is the node mmber of vertex i and n is the node number of vertex j of element e. 
Similarly, the rhsj term will contribute and form vector Ва. 

To see exactly how the procedure is developed, consider a simple domain with 
eight triangular elements and the following problem. 

А two-dimensional block of AISI 302 (18-8) stainless steel has a length of 0.3 
meters and a height of 0.2 meters. The block is heated to a temperature of 300 K 
to be used as the initial condition at t = 0.0. Subsequently, the lower boundary at 
у = 0 and the upper boundary at у = 0.2 m are imposed to constant temperatures 
of 600 K and 800 K, respectively. Compute the temperature at locations (0.1, 0.1) 
and (0.2, 0.1) at t — 10 seconds. The thermal conductivity, density, and specific 
heat of the steel are, respectively, 15 W/mK, 8055 Kg/m?, and 480 J/Kg K, and 
are assumed to remain constants. 

The term В is determined to be 


be pc, _ (8055) (480) | 
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The domain is discretized into eight triangles with six boundary nodes and two 
interior nodes, as shown in Figure 19-1. 












element 1 





element 5 





element 2 element 4 














x 


Figure 19-1. Illustration of the domain of solution and of the triangular elements. 





Application of Equations (19-51) through (19-57) provides the data given in 
Table 19-3. Now that the element matrices have been formed, the global matrix 
G is constructed. Element 1 is used to illustrate the procedure. Observe that, 
for element 1, vertices 1, 2, and 3 correspond to nodes 6, 1, and 7, respectively. 
From the element matrix given in Table 19-3, we observe that КІ, = 652. Since 
vertices (1,1) represent nodes (6,6), therefore С = Ki, = 652. Now, the value 
of 652 is placed in the global matrix at the (6,6) position. Proceeding with the 
assignment of the elements of the global matrix, note that Ki, = 322 = Gl, 
and therefore the value of 322 is placed in the global matrix at the (6,1) position. 
Furthermore, Ki, = Kj, = Сір = 322, which is placed at the (1,6) position. 
Similarly, Kis = Kj, = 315 = Gl, = Ств, and the value of 315 is placed in the 
global matrix at positions (6,7) and (7,6). However, observe that nodes 6 and 7 
are also shared with element 8, and therefore the following contribution from el- 
ement 8 must be included, that is, Кр = 490 = G8, and К?з = 238 = Сё. 
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Node Number Largest 
of Vertices Node 
1, 2,3 Number 
Difference 


Element Element 
Matrix Vector 
K* rhs* 


Element 








652 322 315 

322 652 315 

315 315 659 

490 239 238 5.07 E5 
239 493 234 5.07 E5 | 
238 234 495 4.35E5 
332 157 155 2.42Е5 
157 330 157 | | 2.90E5 
155 157 332 2.42Е5 
493 239 234 5.07Е5 


239 490 238. 5.07Е5 
234 238 495 
652 322 315 
322 652 315 


239 490 238 
234 238 495 





Table 19-3. Summary of element matrices. 


Thus, the final values of Ge and Gs; in the global matrix are 
Свв = Gog + Св = 652 + 490 = 1142 


and Gor = Gi; + Ge; = 315 + 238 = 553 


The right-hand side vector R is similarly determined. For example, observe that 
all of the elements 1, 2, 3, 7, and 8 will contribute values to node 7. Therefore, 


Ву = rhs} + rhs? + rhs? + тз + rhsg = 6.44Е5 + 4.35Е5 
+ 2.42Е5 + 2.74Е5 + 5.32Е5 = 2.13Е6 
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Finally, the global matrix С and the vector В are constructed to be 


1142 239 0 0 0 322 553 0 Т, 1.25Е6 
239 1316 239 0 0 0 392 392 Т» 1.30Е6 
0 239 1142 322 0 0 0 553 Ti 1.25E6 

0 0 322 1142 239 0 0 553 T, 1.46E6 

0 0 0 239 1316 239 392 392 Ts = 1.66Е6 
322 0 0 0 239 1142 553 0 Te 1.46Е6 
653 392 0 0 392 553 2312 311 Т, 2.13E6 
0 392 553 553 392 0 311 2312 Ts 2.13E6 


(19-58) 
Observe that the global matrix С is symmetric. 


19.6 Boundary Conditions 


The specified boundary condition for the proposed application is of the Dirichlet 
type, where the temperature at nodes 1, 2, 3 is T — 600 K and at nodes 4, 5, 6, is 
Т = 800 K. A simple scheme to implement the Dirichlet-type boundary condition 
is to add a penalty value (an arbitrary large value) to the diagonal element of the 
matrix G. Doing so will guarantee that the values of temperatures at the boundary 
nodes will automatically satisfy the specified values. Therefore, (19-58) is modified 
as follows 


1142+L 239 0 0 0 322 553 0 T 
239 1316+1, 239 0 0 0 392 392 T» 

0 239 1142+1, 322 0 0 0 553 13 

0 0 322 11424L 239 0 0 553 T, 

0 0 0 239 1316+L 239 392 392 7; 

322 0 0 0 239 1142-1, 553 0 Te 

553 392 0 0 392 553 2312 311 Т, 


0 392 553 553 392 0 311 2312 Ts 
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1.25E6+L" 600 
1.30E6--L* 600 
1.25E6--L* 600 
1.46E6--L* 800 
~ | 1,66E6+L* 800 (19-59) 
1.46E6--L* 800 
2.13E6 
2.13E6 


The large value L used in this application is L = 10%. The solution of (19-59) yields 
the temperature values of Тү = T; = Ту = 600 K and Ту = Ts = Ts = 800 K at the 
boundaries. The interior temperatures 77 and Тв are 306.9 К. 





197 Reduction of the Half-Bandwidth of the Global. 
Matrix пад 
Е was 
Observe that in the application of the previous section, the global matrix G 
is a banded matrix with a half-bandwidth of 7. It is important to note that the 
smaller the half bandwidth, the smaller the memory space requirement and CPU 
time requirement would be. Therefore, it is essential to reduce the half-bandwidth 
in finite element applications. By careful investigation of the construction of matrix 
G, it is observed that the half-bandwidth is determined from the maximum value 
of the largest node number difference, given as column 3 of Table 19-3. Note that 
the maximum value from the 8 elements is 6. Therefore, the half-bandwidth is 
6+1 = 7. However, if the numbering of the nodes is rearranged in the process of 
triangulation, the half-bandwidth will change. For example, if the numbering of the 
nodes is arranged as shown in Figure 19-2, the half-bandwidth would be 4, and the 
resulting system of equation is expressed as 


142 322 553 233 0 0 о 0111 1.25E6 
142 553 0 239 0 о 0| |7, 1.46E6 
2312 392 392 311 011% 2.13Е6 

1346 0 392 239 0117 131Е6 

1316 392 0 23911 | | 166Е6 

9312 553 553 | | Ts 2.13E6 

142 322| | 7; 1.25Е6 


1142 Та 1.46Е6 
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Figure 19-2. Specific arrangement of the nodes. 








APPENDIX С: 


An Introduction to Theory of 
Characteristics: Euler Equations 








G.1 Introductory Remarks 


The Euler equations used for the solution of inviscid flowfields is composed 
of a system of first-order, nonlinear coupled equations. The system of equations 
may be written in various forms in terms of either conservative variables, primitive 
variables, or characteristic variables. In this appendix, the concept of characteristics 
is extended to the Euler equations. For simplicity, the mathematical manipulation 
is applied to the one-dimensional Euler equations as a first step and, subsequently, 
the results for the two-dimensional case are provided. 


G.2 One-Dimensional Euler Equations 


Consider the one-dimensional Euler equations in conservative form given by 
др 
А EU = (gu) = 

2 

= = =0 

ET д (pu) +5 д (ри + p) 

д 

a 2 (ред + È = Кое + p) ш = 0 


which, in a vector form, may be expressed as 


пере (G-1) 
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where 
p pu 
© = | ри Е = | ри?+р 
pe (ре, + p)u 
Linearization of Equation (G-1) yields 
92 +А 29 = 0 (С-2) 


where the Jacobian matrix A = дЕ/дО is given by 


0 1 0 
1 2 
A= 2 (7 – Зи -(v-3)u qoc 
3 
—yue; + (y — 1) из те- а dy qu 


The Euler equations can also be written in terms of the primitive variables р, и, 
and р by the following equations: 





др др ди _ 
ді +u Әт + 5 = 0 
ди ди 19р 
де "ar pas? 
D др 2 ди 
at Ua, + Ра 5 = 0 
Тһе system of equations is written іп a vector form as 
до до 
AL =0 G-3 
aH” Oe (53) 
where 
и 0 
р p 
Q'=] u and A= 0 u 1 
p 
р 0 ра? и 


Obviously, since Equations (G-2) and (G-3) represent the same physical laws, 
one may relate the two systems by a similarity transformation. Indeed, the coeffi- 
cient matrix of Equation (G-2) may be diagonalized under this transformation. It 
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will be shown shortly that the elements of the diagonal matrix are the eigenvalues 
of matrix A. 
Proceeding with similarity transformation, Equation (G-2) can be rewritten as 


до 90, 99 99 _ 


зо & t “aq да 9 р 
Define 09 25, 
OQ 
Then Equation (G-4) may be expressed as 
до aar ô 
DE + М AM о 0 (С-5) 
Comparison of Equations (G-3) and (G-5) yields 
A = M'AM 
where 
1 0 0 
= д9 = и р 0 
М = 20 
Ld Ес а 
и ри ot 
and 
1 0 0 
M = 29 _ an : 0 
dQ p р 
1 
200 -(- и (= 1) 


The eigenvalues of matrix А or matrix А! can easily be determined to be А, = и, 
№ = u +a, and Аз = и- а. As expected, matrices A and A’ have the same 
eigenvalues because of the similarity transformation. Now, define a diagonal matrix 
D, composed of the eigenvalues of A, іе., 


и 0 0 
D= 0 и+а 0 (С-6) 
0 0 -а 


The significance of matrix D will be shown shortly. 
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At this point, a simple procedure is introduced by which the characteristic vari- 
ables may be identified. Define a vector for the characteristic variables by ©”. 
Recall Equation (G-3) given by 


Rewrite the equation as 


до" до" Al до до" 





20" at ^^ дог да ^O Кы) 
Define the matrix 
R= ses (G-8) 
Then Equation (G-7) can be expressed as 
97 +R'AR = =0 
where it can be shown that 
КАВ = р 


ог 
dQ” до" 
OE +D “Эх С 0 (С-9) 
Several points need to be explored at this time. First, the coefficient matrix D 
is a diagonal matrix which was defined by (G-6). Second, the matrix defined by 
(G-8) is obtained by the right eigenvectors of A’. Similarly, №! can be formed by 
the three left eigenvectors of A’, which is determined to be 


о 

а 0 Tul 

R” = B 
0 B d 

UJ = 

ра 


where a, 8, and 6 are arbitrary normalization coefficients. For example, the follow- 
ing values are commonly used: 
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With coefficients specified above, the matrix R and its inverse are written as 


E 00 
Мда V2 а 
1 1 
R=) 0 — --- G-10 
A Wi x 
0 de a a 
u^ a? 
ала 
1 
1 0 == 
1 11 
К'=|0 = — G-11 
8 Vim 
Бо аа е 
V2 У2ра 
Now, one may proceed to determine the characteristic variables from (G-8) as 
follows, 
Q' = | RaR 
or 
1 CUP x dB 
PETIERE 
1 1 1 1 dp 1 2a 
И -- hoa р -— 24 ар – | а 
9 Va У ра || AJ (e) ES 
1 11 1 dp 1 2a 
0 ——= == d –— | |du- — -- (и---т 
Va Va pa |b Де A A 3-1 


The integration above is performed by the implementation of relations (B-34a) and 
(B-34b) of Appendix B. Recall that the expressions 


+ 2 and = 
тале. Ү—1 
previously given by (B-35a) and (B-35b) are called the Riemann invariants. 


To clearly identify a typical characteristic form of the one-dimensional Euler 
equation, expand the vector equation (G-9) and rewrite it as 





др 1 др др ид. 
em um m m (6-13) 


(«+228 ) + cura) («+ 28 )= (С-14) 


(а - = ;) t (а-а) 2. (u- 2) =0 (G-15) 
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Equations (G-13) through (G-15) represent the characteristic form of the Euler 
equations, i.e., governing equations are expressed in terms of the characteristic 
variables defined by the components of vector Q". 


The characteristic equations along which the characteristic variables propagate 
are given by 


dx 
qe (G-16) 
Z uta (G-17) 
dz 
gate (G-18) 

















х 


Figure Е-1. Characteristics Юг Ше one-dimensional Euler equation. 





To reemphasize, recall that the quantities represented by the characteristic vari- 
ables propagate along the characteristic lines. For example, the characteristic quan- 
tity [u+2a/(y — 1)] is propagated along the C+ characteristic line with the speed of 
и + a. Similarly, the characteristic quantities (др — др/а?) and [u – 2а/(у- 1)] are 
propagated along characteristics С and С“ with speeds of и and u— a, respectively. 
Observe that the С characteristics are coincident with the stream lines of the flow. 
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G.3 Extension to Two Dimensions 


Recall the governing equations for an inviscid flow in the computational space 
given by Equation (12-45), where for a planar two-dimensional flow it is reduced to 


әд ӘБ ӘР 


a ав ар” (С-19) 
Linearization with the help of expression (12-51) provides 
д 
2909 , 499. p90 _ (G-20) 


Or ae t дт 


where the matrices А апа В are given by (12-56) and (12-57), respectively. Now 
consider the similarity transformation 


90 90 99 oQ' p 2Q 99 92 


90 дт 1490 де "Pa Gy 20 a 


where Q represents the vector of primitive variables as given by 


p 
x 18 
рта — 
рада, 
v 
D 
and, as previously defined, " 
д0 
20 = М 
Therefore, Equation (6-21) is written as 
әд д дә 
M- ---- = 
Өт +АМ дЕ + BM In 0 
or aq’ 20' әб 
ре. 43 -1 LEM = br e ы 
Өт +M АМ OE +M ЗИ 0 (С-22) 
Rewrite Equation (G-22) ав 
AY „ду, 92 
or + А’ de +В' = =0 (С-23) 
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where 
A'—M^AM (С-24а) 
D'-M^!BM (G-24b) 
and 
1 0 0 0 
) u p 0 0 
м- 52 - (С-25) 
v 0 р 0 
ам 1 
zu ctv и v 
5( ) р Pe ay 
and 
1 0 0 0 
и 1 
5 p - 0 0 
M! = 90 == р р 
© v б 1 ó 
p p 
1 
507-10 (0+2)  -(y-09u  -(-2v (1-1) 
(G-26) 
The eigenvalues of А” and В" are determined to be 
Да = Ло = Eru + бут (С-27а) 
Ха = и + бут st: ау 22 + © (G-27b) 
Ава = Eru + буџ — aJ & + E (С-27с) 
апа 
А = А = ћи + Пу) (С-28а) 
Ans = Neu + туо + an? + n (G-28b) 
Ха = Net + туо — ay mi + т? (G-28c) 


which are identical to the eigenvalues of A given by relations (12-58) through (12- 
61), and the eigenvalues of B given by Equations (12-62) through (12-65). 
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To proceed with the determination of characteristic variables, consider Equation 
(G-23) and introduce the characteristic variables vector associated with Е, Ог as 
follows. 


әд 20; А! әд оде + pie 


207 v 201 8E Өл =0 (G-29) 
which is equivalent to 
28: + рр + Ripe = 0 (С-30) 
where 
Ха 
Буг ^n (G-31) 
Ха 
Да 
Furthermore, recall that 
= Rọ АБ; (G-32) 


where Rg is the matrix of right eigenvectors of A’, and is given by 


you die. Ж) 
/2 a у а 
1 1 
0 Key — Ke ---Ка 
Re= а va (G-33) 
0 -Ke Кы Ке 
1 1 
0 0 — — 
5Р0 J^ 
where 
Ke = ay (6-34) 
(E+E)? 
Ky = а ат (с-35) 


(22 + ei 
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The inverse of Rẹ which is the matrix of left eigenvectors of A’ 16 


1 
1 0 0 E 
Т 0 Ка, -Кш 0 
Ке = 1 1 1 1 (С-36) 
0 Ке Ky = 
v2 v2 М2 ра 
1 1 11 
0 кь ---К ---- 
v2 $ v2 % V2 pa 
The characteristic variables associated with A’ are now determined as follows, 
д" = / Re 40 (G-37) 
1 
1 0 0 “2 dp 
2 0 Ка — Kez 0 du 
Qt = | 
е 0 1 K 1 K 11 
VET Ме Ура || dv 
1 1 11 
0 ---Кы  ——K --- а 
V2 € "Và ty 2 pa D 


16-8) 


J [Edu - а) ле + е) 
Е (8-38) 


1 1. dp 
Va / 779 £)? + 2) 
-% е.а, + будо) (Е + et — z 


To proceed with the integrations, the following relations are to be used. First, 
recall the following relation 2 
2 
|| Bcc (G-39) 


Second, the velocity components normal and tangent to the lines of constant £ can 


be shown to be 
И _ бива 


е етеу oe 
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and 

би А 69 
1 

(+) 

Тһе mathematical details to obtain relations (С-40) and (С-41) аге provided іп 


Section F.4. Return to relation (G-38) and substitute expressions (G-39) through 
(G-41) to obtain 


Vig = (G-41) 





>> S Wig " Vig 
0%- z (m. F e i ^ (% ва (G-42) 
Ale 2) | Leg 
'The corresponding characteristic equations are 

& = Vu (G-43a) 
K L Va (G-43b) 
ж = Veta (С-43с) 
= = V-a (С-434) 


The significance of Equations (G-42) and (С-43) is reemphasized as follows. The 
characteristic quantities defined іп (G-42) are propagated with the speeds of У, 
Vag + а, and Ум — а along the characteristic lines defined by Equations (С-43). 
Зећета саћу, the characteristic lines in the € — t plane are shown in Figure G-2. 

Similarly, the characteristic variables associated with 7, QU are determined as 
follow. 

First characteristic variable vector Q", is introduced, and Equation (G-23) is 
written as 


ağ 901 | ,0Q 90 90 2 


207 Өт “А BE * P обн Bg KM 
ог ag! 
294 +R A = 5 + D,apdvQ"n = 0 (С-45) 
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Figure С-2. Characteristics of the Euler equations in Е — t plane. 


where 


Р, = (G-46) 


The matrices Ё, and R,' have similar forms as Ке and Rz, except Ке, and Key 
are replaced by Kys and K, defined by 


Nz 
Koa i G-47 
UO (nen rae 
and 
Kn Ty (G-48) 


(+R) 
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The characteristic variables associated with B’ are now determined as follows. 


2 = | вуад (G-49) 
or 

1 

0 Ку —Kwu 0 du 
Qj = J 1 1 11 

Ш 

О заека —=К, a 

JC 5" V2 ра до 
1 1 1 1 

0 --кК -—K, ---- др 
ү2% 2% Угра 


[(е->) 


съди та) / (т +] 


" / | ет (С-50) 
JA / СІ (+) + 2 
-. орди + тауа + n 2 
Va Nz Ny Ne T Ny pa 
which is written as 
dp 
f (2-3) 
7 ч G-51 
%,- 1 fy ц-2а (con 
Ау" 751 
1 да 
Van — 
v2 ( y- ;) 
where 
yum ec А (G-52) 
(та + 72) 
and 
V, „Ли + туо (G-53) 


(ағу 
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The associated characteristic lines are given by 


a = Van (G-54a) 
21 = Па (С-54Ь) 
21 = У ta (С-54с) 
a = Van—a@ (G-54d) 


G.4 Velocity Components 


The components of the velocity normal and tangent to the lines of constant £ 
and п, which were used in the previous sections, are derived in this section. First, 
consider lines of constant £ and designate the normal and tangential components 
of velocity by Vag and Vig, which are shown schematically in Figure (G-3). The 
velocity vector and unit normal to the lines of constant Е are given by 


~ EJ 


У = иг+ 9) 


and ee 
я. VE _ ызы 
vel (във)! 


Now, the normal and tangential components are determined as follows, 





Weave Cp (G-55) 
dg 
and f 
3g (би + 6,0) 1° 
Vig = [7.7 – у] р (ез) Чата | 
ог 
fone mt (G-56) 
(е-е) 


Similarly, for the lines of constant 7, one has 


net + т? 


E (пе + тв)" 
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Е = constant 





Figure G-3. Illustration of the normal and tangential velocity components. 


Therefore, 


три + Тур 

Von = G-57 

МЕ еј (G-57) 
z^ Чу 


and 


Viq = BE (С-58) 


(và + 78) 
G.5 Specification of Boundary Conditions 


In this section, the specification of the boundary conditions associated with 
characteristic variables is reviewed. The numerous physical and/or numerical bound- 
ary conditions which must be specified or determined at the boundaries are provided 
in the appropriate sections of the text. 

Before proceeding, consider a brief review of the previous topics related to char- 
acteristics. For simplicity, consider a first-order hyperbolic system given by 


Since the system is hyperbolic, the (n x n) matrix A’ possesses 71 real eigenvalues 
and associated eigenvectors. In the previous section, it was shown that there exists 
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a similarity transformation Бу which A’ is diagonalized, resulting in 





OQ” до" _ 
E +D a 0 (G-60) 
where 
р = ВА! (6-61) 


It is emphasized again that the eigenvalues of D are real. Assume D to possess 
m positive eigenvalues and, therefore, (n — m) negative eigenvalues. Furthermore, 
assume that the spatial boundaries are located at x = 0 апа т = L. Since there 
exists m positive eigenvalues along which information is transmitted into the domain 
at z = 0, m boundary conditions at т = 0 are required. Similarly, the (n — m) set of 
data is propagated along the characteristic lines into the domain at z = L location, 
thus requiring specification of (n—m) boundary conditions at х = L. The remaining 
boundary conditions are usually extrapolated from the interior solution. 

To illustrate specification of a typical set of boundary conditions, consider the 
following simple example. A one-dimensional inviscid flow enters a nozzle with sub- 
sonic speed, and it exits subsonically. It was previously shown that the eigenvalues 
of the system are и, и + a, and u — а. Therefore, two of the eigenvalues, namely 
u and и + a, are positive at the inflow transmitting information into the domain, 
thus requiring specification of two boundary conditions at the inflow. Similarly, at 
the outflow, one characteristic enters the domain from the exterior of the domain 
along which information is transmitted to the outflow boundary. Therefore, only 
one boundary condition can be specified at the outflow. The remaining variables 
at the boundaries must be extrapolated from the interior domain. To proceed with 
this example, assume that the freestream conditions at the inflow are provided and 
designate them by “оо.” Thus, the following requirements at the inflow for the 
characteristic variables are specified as 








2a 2a 
+ 59 = ---- -62 
В о + Т SI (G-62) 
E 2а. 2а 
= Ue — = ц — —— G-63 
В = и 2-1 u ca ( ) 


where e designates the extrapolated value. Now, from relations (G-52) and (G-53), 
one has i 
u= 2 + R*) (G-64) 


and i 
а? = IR A) (G-65) 
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Subsequently, density and pressure may be updated according to 


7 Poo Ұл 
р- (2 ғ) (С-66) 
and 
piat (G-67) 
7 


Note that one encounters numerous forms by which boundary conditions may be ap- 
plied. Just as in the governing equations, some approximations may be required in 
order to implement the specified boundary conditions. The specification of bound- 
ary conditions in the example shown is typical. 








APPENDIX H: 


Computation of Pressure 
at the Body Surface 





The components of the momentum equation for an axisymmetric flow may 
be expressed as: 


д Qs д 1 
aL + az (ow + p) + әу ^) + 790000) = 0 (Н-1) 
д д ð, , 1 Ao 
a Pr) + az (eur) + ay” +p) + ya ) = 0 (Н-2) 
By definition 
m=pV-n (H-3) 
and is equal to zero at the surface for a nonporous surface. Now recall that 
А Vn 
ù = == 
[Ут 
p = (ui + vj) 


and 
Vn = ni т) = J(-yd + те) 


Substitution of these relations into Equation (H-3) yields: 
pure — риџе = 0 (Н-4) 


A time derivative of (H-4) provides 


zeŽ (pv) – wg (pu) = 0 (H-5) 
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Note that the grid system has been assumed to be independent of time. Now the 
following mathematical manipulation is performed. Equation (H-1) is multiplied by 
ye and subtracted from the product of те times Equation (H-2). The result is 


д д д д 
veg, (ou + p) + ед (puv) — ze; (own) - ze (е +p) -0 (Н-6) 
This equation may be rearranged аз (with the help of Equation (H-4)) 
Ou ди Op до ðv др. 
Ye (oust + те + SE) — CIL E se) =0 (H-7) 
Rewrite this equation as 
ди | „ди -T ov | 29% = — др, „др 
Using Equations (9-4) апа (9-5), one obtains 
ye [ou(Extig + пеш) + ро(буце + туш)! 
— Xe (рш(6-9% + Тада) + р (Ери + ту»)! т 


— (рє + пару) + ге (буре + тура) 


Now equations for the metrics (e.g., Equations (9-14) through (9-17)) and Equation 
(H-4), i.e., чу — vzę = 0, are employed to provide 


Jp [(—ugye + zeve) (xsv — ши) = 
(уе + rely) Pe + (– уста + ZeTly)Ds 
Resubstitution of relations for the metrics, ie., Equations (9-14) through (9-17), 


(8) + E-E) 


= Ti n, Nz n 
= 609) s] [- (777) 9 (7) пој 
which may be simplified to 
р 1 1 
= 7 (uke + 06) (иет + veny) = = (била + Eyy) pe + FCE + Пу)Ра (H-8) 
This equation may be expressed in a conservative form by the addition of some 


“zero” terms. The procedure closely follows that of Chapter 11. The LHS of the 
equation is considered first. 
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The lefthand side of Equation (Н-8), in terms of the contravariant velocity U, 
is (excluding the minus sign which will be included at the final result) 


U 
LHS = E (исте + very) 
A zero term is added to provide 


-5 (27), (27) 
LHS = 7 бє зе) ev | 7 а y. 


Note that the added term is zero because V is zero at the surface. Thus, 


_ шш (2) + (22) 
1Н5 еі Ј (uen. t Very) + (un. + ту) | J Е + Ј " 


„ш 4 (89) ый... 
= ит | Ј A J 5 + Ј (ugns + Veny) 


6, 6] 


Now the zero terms (pV /J) и, and (pV /J) v, are added to yield: 
e D) «| +љ | (27), + (20) 
eer) + (F)] +» | (27), ++ (57) 


АУ Е +ъ[ 7] во 


LHS 





Now, the RHS is modified. Recall that 


1 1 
RHS = (ест + биъ)ре + (nz + 1) Pn 


Add the following zero term 


pfn (БЕ (%), + (89. + o -0 
АЕ ТАИ 


Непсе, 
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MOMOE 
+ Ny (6 22m De| + ћу X UT J Ру 


= (52), “т” (>) + |- “т, =), (H-10) 


Therefore, the conservative form of Equation (H-6) is expressed as 


Ру) tn (25) +1 (SF) +» (27) 
п. (£5 CÓ (57) ++ (Рус) + (77), 


+ пе (52). + т Gar + т ЕЛ + (87), -0 (H1) 








In order to obtain a finite difference equation for (H-11), a second-order central 
difference approximation for the Е derivatives and а, second-order one-sided differ- 
ence approximation for the у derivatives is used. Note that the unknowns are the 
values of pressure at the surface, i.e., 7 = 1. The values at the interior points have 
already been computed. Тће grid points involved are illustrated in Figure H-1. 
With the second-order approximation described above, the FDE is obtained as 


a (ег)... 2 (уы Y t | aa 7 (ші) 


на |) (ЕР) - (67), 
| 





ч 








+ 


(&). y (9% Т 2A Е (9), © C). 
е ем 6). 89)... 


3 си э өз 
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Figure Н-1. Illustration of the grid points used in «ће ЕРЕ (Н-12). 





Note that И is zero at the surface where ) = 1 and, therefore, those terms are 


dropped. Now this equation is regrouped so that a tridiagonal system is formed. 
The rearrangement is as follows: 





api-1  bipi + ср = di (H-13) 
where 
a = 5 2 Ge + Тул S) 
ium 2 E + 5 
: 2An Ј Ја 
1 





зва, (®) w) 
An [# 7 "LE J Jia 


-2 (E) pesma mar 
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1 pV 
2An (5), [ns uis F Ту via] 
1 ри 
j 2AE (5)... [ns uina + Пу vaa] 
1 U 
" 2ДЕ с [падина + ЖЕН 


When Equation (H-13) is applied to alli at j = 1, Ше following tridiagonal system 


of equations is obtained.: 


ы C2 Ро 

аз b3 сз P3,1 
QIMM2 DIMM? CIMM2 PIMM2,1 
амм DIMMI рімміл 


а PIM) _ PDIMMM 


Since руу = Род an , therefore 


Jima Jimmi 
b; с Рол 
аз b, сз P3,1 
Qimm2 фтммг CIMM? PIMM2,\ 
агмм біммі PIMM1,1 
where 
ba = а + be 
and 


Бмма = имм\ + Стмм1 


dz — арі 
йз 
dimm? 


diMM1 — сімм1ріму 


(H-14) 


Лма 





Jimmi 
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Rate of Formation of Species 








Consider the chemical reaction given by Equation (16-11), i.e., 
O; + M Z 20- M (1-1) 


For а five-species model, the rate of formation for Оз тау be written as 


401 


1 = (OP UG ((N]+ 0D + Kẹ (ма + [02]+ МО) 


|| 


- 104] {K} IN] + [О]) + KF 0100] + [02] + (NO])) 
= В, 
and for О, 10 = -2 1. 


From Ше chemical reaction 
NM 22N+M (1-2) 
the га е of formation is expressed as 


d[N;] 
dt 





= [N]? (Kp IN] + К} [0] + Ку (мо + [04) + К [NO}} 


- [No] {K} [N] + K$ [O] + К} IN] + 104) + K$ МО) 
= Бо 
М) 


and Te = —2R3. 


Similarly for NO-- M Z МОМ 
d(NO] 
dt 





= (KZ IN] [O] - КИМО)) ([М] + [0] + [03] + [No] + МО) = Rs (1-3) 
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ам 40. 
ала "d^ = dt = – а. 
and for 
NO+O2N+0O, (1-4) 
4АМО| [0 
ВО _ AO) _ кимуод- K} [NO] [O] = Re 
d[N] 40. 
p xxr ар 
and for 
о+ ме М- NO (55) 
40] «М. 
sel = n = K? [NO] [N] - ком [0] = Rs 
diN] МО) _ 
жоола та 
Therefore, the five species reactions for the rate of formation of the five species аге: 
d[O: | 
е = В, ма R4 (1-6) 
d[N; 
а = + Rs (1-7) 
4 МО 
S = R+ Р, – R; (1-8) 
201 = —2R;- R; + Е. + Rs (1-9) 
d[N 
а = – 28; — R; — Ка, – Hs (1-10) 


Note Kj and К? (for i = 1, ...9) are defined in Table 1.1. 
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Chemical 






Reaction 




















О» + M 


Equilibrium Constant 
№+М > 2N+M и 


—9.856|—0.174| 0.08 
о Бен 
МО+М — М+О+М 0492-6761 


0.792 -0.492 -6.16 ЕТТ 0.004|N, О, Na, o», М0|1695)-20 тш т | 
потат раена арен 
ШІЕШІЛЕСЕСЕСІСІСЕШЕЕЕГІЕГСЕН 


зг 20+M 





Table I.1 
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Linearization, 1(90, 317), 2(31, 100, 168, 
225) 
Lagging, 1(90) 
Iterative, 1(91) 
Newton’s iterative, 1(91) 
Local derivative, 1(447) 
Local time step, 2(146) 
Low Reynolds number k-e model, 3(56) 
LU Decomposition, 2(291) 


MacCormack method, 1(190, 211, 278, 
286, 287), 2(270) 


Marker and cell (MAC) formulation, 
1(330) 

Metrics of transformation, 
2(28) 

Midpoint leapfrog method, 1(133, 186) 

Minmod, 1(246), 2(114) 

Mixed boundary condition, 1(20) 

Mixed partial derivatives, 1(51) 

Modified equation, 1(148) 

Modified wave number, 3(128) 

Momentum thickness, 3(40) 

Monotone schemes, 1(236) 

Multi-step methods, 1(189) 


Navier-Stokes equations, 1(274, 455), 
2(28, 267) 
'Two-dimensional planar or axisym- 
metric, 2(69) 

Newtonian fluid, 1(452) 

Neumann boundary condition, 1(20) 


1(968), 


Neumann boundary condition for pres- 
sure, 1(928) 

Nodal point scheme, 2(889) 

Nonequilibrium flow, 2(339) 

Nonlinear PDE, 1(9) 


Numerical flux functions, 1(241) 
Orr-Sommerfeld equation, 3(7) 
Orthogonality at the surface, 1(407) 
Outflow boundary condition, 1(826, 
948), 2(120, 190, 192, 325) 
Parabolic equation, 1(6, 60) 
Parabolic grid generation, 1(418) 
Parbolized Navier-Stokes equations, 
2(60, 218) 
Two-dimensional planar or axisym- 
metric, 2(81) 
Partial pressure, 2(338) 
Poisson equation for pressure, 1(910, 
911) 
Prandtl mixing length, 3(36) 
Prandtl number, 1(463), 2(25), 3(22) 
Pressure dilatation, 9(58) 
Production of turbulence, 3(12, 54) 


Reaction rates 
Backward reaction, 2(941) 
Forward reaction, 2(341) 


Real gas, 2(337) 

Recombination, 2(941) 

Reynolds Averaged Navier-Stokes 
Equation, 3(27, 28) 

Reynolds number, 1(906), 2(25) 

Richardson method, 1(64) 

Richtmyer method, 1(189) 

Riemann invariants, 1(495), 2(191) 

Robin boundary condition, 1(20) 

Rotational energy, 2(839) 

Round off error, 1(113) 


Runge-Kutta method, 1(219) 
Modified Runge-Kutta, 1(225, 290), 
2(112, 180, 275) 
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Scaled wave number, 3(128) 
Spalart-Allmaras model, 3(48) 
Species continuity equation, 2(346) 
Specific heats, 1(461) 
Splitting methods, 1(189) 
Shock fitting, 2(250) 

Shock tube, 2(152) 
Smagorinsky model, 3(148) 
Staggered grid, 1(328) 
Stability, 1(23) 

Stability Theory, 3(7) 

Static instability, 1(123) 


Steger and Warming flux vector split- 
ting scheme, 2(107, 116, 170) 


Stokes hypothesis, 1(452) 

Stream function, 1(307) 

Stream function equation, 1(308) 
Streamwise pressure gradient, 2(223) 
Structural scales, 3(56) 

Structured grids, 1(92, 358) 
Subgridscale model, 3(140) 
Subgridscale Reynolds stress, 3(142) 


Successive over-relaxation method, 
1(164) 
Point SOR, 1(164) 
Line SOR, 1(165) 


Sutherland’s law, 1(459) 

System of first-order PDEs, 1(11) 
System of second-order PDEs, 1(16) 
Thermal conductivity, 1(460) 
Thermal diffusivity, 3(35) 
Thermally perfect gas, 1(461) 


Thin-Layer Navier-Stokes 
equations, 2(57, 268) 


Tollmein-Schlichting waves, 8/7) 

Total derivative, 1(447) 

Total variation diminishing (TVD), 
1(237), 2(112) 
First-order TVD, 1(239) 
Second-order TVD, 1(244, 292) 
Harten-Yee Upwind TVD, 1(245), 
2(181) 


Roe-Sweby Upwind TVD, 1(247), 
2(188) 
Davis-Yee Symmetric TVD, (250), 
2(185) 
Transition, 3(9) 
Translational energy, 2(939) 
Tridiagonal system, 1(69, 498) 
Turbulence Reynolds number, 3(43) 
Turbulent boundary layer, 3(2) 
Turbulent conductivity, 9(95) 
Turbulent diffusivity, (85) 
Turbulent kinetic energy, 3(42, 109) 
Turbulent Mach number, 3(58) 
Turbulent Prandtl number, 3(37, 42) 
Turbulent shear stress, 3(35) 
Turbulent viscosity, 3(35) 
Two-equation turbulence models, 3(53) 
Universal gas constant, 1(462) 
Universal velocity distribution, 9/29) 
Unstructured grids, 1(92, 358), 2(356) 
Vibrational energy, 2(340) 
Viscosity, 1(452, 459) 
Viscous Jacobians, 2(46-57) 
Viscous stress, 1(452), 2(31) 
Viscous sublayer, 3(4) 


van Leer flux vector splitting scheme, 
2(108, 178) 
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von Karman constant, 3(25) 

von Neumann stability analysis, 1(124) 

Vorticity, 1(307) 

Vorticity-stream function formulations, 
1(307) 

Vorticity transport equation, 1(308) 

Wall boundary conditions, 2(186, 235, 
321, 323) 


Zero equation model, 3(39) 
Zero point energy level, 2(340) 
Zone of dependence, 1(5) 
Zone of influence, 1(5) 


Zone of silence, 1(9) 


